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Résumé

Titre : Aspects analytiques, géométriques et mesurés de variantes des allumeurs
de réverbéres

Mots-clés : Quasi-isométries, produits en couronne permutationnels, produits en
halo, profils isopérimétriques, équivalence orbitale quantitative.

Les produits en couronne forment une classe tres étudiée en théorie des groupes. En
effet, leur définition est, d’'une part, suffisamment explicite pour en comprendre la struc-
ture précisément et, d’autre part, suffisamment élaborée pour refléter des comportements
exotiques et inattendus, non-observés dans des classes de groupes plus « classiques ». En
théorie géométrique des groupes, ils sont connus pour exhiber souvent des propriétés in-
téressantes et fournissent des contre-exemples a des questions cruciales. Ils permettent par
exemple de démontrer que la résolubilité virtuelle n’est pas stable par quasi-isométries, ou
que deux groupes moyennables peuvent étre quasi-isométriques mais non bijectivement
quasi-isométriques.

Dans cette these, on étudie, sous plusieurs angles, des groupes de type fini proches des
produits en couronne, tous structurés comme des produits semi-directs. Le premier résul-
tat majeur est une classification a quasi-isométrie pres d’une certaine classe de produits en
couronne permutationnels. La stratégie présentée repose sur des travaux récents, pour les
produits en couronne standard, de Genevois et Tessera, mais nous mene a un phénomene
de rigidité plus fort : sous certaines hypothéses, une quasi-isométrie entre deux produits en
couronne permutationnels induit toujours une quasi-isométrie de paires entre les groupes
de base munis des sous-groupes normaux correspondants. On montre aussi que, dans
certains cas spécifiques, étre quasi-isométrique est équivalent a étre bijectivement quasi-
isométrique.

Un chapitre est également dédié a 1’étude de produits en couronne standard mais avec
groupes de lampes a croissance polynomiale. On établit un résultat de rigidité pour les
quasi-isométries entre de tels espaces : elles doivent toutes étre « measure-scaling ». En
particulier, les auto-quasi-isométries d’un tel produit en couronne sont toutes a distance
bornée d’une bijection. On montre également que cette classe d’allumeurs de réverbéres
fournit, elle aussi, des exemples de groupes moyennables quasi-isométriques mais non bi-
jectivement quasi-isométriques.



La deuxiéme partie de cette thése s’appuie sur des travaux en commun avec Corentin
Correia, dans lesquels on étudie la classe des produits en halo de Genevois et Tessera d'un
point de vue mesuré. On construit des couplages d’équivalence orbitale entre deux produits
en halo de méme type, et, en exploitant la technologie des Folner tilings, introduite récem-
ment, on exhibe des couplages entre produits en halo et groupes abéliens libres. On établit
également plusieurs estimations asymptotiques des profils ¥ de tels groupes, améliorant
des résultats antérieurs d’Erschler-Zheng et Saloff-Coste-Zheng. Ces calculs nous permet-
tent de montrer que, dans bien des cas, les couplages d’équivalence orbitale ainsi obtenus
sont quantitativement optimaux.
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Abstract

Title : Analytic, geometric and measured aspects of lamplighter-like groups

Keywords : quasi-isometries, permutational wreath products, halo products, isoperi-
metric profiles, quantitative orbit equivalence.

Wreath products are intensively studied in group theory. Their definition is, on the one
hand, explicit enough to understand precisely their structure and, on the other hand, elab-
orate enough to reflect unexpected and exotic behaviours that do not occur in more “clas-
sical” classes of groups. In geometric group theory, wreath products often offer counter-
examples to important questions. For instance, they allow us to prove that virtual solvability
is not stable under quasi-isometries, or that two amenable groups can be quasi-isometric
without being bijectively quasi-isometric.

In this thesis, we study finitely generated groups close to wreath products, all defined as
semi-direct products, from various perspectives. The first main result is a quasi-isometric
classification of some permutational wreath products. The strategy we follow relies on
recent work of Genevois and Tessera, but yields a stronger rigidity phenomenon: under
suitable assumptions, a quasi-isometry between two permutational lamplighters always
induces a quasi-isometry of pairs between the base groups equipped with the correspond-
ing normal subgroups. We also show that, in some specific cases, being quasi-isometric is
equivalent to being bijectively quasi-isometric.

A chapter is also dedicated to the study of standard wreath products whose lamp groups
have polynomial growth. We establish a rigidity result for quasi-isometries between such
wreath products: they must all be “measure-scaling”. In particular, self-quasi-isometries of
such wreath products all lie at bounded distance from bijections. We also prove that this
class of lamplighters provides examples of amenable quasi-isometric groups that are not
bijectively quasi-isometric.

The second part of this thesis relies on joint works with Corentin Correia, in which we
study halo products of Genevois and Tessera from a measured point of view. We construct
orbit equivalence couplings between two halo products of the same kind and, using the
recent technology of Falner tilings, we exhibit couplings between halo products and free
abelian groups. We also establish several asymptotic estimates of the (’—isoperimetric
profiles of these groups, improving previous results of Erschler-Zheng and Saloff-Coste-
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Zheng. These computations allow us to prove that, in many cases, the orbit equivalence
couplings thus obtained are quantitatively optimal.
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« Ce qui ne me tue pas me rend plus fort »

Friedrich Nietzsche, Crépuscule des idoles ou Comment on philosophe avec un marteau,
1888.
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Résumé long en francais

Si (X, dx) et (Y, dy) sont deux espaces métriques, une quasi-isométrie entre X et Y est une
application f: X — Y pour laquelle il existe deux constantes C' > 1, K > 0 telles que

N dx(z,y) — K <dy(f(z), f(y) < C-dx(z,y) + K

C

pour tous z,y € X, et dy (y, f(X)) < K pour tout y € Y. Quand une telle application ex-
iste, on dit que X et Y sont quasi-isométriques. Il est souvent difficile de déterminer si deux
espaces métriques sont quasi-isométriques et, lorsque c’est le cas, de décrire explicitement
I'ensemble des quasi-isométries entre ces deux espaces. On se restreint donc souvent a des
espaces ayant une structure supplémentaire.

Une telle classe est celle des groupes de type fini, qui ont naturellement une structure
métrique. Comprendre ces espaces a quasi-isométrie pres est motivé en particulier par
un résultat célebre de Gromov sur les groupes a croissance polynomiale, qui montre que

la structure algébrique d’'un groupe de type fini est gouvernée par sa géométrie a grande
échelle :

Théoreme 1 ([Gro81]). Soit G' un groupe de type fini. Alors G est a croissance polynomiale
si et seulement s’il contient un sous-groupe nilpotent d’indice fini.

La croissance d'un groupe est peut-étre I'exemple le plus élémentaire d’'un invariant de
quasi-isométrie ; cette fonction compte le nombre d’éléments dans une boule centrée en
1¢ en fonction du rayon de la boule. Le fait que cette fonction ait un comportement poly-
nomial lorsque le rayon grandit est préservé par les quasi-isométries et, avec le théoréme
de Gromoyv, il suit qu’avoir un sous-groupe nilpotent d’indice fini est aussi un invariant de
quasi-isométrie.

La these aborde plusieurs autres invariants de quasi-isométrie, connus sous le nom de
profils isopérimétriques /7. Ayant une définition plus élaborée, ces profils sont plus durs a
calculer que les fonctions de croissance, mais renferment aussi plus d’informations sur la
géométrie du groupe. On renvoie a la Section 1.3.3 pour plus de détails.

Dans une autre direction, la littérature est abondante sur les groupes de type fini qui
sont quasi-isométriquement rigides. Un groupe G est quasi-isométriquement rigide si, pour
tout groupe G’ quasi-isométrique a GG, G’ est isomorphe a un sous-groupe d’indice fini
de GG ou a un quotient de G par un sous-groupe normal fini. Par exemple, les groupes
libres abéliens [Sha04] et non-abéliens sont quasi-isométriquement rigides [Sta68; Dun85],
de méme que les groupes de Baumslag-Solitar résolubles [FM98]. La question est ouverte
pour beaucoup d’autres classes, comme les groupes polycycliques, les groupes d’Artin a
angles droits et les groupes d’automorphismes extérieurs de groupes libres.



Enfin, la littérature montre aussi que, méme restreint a une classe particuliére, des tech-
niques poussées sont nécessaires pour espérer décrire toutes les quasi-isométries entre deux
groupes de la classe. A titre d’exemple, mentionnons le résultat céleébre de Farb et Mosher
sur la classification a quasi-isométrie pres des groupes de Baumslag-Solitar résolubles :

Théoréme 2 ([FM98, Théoréme 7.1]). Soient n,m > 2. Alors BS(1,n) et BS(1,m) sont
quasi-isométriques si et seulement sin et m sont puissances d’un méme nombre.

Le probléeme de rigidité quasi-isométrique a été, jusqu’a maintenant, exploré principale-
ment pour deux grandes familles de groupes : ceux qui exhibent des propriétés de courbure
négative, et ceux qui sont moyennables (et souvent plus, par exemple résolubles). Cette
thése explore une troisieme direction : la classe des produits en couronne et toutes leurs
variantes, qu’on présente maintenant.

Les principaux protagonistes de cette these. Etant donnés deux groupes de type fini
A et B, leur produit en couronne est le groupe de type fini A B défini comme

AlB = (@A) x B

ou B agit sur la somme directe en permutant les coordonnées selon son action sur lui-méme
par translation a gauche. Le groupe A s’appelle classiquement le groupe des « lampes », et
le groupe B est le groupe « de base », a cause d’une description visuelle des éléments d’'un
produit en couronne selon des coloriages de graphes et une fleche (ou un petit personnage)
qui se déplace sur ce graphe. En effet, soit par exemple (¢,p) € Z/2Z ! Z. On imagine
que ¢ € P, Z/2Z est un coloriage des sommets du graphe de Cayley de Z, qui est une
rue infinie, avec seulement deux couleurs possibles : 0 ou 1. On imagine que p € Z est
la position d’un allumeur de réverbéres. Un ensemble générateur de Z/2Z ) Z peut étre
construit en deux parties : une partie correspond aux changements de coloriages, et 'autre
partie correspond aux changements de position de I'allumeur. Il y a alors deux facons de se
déplacer de (¢, p) a un voisin dans Cay(Z/2Z2Z,U) :

« soit I'allumeur se déplace dans Z, allant de p a un voisin de p, et le coloriage reste
inchangé;

« soit 'allumeur reste a sa position, mais il modifie la couleur du sommet ot il se trouve,
allant a 1 si cette couleur est 0, et a4 0 si cette couleur est 1.

L’exemple 1.2.30 contient une description plus générale.
Maintenant, dans le cadre du programme de Gromov, on peut se demander :

Question 3. Soient Ay, Ay, By, By des groupes de type fini. Quand est-ce que A; ! B; et
As ! By sont quasi-isométriques ?

Classifications a quasi-isométrie pres. En 2013, Alex Eskin, David Fisher et Kevin
Whyte ont répondu complétement a cette question pour des allumeurs de réverbéres au-
dessus de groupes cycliques.



RESUME LONG EN FRANCAIS

Théoreme 4 ([EFW13, Théoréme 1.2]). Soient Fy, I deux groupes finis non-triviaux. Alors
Fi2Z et 51 Z sont quasi-isométriques si et seulement s’il existe des entiers a,r, s > 1 tels que
|Fi| = a" et |Fy| = a.

En particulier, ce résultat fait apparaitre clairement une dépendance entre I’existence
d’une quasi-isométrie entre les groupes concernés et la cardinalité des groupes de lampes
qu’on choisit.

Une deuxiéme contribution majeure est due a Anthony Genevois et Romain Tessera :

Théoréme 5 ([GT24b, Corollaire 1.6]). Soient F et F;, deux groupes finis non-triviaux. Soient
H, et Hy deux groupes de présentation finie. Supposons que H; est a un bout.

(i) Si Hy n’est pas moyennable, alors F11H, et FolH5 sont quasi-isométriques si et seulement
si |F1

F5| ont les mémes diviseurs premiers et il existe une quasi-isométrie Hy — H.

)

(ii) Si Hy est moyennable, alors F1 ! Hy et F5! Hy sont quasi-isométriques si et seulement s’il

existe des entiersa,r,s > 1 tels que | F1| = a", | Fy| = a® et il existe une quasi-*-to-one

quasi-isométrie Hy — Hs.

Deux remarques s’imposent ici : d’abord, ce résultat s’applique lorsque les groupes de
base sont de présentation finie et a un bout, ce qui couvre déja un grand nombre de cas,
de telles propriétés étant courantes pour des groupes infinis de type fini. Ensuite, il rend
encore plus explicite la dépendance entre la quasi-isométrie qui relie les groupes de base
et les cardinalités des groupes de lampes, en recourant, dans le cas moyennable, a la no-
tion de « quasi-(something)-to-one » quasi-isométrie. Ce raffinement quantitatif des quasi-
isométries a été introduit formellement dans [GT22], et nous occupera largement dans cette
theése (cf. en particulier la Section 1.5 et le Chapitre 4).

Enfin, mentionnons qu’il existe une version plus générale du Théoreme 5, avec des hy-
potheéses plus faibles, établie dans [GT24a]. On revient sur cet énoncé plus large dans le
Chapitre 2. Dans cette introduction, le Théoréme 5 est suffisant en guise de motivation.

Le match quasi-isométries vs équivalences biLipschitz. Dans une autre direction,
c’est une question importante de comprendre a quel point les notions de quasi-isométrie et
de quasi-isométrie bijective (qu’on appelle aussi équivalence biLipschitz) sont différentes. I
suit d’un résultat de Kevin Whyte (cf. Théoréme 1.5.2) que les deux notions coincident dans
le monde non-moyennable, et pour le monde moyennable, la question était restée ouverte
jusqu’en 2010 et un premier contre-exemple dt a Tullia Dymarz :

Théoréme 6 ([Dym10, Théoréme 1]). Soit F' un groupe fini non-trivial, et soit k > 2 un
entier. Alors F' Z et F'* ) Z ne sont pas biLipschitz équivalents si k n’est pas un produit de
nombres premiers apparaissant dans la décomposition de |F|.

Le Théoréme 5 fournit aussi les premiers exemples de groupes moyennables ayant toutes
leurs auto-quasi-isométries a distance bornée d’une bijection :

Corollaire 7 ([GT24b, Corollaire 1.16]). Soit F' un groupe fini non-trivial, et soit X un groupe
moyennable de présentation finie a un bout. Alors toute quasi-isométrie '} K — F'{ K est
a distance bornée d’une bijection.



Produits en halo. Dans un article plus récent [GT24a], Genevois et Tessera ont poussé
leurs méthodes encore plus loin et les ont généralisées au cadre des produits en halo :

Définition 8 (cf. Définition 5.1.5). Soit H un groupe. Un produit en halo £ au-dessus de H
est la donnée, pour tout S < H, d’un groupe L(S) tel que :

« pourtous R,S < H,si R < S alors L(R) < L(S);
o L(@) ={1} et L(H) ={L(S) : S < H fini);
« pourtous R,S < H, L(Rn S) = L(R) n L(S).

Etant donné une action a: H —~ L(H), le produit en halo £ H au-dessus de H est alors
le produit semi-direct
ZH:=L(H)~x, H.

Par exemple, si F' est un groupe fini non-trivial, la famille L(S) = @4 F', S < H donne
le produit en halo £H = F{ H, et si on choisit plutét L(S) = FSym(S) le groupe des
permutations a support fini S — S, le produit en halo .ZH est habituellement appelé
le lampshuffler au-dessus de H :

Shuffler(H) := FSym(H) x H.

ou FSym(H) désigne le groupe des permutations a support fini H — H. On fournit une
liste plus détaillée de constructions similaires dans la Section 5.3.1.

La motivation de [GT24a] pour introduire un tel formalisme vient du fait que, en réalité,
le phénomeéne de rigidité pour les quasi-isométries entre produits en couronne observé
dans [GT24b] (cf. Théoréme 5) est rendu possible par la structure de produit semi-direct, et
le fait que le groupe de base satisfait certaines hypotheses de non-séparation par certains
sous-espaces. On explique cette observation et les techniques mises en place plus en détail
dans le Chapitre 2.

Fonction de Folner et profil isopérimétrique. Il n’est pas difficile de voir qu’un pro-
duit en couronne A ! B est a croissance exponentielle dés que B est infini et que A est
non-trivial. Pour pouvoir les distinguer a quasi-isométrie preés, il faut considérer d’autres
invariants. L’'un d’entre eux, qui se révéle trés utile en pratique, est la fonction de Folner :

Définition 9. Soit G un groupe de type fini avec Si; un ensemble générateur fini. La fonction
de Folner de G par rapport a S¢ est application

Folg: N — R,

DA 1
n»—>inf{\A\ : |(f4| ’ < E}

ou la frontiére d’un ensemble fini A — G est définie par
OcA:={ye G\A:3se Sg,Jae A,y = as}.

— 4 —



RESUME LONG EN FRANCAIS

La fonction de Felner d’'un groupe GG doit étre vue comme un moyen de « mesurer »
sa moyennabilité : plus cette fonction tend vers l'infini rapidement, moins le groupe est
moyennable.

De facon équivalente, on peut aussi travailler avec son inverse généralisé, appelé le profil
isopérimétrique de G, qui est la fonction j; ¢: N — R, définie par

: Al }
Jra(n) := sup Al <np.
o) = {14
Une formule d’Erschler est particulierement pratique pour calculer les fonctions de Fol-
ner des produits en couronne :

Théoréme 10 ([Ers03, Théoreme 1]). Soient G et H des groupes moyennables de type fini.
On suppose que la fonction de Folner de H vérifie :

VC >0, 3K > 0, C - Foly(n) < Foly(Kn) pour tout n assez grand.

Alorson a
F@leH(n) ~ Fﬂlg(n)Fng(n).

On discute ’hypothése dans cet énoncé plus en détail dans la Section 5.5.1, puisqu’on y
fait aussi largement appel pour calculer les fonctions de Felner des lampshufflers et autres
produits en halo.

Equivalence orbitale quantitative... En plus d’étre un invariant de quasi-isométrie, le
profil isopérimétrique est aussi étroitement relié a une méthode de comparaison mesurée
des groupes de type fini.

Si ' et A sont deux groupes de type fini, un couplage d’équivalence orbitale entre eux
est la donnée d’un espace de probabilité standard (X, 1) et de deux actions libres et p.m.p.
'y A —~ (X, p) ayant les mémes orbites :

Ax=1T 2z

pour p—presque tout x € X.
Un résultat célebre d’Ornstein et Weiss affirme en fait qu’un tel couplage existe toujours
entre deux groupes moyennables infinis.

Théoréme 11 ((OWS80]). Deux groupes infinis moyennables sont orbitalement équivalents.

L’équivalence orbitale est dés lors trop faible pour distinguer deux groupes moyennables,
et n’encode aucune information géométrique. Il est cependant possible de renforcer la déf-
inition en imposant des contraintes quantitatives sur les cocycles.

En effet, un tel couplage d’équivalence orbitale vient avec deux applications cp o: I'
X — A, car: A x X — T, définies de facon unique par les identités

Yor = CF,A(f}/uI) ", Ao = CA,F(A7I> Y

pour tous v € I, A € A et u—presque tout x € X. Ces applications sont appelées des
cocycles associés au couplage, puisque cr A satisfait I'identité

coa(vY, x) = con(7,7 - x)era(Y x), 7,7 €T, ze X

- 5-



et une identité similaire est vérifiée par cp r. Pour p > 0, on dit alors que cr 5 est LP —intégrable
si

| eeatr o, dute) <42
X

pour tout v € Sr, et on dit qu’il est L™ si pour tout v € I', I'application |cr A (7, -)|s, : X —
N est essentiellement bornée. On peut en fait définir la p—intégrabilité d’un cocycle pour
des fonctions ¢ plus générales, cf. Définition 1.4.3.

En plus, on a des résultats de rigidité, qui nous disent que I'existence d’un couplage
d’équivalence orbitale entre deux groupes de type fini avec une certaine quantification im-
pose une borne supérieure sur cette quantification. Cette borne peut souvent étre exprimée
en termes des profils isopérimétriques des groupes couplés :

Théoreme 12 ((DKLMT22, Théoreme 1.1]). Soient G et H deux groupes moyennables de type
fini. Soit ¢: R, — R.. Supposons qu’il existe un couplage (i, L°)-intégrable d’équivalence
orbitale de G vers H.

(i) Sipett — ﬁ sont croissantes, alors p o j1 g(n) < ji.a(n).

(ii) Sip(x) = 2P pourunp = 1, alors j, y(n) < jpa(n).

...entre produits en couronne. Il est établi dans [DKLMT22] que la construction du
produit en couronne est compatible avec 1’équivalence orbitale quantitative, dans le sens
suivant :

Théoréeme 13 ([DKLMT22, Corollaire 7.3]). Soit A un groupe fini. Soient H et K deux
groupes de type fini et p,: R, — Ry deux applications croissantes. Supposons qu’il existe
un couplage (p, 1) —intégrable d’équivalence orbitale de H vers K. Alors il existe un couplage
(p, ) —intégrable d’équivalence orbitale de A H vers A K.

Le fait de connaitre le profil isopérimétrique des produits en couronne (Théoréme 10)
permet alors de déduire la caractérisation suivante :

Corollaire 14. Soient k,{ > 1 des entiers. Soit p = 0. Soit F' un groupe fini. Alors il existe

un couplage (1P, 1.0)—intégrable d’équivalence orbitale de 1 Z¥+* vers F1 ZF si et seulement
_k_

Sip < 157

Ce résultat fournit une borne supérieure sur la L”—intégrabilité d’un cocycle du plus
gros groupe Z"* vers le plus petit Z¥. Comme les cocycles mesurent la distorsion requise

pour passer d’'un graphe de Cayley d’un groupe a l'autre, ce dernier énoncé peut étre vu
comme une comparaison précise des géométries des deux groupes.

Nouveaux résultats présentés dans cette these

Présentons maintenant les contributions de cette thése.
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RESUME LONG EN FRANCAIS

Rigidité quasi-isométrique des allumeurs de réverbéres permutationnels. Dansle
Chapitre 3, on établit une classification quasi-isométrique de certains produits en couronne
permutationnels, ayant groupes de lampes finis. L’énoncé est le suivant.

Théoréme 15 (cf. Théoreme IIL.A). Soient I, F' des groupes finis non-triviaux. Soient GG et
H des groupes de présentation finie, avec des sous-groupes normaux infinis de type fini M <G,
N < H. Supposons que M a indice infini dans G, et G (resp. H ) n’est pas grossiérement séparé
par une collection de sous-espaces qui se plonge uniformément quasi-isométriquement dans M
(resp. N ). Les assertions suivantes sont vraies.

« Si M n’est pas co-moyennable dans G, alors g n G et Flyn H sont quasi-isométriques
si et seulement si |E| et |F| ont les mémes diviseurs premiers et il existe une quasi-
isométrie de paires (G, M) — (H, N).

« Si M est co-moyennable dans G, alors E 1)y G et F'lg/n H sont quasi-isométriques
F
isométrie de paires (G, M) — (H, N) induisant une quasi->-to-one quasi-isométrie
G/M — H/N.

si et seulement si |E| = n', = n’ pour certains n,r,s = 1 et il existe une quasi-

Comme dans le Théoréme 5, les cas non-moyennable et moyennable doivent étre distin-
gués, le second étant plus rigide que le premier.
Comme application, on obtient par exemple :

Corollaire 16 (cf. Corollaire IILB). Soient E, F' des groupes finis non-triviaux, et soient
m,m’,n,n’ quatre entiers tels quem > n = 2, m’ = n' = 2. Alors Elzn Z™ et F 1y Z™

sont quasi-isométriques si et seulement sim = m/, n = n' et |E|, |F| sont puissances d’un

>

meéme nombre.

Plus de scaling groups. Comme expliqué dans la Section 2.4, la description générale des
quasi-isométries entre deux produits en couronne permet de déduire qu’elles sont toutes «
scaling », et de calculer précisément le « scaling group » d’allumeurs de réverbeéres.

Il s’avere qu’une telle description est aussi accessible pour certains allumeurs de réver-
béres ayant des lampes infinies, comme montré dans [BGT24]. On utilise ce fait dans le
Chapitre 4 pour établir la propriété de rigidité suivante :

Théoréme 17 (cf. Théoréme IV.B). Soient N et M des groupes de type fini a croissance
polynomiale, avec degrés de croissance n et m respectivement. Soient G et H deux groupes
moyennables de présentation finie dans M.,,. Alors toute quasi-isométrie N1 G — M H
est quasi-"*-to-one.

On renvoie a la Section 4.1 pour des détails sur ces hypotheéses et la définition de la classe
M exp. Pour 'instant, il suffit de remarquer que le « scaling factor » d’une quasi-isométrie
entre deux produits en couronne avec lampes a croissance polynomiale peut étre calculé en
fonction des degrés de croissance impliqués. Cette observation, combinée au Théoréme 5,
permet de déduire une contrainte arithmétique qui permet de distinguer certains produits
en couronne itérés a quasi-isométrie pres :

-7 -



Proposition 18 (cf. Proposition IV.G). Soient n, m > 2 deux entiers. Soient Ny et Ny deux
groupes de type fini a croissance polynomiale, avec degrés de croissance n et n, respectivement.
Soient G et H deux groupes moyennables de présentation finie dans My,. Si Z, 0 (N11G) et
Z,, L (No U H) sont quasi-isométriques, alors il existe a,r,s > 1 tels quen = a”", m = a*, et
S . Mo

roong

Par exemple, ce résultat permet de déduire qu’il n’existe pas de quasi-isométrie

Z5 1 (Z*1SOL(Z)) —> Z4 2 (Z* 1SOL(Z)).

De plus, on obtient une classification compléte quand /V; et N5 sont virtuellement abéliens,
cf. Corollaire IV.H.

On présente maintenant, dans le reste de cette introduction, deux travaux en commun
avec Corentin Correia [CD25; CD26], dans lesquels on montre que la structure de produit en
halo est aussi particulierement adaptée pour calculer le profil isopérimétrique et construire
des couplages d’équivalence orbitale.

Profils isopérimétriques des lampshufflers. Le Chapitre 5 contient des résultats pour
beaucoup d’exemples de produits en halo, mais on se restreint ici au cas des lampshufflers,
pour simplifier la présentation.

Pour de tels groupes, Erschler et Zheng ont prouvé une borne inférieure sur leur fonction
de Folner :

Théoréme 19 ([EZ21, Corollaire 1.4]). Soit H un groupe moyennable de type fini. Alors on
a

Folshuttier(rr) () > B ()7 ™)

ou By est la fonction de croissance de H. De plus, cette borne est optimale lorsque H est a
croissance polynomiale.

En particulier, quand H est a croissance exponentielle, on obtient la borne supérieure

J1,shuffter(#r) () < In(In(z))

sur le profil de Shuffler(H). Cette borne ne peut pas étre optimale dans beaucoup de cas,
puisqu’elle ne dépend que du fait que le groupe de base est a croissance exponentielle. Par
exemple, F1 Z et ' (F'1 Z) sont tous deux a croissance exponentielle, mais on s’attend a
ce que le profil de Shuffler(£? (F' 1 Z)) soit plus lent que celui de Shuffler(£? Z).

Un des principaux résultats de [CD25] fournit un encadrement plus fin du profil de
Shuffler(H), en fonction du profil de H :

Théoreme 20 (cf. Théoréme V.A). Soit p > 1. Soit H un groupe moyennable de type fini
dont le profil j, i satisfait ’hypotheése (x). Alors, le profil j,, snufrier(rr) de Shuffler(H) satisfait

) In(x) _ ,
Ip,H <m) < ]p,Shuferr(H)(-T> < ji,u(In(z)).
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RESUME LONG EN FRANCAIS

Dans cet énoncé, ’hypothése () est celle apparaissant dans le Théoréme 10, et en effet,
la stratégie de preuve consiste a trouver, dans un lampshuffler, de bonnes copies de pro-
duits en couronne et a appliquer le théoréme de monotonie du profil /?, combiné avec le
Théoréme 10.

Du Théoréme 20, il est aussi possible de dériver des estimations pour le profil /¥ des
lampshufflers itérés, définis inductivement par Shuffler™®(H) := H et

Shuffler”™ (H) := Shuffler(Shuffler™ " (H))
lorsque n > 1. Par exemple, pour des groupes de base a croissance polynomiale, on a :

Proposition 21 (cf. Proposition V.C). Soit H un groupe de type fini a croissance polynomiale

de degré d > 1. Alors on a
1
, In""(z) \9
]p,ShufflerO"(H)($) ~ <m)

pour tout entiern = 1 et tout nombre réel p > 1.

Ces estimées ont aussi des conséquences sur le programme de classification commencé
dans [GT24a], et on peut aussi prouver que, dans certains cas, étre quasi-isométrique revient
a étre bijectivement quasi-isométrique. Par exemple :

Corollaire 22 (cf. Théoréme V.I). Soient d,k > 1 et n,m = 0 des entiers. Alors les lamp-
shufflers itérés Shuffler”(Z%) et Shuffler®™(Z*) sont quasi-isométriques si et seulement s’ils
sont biLipschitz équivalents, ce qui arrive si et seulement sin = m etd = k.

Equivalence orbitale quantitative pour les lampshufflers. Lorsque deux groupes ne
sont pas quasi-isométriques, I’équivalence orbitale quantitative est appropriée pour com-
parer un peu plus précisément leurs géométries. Pour les allumeurs de réverberes, I'exis-
tence de couplages d’équivalence orbitale quantitativement optimaux a été établie dans [DKLMT22]
et [Cor25]. Dans [CD26], on entreprend une étude similaire pour d’autres produits en halo.
Par exemple, pour les lampshufflers, on établit que :

Théoréme 23 (cf. Théoréeme VLA). Si deux groupes H et K sont orbitalement équivalents,
alors Shuffler( H ) et Shuffler(K') sont orbitalement équivalents. De plus, si H et K sont de type
fini, si p,1: Ry — Ry sont croissantes, et s’il existe un couplage (v, 1)) —intégrable d’équiv-
alence orbitale de H vers K, alors il existe un tel couplage de Shuffler(H ) vers Shuffler(K).

Cet énoncé doit étre mis en relation avec le Théoreme 13, et en fait on extrait de la preuve
de ce résultat une méthode générale qui peut, en pratique, étre appliquée pour tout produit
en halo satisfaisant des hypotheses peu contraignantes. On renvoie a la Section 6.2.1 pour
plus de détails.

Couplé avec nos calculs de profils isopérimétriques de lampshufflers itérés (cf. Propo-
sition 21), on peut déduire des couplages quantitativement optimaux entre lampshufflers
itérés au-dessus de groupes abéliens libres :

Corollaire 24 (cf. Théoreme VI.D). Soient k,d > 1 des entiers tels que k > d. Soitn = 0 un

entier. Alors Shuffler™(Z") et Shuffler”(Z¢) sont L? orbitalement équivalents si et seulement
- d

sip < 7.



Structure de la thése

Le Chapitre 1 contient le matériel et les prérequis nécessaires de géométrie des groupes
pour la lecture des chapitres suivants. Le lecteur familier avec le domaine peut sans autre
s’en exonérer et aborder le Chapitre 2, dont le but est de présenter, dans les grandes lignes,
le contenu de [GT24a] et [GT24b], puisque la premiere partie de la thése repose grandement
sur le contenu de ces papiers. Le Chapitre 3 présente l'article [Dum24] et établit en partic-
ulier le Théoréme 15. Le Chapitre 4 présente les contributions de [Dum25] concernant les
allumeurs de réverbéres a lampes infinies (notamment le Théoréme 17 et la Proposition 18).
On étudie les profils isopérimétriques de produits en halo dans le Chapitre 5, qui contient
aussi nos applications au probléme d’existence de quasi-isométries et plongements réguliers
entre tels produits en halo (par exemple le Corollaire 22). Nos résultats sur ’équivalence
orbitale quantitative sont présentés dans le Chapitre 6 et reposent sur le contenu de [CD26].
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Introduction in English

If (X,dx) and (Y, dy) are two metric spaces, a quasi-isometry between X and Y is a map
f: X — Y for which there are two constants C' > 1, K > 0 such that

1

5~dX(m,y) — K <dy(f(z), fly)) < C-dx(z,y) + K

for all z,y € X, and dy (y, f(X)) < K for any y € Y. When such a map exists, we say
that X and Y are quasi-isometric. It is in general a hard problem to determine whether two
given metric spaces X and Y are quasi-isometric and, when they are, it is an even harder
problem to reach a complete description of all quasi-isometries that exist between X and
Y. To address such questions, we therefore look at classes of metric spaces carrying an
additional structure.

One such class is that of finitely generated groups, which are naturally endowed with
their word metrics. In his seminal work in the 1980s, Gromov started the ambitious pro-
gram of trying to classify finitely generated groups up to quasi-isometry. This program
is motivated by his celebrated result on groups of polynomial growth, which is the most
striking illustration of the fact that the large-scale geometry of a group, defined only from
a chosen word metric, is in fact intimately related to its algebraic structure:

Theorem 25 ([Gro81]). Let G be a finitely generated group. Then G has polynomial growth
if and only if it contains a finite-index nilpotent subgroup.

More generally, to prove that two groups are not quasi-isometric, it is often fruitful
to seek quasi-isometry invariants, namely a property P which is invariant under quasi-
isometry (i.e. if G has P and if there is a quasi-isometry G — H, then H has P). Then,
if one of our groups has P but the other does not, then we can rule out the existence of a
quasi-isometry between them.

The growth of a group is, perhaps, the most elementary example of a quasi-isometry
invariant; it counts the number of elements in a ball of a given radius centered at 15 when
G is endowed with a word-metric; see Section 1.3.1 for details. Since having polynomial
growth is a quasi-isometry invariant, it follows from Gromov’s result that being virtually
nilpotent is a geometric property.

The thesis explores in detail another family of invariants, usually finer than the volume
growth, and referred to as the /?—isoperimetric profiles. Such profiles have a more elaborate
definition and therefore are harder to compute than the volume growth, but, in return, they
also encode more information about the large-scale geometry of the group. See Section 1.3.3
for details.

Another direction of research is to find groups that are quasi-isometrically rigid. A
group G is quasi-isometrically rigid if, for any group G’ quasi-isometric to G, G’ is ei-
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ther isomorphic to a finite-index subgroup of GG or to a quotient of GG by a finite nor-
mal subgroup. For instance, free abelian [Sha04] and free non-abelian groups are quasi-
isometrically rigid [Sta68; Dun85], as well as mapping class groups [Beh+12] or solvable
Baumslag-Solitar groups [FM98]. There are also a wide range of classes of groups that are
conjectured to be quasi-isometrically rigid, such as polycyclic groups, right-angled Artin
groups and outer automorphism groups of free groups.

Going even further, one may also try to describe all groups that are quasi-isometric to a
given metric space. In this direction, Pekka Tukia proved the following:

Theorem 26 ([Tuk86; Tuk94]). Letn > 2. If G is a finitely generated group quasi-isometric
to H**1, then G acts geometrically on H**1. In particular, G is virtually isomorphic to a
uniform lattice in Isom(H"*1).

Tukia’s work also led to impressive quasi-isometric rigidity results for certain solvable
Lie groups; see [DFX23; DFX25].

Lastly, the literature also shows that, even in a specific class, tracking quasi-isometries
that relate two groups is hard, and requires involved techniques. A good illustrative in-
stance is the work of Farb and Mosher on solvable Baumslag-Solitar groups, who managed
to prove the following classification criterion:

Theorem 27 ([FM98, Theorem 7.1]). Let n,m > 2. Then BS(1,n) and BS(1,m) are quasi-
isometric if and only if n and m are powers of a common integer.

This result in particular shows that the large-scale geometries of Baumslag-Solitar groups
heavily depend on the parameters that define them.

So far, it appears that quasi-isometric rigidity problems have been investigated in the
literature for two main classes of groups: those that exhibit non-positive curvature features,
and those that are amenable (and often even more, for instance solvable). One goal of this
thesis is to explore such problems in a third direction: the class of wreath products and all
their related variants, that we present now.

Our fellow partners for the thesis. Given two finitely generated groups A and B,
their wreath product is the finitely generated group defined by

AlB = (@A) x B

where B acts on the direct sum by permutation of the coordinates. We usually call A
the lamp group, and B the base group, mostly because of a nice and visual description of
elements of a wreath product in terms of colourings of graphs and arrows moving along this
graph.

Indeed, consider a group element (c, p) € Z/2Z1Z. Think of ¢ € @, Z/2Z as a colouring
of the vertices of the canonical Cayley graph of Z, which looks like an infinite street, with
only two possible colours: 0 or 1. Think of p € Z as being the position of a lamplighter.
As explained below, a natural generating set U of Z/2Z { Z can be made of two parts,
one part corresponding to changing the colourings, and the other part corresponding to
changing the lamplighter position. Then, there are two possible moves to go from (¢, p) to
a neighbouring vertex in Cay(Z/2Z1Z,U):
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« either we only move the arrow to a neighbouring vertex in Z, and the colouring stays
the same;

« or the arrow stays on the vertex where it stands, but changes the colour of this vertex,
that goes to 1 if it was 0, and to 0 if it was 1.

See Example 1.2.30 for a more general explanation. This description led some authors
to use the word lamplighter to refer to a wreath product having a finite lamp group. We
follow this convention throughout the entire text.

In the light of Gromov’s program, one may ask:

Question 28. Let Ay, As, By, B be finitely generated groups. When are A;! B; and A5 B>
quasi-isometric?

A first piece of answer was provided by Anna Erschler in 2000, when she proved that the
wreath product construction is compatible with bijective quasi-isometries (i.e. biLipschitz
equivalences).

Theorem 29 ([Dyu00]). Let A, B and C be finitely generated groups. If A and B are biLip-
schitz equivalent, then A C and B ! C are biLipschitz equivalent.

Using this stability result, Erschler managed to prove that virtual solvability and vir-
tual torsion-freeness are not quasi-isometry invariants, a question that was left open since
Gromov’s result on polynomial growth groups; see [Dyu00, Proposition 1]. Let us notice
here that it is still an open question whether virtual solvability is a quasi-isometry invariant
among finitely presented groups.

Quasi-isometric classifications. In 2013, Alex Eskin, David Fisher and Kevin Whyte
managed to provide a complete answer to Question 28 for lamplighters over cyclic groups
(that are amenable groups).

Theorem 30 ([EFW13, Theorem 1.2]). Let Iy, F» be non-trivial finite groups. Then F1 1 Z
and F» Z are quasi-isometric if and only if there exist integers a,r, s = 1 such that |Fy| = a"
and |F»| = a°.

In particular, this result is the first one to exhibit a dependency between the presence
of a quasi-isometry between two lamplighters and the cardinalities of the involved lamp
groups.

A second major contribution to Question 28 was recently made by Anthony Genevois
and Romain Tessera:

Theorem 31 ([GT24b, Corollary 1.6]). Let F and F5 be non-trivial finite groups. Let H
and H, be finitely presented groups. Suppose that H; is one-ended.

(i) If Hy is not amenable, then Fy ! H, and F; ! Hy are quasi-isometric if and only if | Fy|,
| 5| have the same prime divisors and there exists a quasi-isometry Hy — H.

(ii) If Hy is amenable, then I ! Hy and F, ! H, are quasi-isometric if and only if there exist
integers a,r,s = 1 such that |Fy| = a’,

Fy| = a® and there exists a quasi->-to-one
quasi-isometry Hy — Ho.
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We notice two important points here: firstly, this result applies to base groups that are
finitely presented and one-ended, which already covers a large number of new cases, such
properties being encountered in many classes of infinite finitely generated groups. Sec-
ondly, it makes even more explicit the dependency between the quasi-isometry between
the base groups and the cardinalities of the lamp groups, appealing, for the amenable case,
to the notion of scaling quasi-isometries (which is trivial if groups are not amenable). The
authors of [GT24b] have formally introduced the concept in an earlier work [GT22], that
we explain in detail in Section 1.5.

There exists in fact a more general version of Theorem 31, with weaker assumptions,
proved in the more recent paper [GT24a]. We state and explain this result in details in
Chapter 2, but for the purpose of this introduction, Theorem 31 will be sufficient.

Quasi-isometries vs biLipschitz equivalences. Animportant direction of research that
emerged is the understanding of the difference between being quasi-isometric and being
biLipschitz equivalent. Following Gromov’s work, it was indeed an open question to know
whether there are amenable quasi-isometric groups that are not biLipschitz equivalent. This
problem has been solved by Tullia Dymarz in 2010, using lamplighters over Z:

Theorem 32 ([Dym10, Theorem 1]). Let F' be a non-trivial finite group, and let k > 2 be an
integer. Then F 1 Z and F'* 1 Z are not biLipschitz equivalent if k is not a product of the prime
numbers appearing in the decomposition of | F|.

Between non-amenable groups, it is known since 1999 and a famous result of Kevin
Whyte that any quasi-isometry can be turned into a biLipschitz equivalence, up to a fi-
nite distance change; see Theorem 1.5.2 and the references therein. In particular, a non-
amenable group has all its self-quasi-isometries lying at bounded distance from bijections.

On the other hand, as a nice consequence, one can deduce from Theorem 31 the first
examples of amenable groups having all their self-quasi-isometries at bounded distance
from bijections.

Corollary 33 ([GT24b, Corollary 1.16]). Let F' be a non-trivial finite group, and let K be an
amenable one-ended finitely presented group. Then any quasi-isometry F 1 K — F ! K is at
bounded distance from a bijection.

This result is in fact a straightforward consequence of a result appearing implicitly in
Theorem 31: any quasi-isometry between two lamplighters (with our running assumptions)
must actually be scaling. In particular, the scaling group of F'? K must be reduced to {1}.

Halo products. In asubsequent article [GT24a], Genevois and Tessera have pushed their
techniques even further, generalizing them to a more general framework, that of halo prod-
ucts:

Definition 34 (see Definition 5.1.5). Let H be a group. A halo of groups £ over H is the
data, for any subset S ¢ H, of a group L(S) such that:

« forall R, S < H,if R < S then L(R) < L(S);
o L() ={1}and L(H) =<{L(S) : S c H finite);
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o forall R,S < H, L(Rn S) = L(R) n L(95).

Given an action «: H —~ L(H), we then define the halo product £ H over H as the
semi-direct product
ZH:=L(H)~x, H.
For instance, if F' is a non-trivial group, choosing L(S) = @g F for all S < H yields

ZH = F H, while choosing L(S) = FSym(S) the group of finitely supported permuta-
tions S — S allows to define the lampshuffler over H:

Shuffler(H) := FSym(H) x H

where FSym(H) stands for the group of finitely supported permutations H — H. Many
other constructions are possible; we refer to Section 5.3 for a richer list.

The initial motivation to introduce such a formalism is to notice that the semi-direct
product structure is in fact the key ingredient for proving Theorem 31, as left cosets of
the base groups of lamplighters must be quasi-preserved by quasi-isometries. A similar
approach therefore yields many other classification results for lampshufflers, lampcloners
or lampdesigners. As an illustration:

Theorem 35 ([GT24a, Corollary 8.9]). Let H and K be finitely presented one-ended groups.
Then Shuffler(H) and Shuffler(K') are quasi-isometric if and only if H and K are biLipschitz
equivalent.

We refer to Chapter 2 for a detailed explanation of the techniques and the results exposed
in [GT24a].

Folner functions and isoperimetric profiles. Let us now turn to a more analytic study
of the large-scale geometry of wreath products. Such groups have exponential growth as
soon as the base group is infinite. We therefore need more subtle geometric invariants
to distinguish wreath products from one another. One such invariant, that carries more
information than the volume growth, is the Falner function:

Definition 36. Let G be a finitely generated group with S a finite generating set. The Fol-
ner function of G with respect to S is the map

Folg: N — R,

n'—>inf{|A\ : |(9|f:|4| < %}

where the boundary of a finite subset A — G is given by
OcA:={ye G\A:3se Sg,Jae Ay = as}.

Intuitively, the Folner function of a group indicates how amenable it is; the faster it tends
to infinity, the less the group is amenable.

Rather than the Fglner function, it is also possible to work with its generalized inverse,
called the isoperimetric profile, which is the function j; ¢: N — R, defined by

) A
J1.c(n) :=sup {% DAl < n} )

_15_



We refer to Section 1.3.3 for further details on the isoperimetric profile and its more general
(P—version. At this point, it will be enough for us to stick to the following result, that
gives a precise formula to compute Folner functions of wreath products in terms of Folner
functions of the factors.

Theorem 37 ([Ers03, Theorem 1]). Let G and H be finitely generated amenable groups.
Suppose that the Folner function of H satisfies:

VC >0, 3K > 0, C - Foly(n) < Folg(Kn) for all n large enough.

Then one has
FﬂleH(n) >~ Fﬂlg(n)Fng(n).

We discuss further the assumption of Theorem 37 in Section 5.5.1. Let us simply mention
that, in practice, it holds for any finitely generated amenable group for which we know the
Folner function.

Quantitative orbit equivalence... In addition to being a rather thin quasi-isometry in-
variant, isoperimetric profiles are in fact tightly connected to a measured way of comparing
the large-scale geometries of finitely generated groups.

Given finitely generated groups I" and A, an orbit equivalence coupling between them is
the data of a standard probability space (X, 1) and two free p.m.p. actions I'; A —~ (X, u)
sharing the same orbits:

ANAx=T 2

for pp—almost every x € X.
A famous result of Ornstein-Weiss says that, in fact, such couplings always exist for
amenable groups.

Theorem 38 ([OW380]). Any two infinite amenable groups are orbit equivalent.

Thus, this form of orbit equivalence is too weak to distinguish amenable groups from
a geometric point of view. It is therefore necessary to strengthen the definition of orbit
equivalence, by imposing constraints on maps that derive from the coupling.

Indeed, an orbit equivalence coupling naturally gives rise to twomaps crp: I' x X — A,
car: A x X — T, uniquely defined by the equations

VT = CF,A(ﬂyvx) ", Ao = CA,F()\ax) Y

forall v € I', A € A and p—almost every x € X. These maps are called the cocycles
associated to the coupling, because they satisfy the identity

CF,A(’Y’Y/7$) = CF,A(’}/)’)/ ’ x)CF,A(7/7 x)a Y E Fa A€ A7 relX

and similarly for cp r.

As it turns out, these maps contain valuable information about geometries of I' and A.
Indeed, orbits of a free action of I" (resp. A) on a probability space look like a Cayley graph
of " (resp. A) with respect to a fixed generating set St (resp. Sy). In every orbit, we put an
edge between z and - x (resp. # and \- x) if y € Sp U Sp* (resp. A € Sy U Sy ). Set-wisely,
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I' - z equals A - z, and the cocycles encode the distortion needed to transform the edges of
one orbit into those of the other. This distortion is measured by computing |cp A (7, z)|s,
and |cp r(A, x)|g,., for generators v € Sp, A € Sy. The bigger these values are, the bigger
is the distortion from one orbit to the other. This leads us to define L”—integrability of
cocycles: for p > 0, we say that cp 5 is L if

J lera (7, 2)[5, du(z) < +oo
X

for every v € Sr, and we say it is L” if for any v € I, the map |cra(7, )]s, : X — N
is essentially bounded. We make similar definitions for cyr. Then, for p,¢g > 0, an
(L?, L9)—coupling from I' to A is therefore a coupling (X, u) for which cp is L? and
ca,r is LY. Tt is possible to consider similar integrability conditions for more general func-
tions, which lead to the notion of (¢, 1)) —integrable orbit equivalence couplings; see Defi-
nition 1.4.3.

In addition to existence results, we need rigidity statements, i.e. statements saying that
the existence of a quantified orbit equivalence coupling between two finitely generated
groups ensures an upper bound on the possible quantifications. This is actually the main
observation of [DKLMT22], namely the quantified version of orbit equivalence is suitable
for detecting geometric differences between amenable groups. The most important obstruc-
tion implies /P —isoperimetric profiles.

Theorem 39 ([DKLMT22, Theorem 1.1]). Let G and H be finitely generated amenable
groups. Letp: R, — R,. Assume that there is a (¢, L°)-integrable orbit equivalence coupling
from G to H.

(i) If p and t — ﬁ are increasing, then @ o j; g(n) < jr.a(n).

(ii) If p(x) = P for somep = 1, then j, p(n) < jpa(n).

We refer to [DKLMT22, Theorem 3.1] for another obstruction implying rather the vol-
ume growth.

Remark 40. Orbit equivalence is in fact a particular instance of measured equivalence,
introduced by Gromov as a measured analog of the notion of quasi-isometry. There are
important connections between the two points of view: for instance, two amenable groups
are biLipschitz equivalent if and only if they are L™ orbit equivalent [Sha04], and they are
quasi-isometric if and only if there exists a mutually cobounded L. measure equivalence
between them. This thesis however only presents and deals with orbit equivalence.

...between wreath products. It is proved in [DKLMT22] that the wreath product con-
struction is also compatible with quantitative orbit equivalence, in the following sense:

Theorem 41 ([DKLMT22, Corollary 7.3]). Let A be a finite group. Let H and K be finitely
generated groups and p,1: R, — R, be increasing maps. If there exists a (@, 1) —integrable
orbit equivalence coupling from H to K, then the same holds from At H to A K.

Hence, the knowledge of the isoperimetric profiles of lamplighters (Theorem 37) allows
us to deduce the next characterisation:
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Corollary 42. Let k,¢ > 1 be integers. Let p > 0. Let I be a finite group. Then there exists

an (L?, L°)—orbit equivalence from 1 Z*** to F 1 Z* if and only if p < kL-M

Indeed, if p < kiM, it is proved in [DKLMT22] that there exists an (L7, L?) —orbit equiv-
alence from Z*** to Z*, whence the same claim from F { Z**‘ to F'1 Z* by Theorem 41.

Conversely, if such a coupling exists, then Theorem 39(i) implies

EalS]

‘ . 1
In(n)* = ji pize(n)” < ji pizree(n) = In(n) =

whence p < ki-&-é’ and the equality case is excluded by [Cor25, Theorem B].

Corollary 42 gives an explicit upper bound on the degree of L”—integrability of a co-
cycle from the bigger group Z**¢ to the smaller Z*. Since cocycles measure the required
distortion to pass from a Cayley graph of one group to the other, the last statement can be
seen as a precise comparison of the geometries of the two groups.

New results presented in the thesis

After this brief overview of the state of the art, let us present the contributions of this
thesis.

Quasi-isometric rigidity for permutational lamplighters. Chapter 3 aims at proving
a quasi-isometric classification of some permutational wreath products whose lamp groups
are finite. The precise statement is the following.

Theorem 43 (see Theorem IILLA). Let E, F' be two non-trivial finite groups. Let G, H be
finitely presented groups, with finitely generated normal infinite subgroups M <1 G, N < H.
Suppose that M has infinite index in GG, and that G' (resp. H) is not coarsely separable by
any collection of subspaces that uniformly quasi-isometrically embed into M (resp. N ). The
following claims hold.

« If M is not co-amenable in G, then E ¢/ G and F g n H are quasi-isometric if and
only if |E| and |F| have the same prime divisors and there exists a quasi-isometry of
pairs (G, M) — (H, N).

o If M is co-amenable in G, then E g/ G and F'ly/ny H are quasi-isometric if and only
if |[E| =n",|F| = n® forsomen,r,s > 1 and there exists a quasi-isometry of pairs
(G, M) — (H, N) inducing a quasi->-to-one quasi-isometry G/M — H/N.

As for Theorem 31, the non-amenable situation must be distinguished from the amenable
one, the latter bringing more rigidity. Moreover, the undertaken strategy for proving The-
orem 43 is similar to that of [GT24b], explained in the preliminary Chapter 2.

The main difference with the standard case is that, additionally to preserving cosets
of the base groups, a quasi-isometry between two such permutational lamplighters must
also preserve the cosets of the involved normal subgroups. We refer to Section 1.6 for the
precise terminology. At this point, let us just emphasize the fact that the presence of a
quasi-isometry £ g/ G — F gy H is sufficient to detect the large-scale geometries of
the quotients G/M and H/N, since a quasi-isometry of pairs (G, M) — (H, N) induces
a quasi-isometry G/M — H/N.
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As an application, we obtain the next corollary, which was in fact the initial motivation
for proving the more general Theorem 43:

Corollary 44 (see Corollary IIL.B). Let F, F' be two non-trivial finite groups. Let m, m', n,n’
be four integers such thatm = n = 2, m’ = n' = 2. Then E zn Z™ and F 1, Z™ are
quasi-isometric if and only if m = m/,n = n’ and |E

F| are powers of a common number.

)

In specific cases, where explicit constructions are accessible, it is possible to have more
information on the induced quasi-isometry between the quotients. As an application, we
show that, for permutational lamplighters over free abelian groups, being quasi-isometric
is the same as being biLipschitz equivalent.

Corollary 45 (see Corollary IILF). Let I/ and F' be two non-trivial finite groups, and let m, n
be two integers such thatm > n = 2. Then Eizn Z™ and F 1zn Z™ are biLipschitz equivalent
if and only if they are quasi-isometric, which happens if and only if | E| and | F’| are powers of
a common number.

In contrast, two standard wreath products can be quasi-isometric without being biLips-
chitz equivalent (e.g. Zy ! Z* and Z, ! Z?; see [GT24b, Corollary 1.15]).

More scaling groups. A nice consequence of these classification results is that they allow
us to identify the scaling group of our spaces, information available only for very specific
families of amenable groups. Theorem 31 extends this list, as it implies that the scaling
group of F1 K is {1} when F is finite and K is amenable, finitely presented and one-ended.
As explained in Section 2.4, this computation is a consequence of the general form of quasi-
isometries between lamplighters, that must be aptolic (see Definition 2.2.9 for the precise
definition).

As proved in [BGT24], the aptolicity phenomenon also holds for quasi-isometries be-
tween some wreath products having an infinite lamp group. We exploit this in Chapter 4
to prove the following rigidity property.

Theorem 46 (see Theorem IV.B). Let N and M be finitely generated groups of polynomial
growth, with growth degreesn and m respectively. Let G' and H be finitely presented amenable
groups from M,,. Then any quasi-isometry N1 G — M U H is quasi-""-to-one.

We refer to Section 4.1 for explanations on the assumptions and the class M.,,. Notice
that, in the case of polynomial growth lamp groups, the scaling factor of the quasi-isometry
is parametrized by the involved growth degrees. In particular, it follows that:

Corollary 47 (see Corollary IV.E). Let N be a finitely generated group with polynomial
growth. Let G be a finitely presented amenable group from M.,. Then any quasi-isometry
N UG — NG lies at bounded distance from a bijection. In particular, Sc(N 1 G) = {1}.

These results have two interesting consequences. The first one is that wreath products

of the form N ! G are lamplighter-rigid, in the sense that when forming lamplighters over
such groups, no flexibility with respect to quasi-isometries is possible.
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Proposition 48 (see Proposition IV.F). Let n,m > 2 be two integers. Let N be a finitely
generated group with polynomial growth, and let G be a finitely presented amenable group
from M. Then the lamplighters Z, 2 (N G) and Z,,, ¢ (N ¢ G) are quasi-isometric if and

only ifn = m.

Pushing the idea further, we derive an arithmetic condition which is able to distinguish
some iterated wreath products up to quasi-isometry:

Proposition 49 (see Proposition IV.G). Let n,m > 2 be two integers. Let N1 and Ny be
finitely generated groups of polynomial growth, with growth degrees ny and ny respectively.
Let G and H be finitely presented amenable groups from M ey,. If Z,,0( N11G) and Z,,,( N H)

n2

are quasi-isometric, then there exist a,r,s = 1 such thatn = a’", m = a°, andf = 2.

For instance, there is no quasi-isometry
Z, 1 (Z*1SOL(Z)) —> Z4 2 (Z* 1SOL(Z)).

The key observation for getting the last equality in Proposition 49 is that the aptolicity
phenomenon implies a mixing of two scaling conditions, so the proposition follows from
Theorems 46 and 31. In fact, we can get a complete classification when N; and N, are
virtually abelian; see Corollary IV.H.

In the remaining part of this introduction, we present the two articles [CD25; CD26],
written jointly with Corentin Correia, in which we show that the halo structure is also
particularly well-suited for tracking isoperimetric profiles and orbit equivalence couplings
for these spaces.

Isoperimetric profiles of lampshufflers. Chapter 5 contains results for many classes
of halo products, but for conciseness let us focus in this introduction on the case of lamp-
shufflers.

For such groups, a general lower bound on their Folner function has been proved by
Erschler and Zheng.

Theorem 50 ([EZ21, Corollary 1.4]). Let H be a finitely generated amenable group. Then
we have

Folshutier () (z) > B ()" ™)

where (B is the growth function of H. Moreover, this lower bound is optimal if H has polyno-
mial growth.

In particular, when H has exponential growth, inverting this lower bound shows that

J1,shuffier(e) (2) < In(In(z)).

However, this bound cannot be optimal in many cases, since for instance two iterated lamp-
lighters over Z with different numbers of iterations (e.g. ' Z and F'? (F' ! Z)) both have
exponential growth, whereas we expect the isoperimetric profile of Shuffler(F'2 (F1 Z)) to
be slower than the one of Shuffler(F? Z).

One of the main results of [CD25] provides finer bounds, connecting the isoperimetric
profile of Shuffler( H) directly to the profile of H:
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Theorem 51 (see Theorem V.A). Letp > 1. Let H be a finitely generated amenable group
whose (P —isoperimetric profile j, i satisfies Assumption (x). Then the (P —isoperimetric profile
Jp.shuffier(rr) Of Shuffler(H) satisfies

, In(z) , ,
Jp.H <M) < Jpshuftier() () < J1,u(In(z)).

In this statement, Assumption () is the one appearing in Theorem 37, and indeed the
technique for achieving the upper bound is to find, inside Shuffler(H), copies of lamplighter
graphs and to use the monotonicity of the ¢’ —isoperimetric profile combined with (a slight
extension of) Erschler’s formula (Theorem 37).

From Theorem 51, it is also possible to derive exact estimates for the ¢/ —profile of iter-
ated lampshufflers, defined inductively by

Shuffler”™ (H) := Shuffler(Shuffler” " (H))
if n > 1 and Shuffler”®(H) := H. For instance, in the polynomial growth range, this gives:

Proposition 52 (see Proposition V.C). Let H be a finitely generated group of polynomial
growth of degree d > 1. Then one has

In°"
Jp, Shuffler°™ (H o(n+1

for any integern > 1 and any real numberp > 1.

In turn, these computations also contribute to the quasi-isometric classification program
initiated in [GT24a], and we are also able to prove that, in some cases, being quasi-isometric
is the same as being biLipschitz equivalent. As an illustration:

Corollary 53 (see Theorem V). Let d,k > 1 and n,m = 0 be integers. Then the iterated
lampshufflers Shuffler”™ (Z?) and Shuffler”™(Z*) are quasi-isometric if and only if they are
biLipschitz equivalent, which happens if and only ifn = m and d = k.

Quantitative orbit equivalence for lampshufflers. As we explained above, when two
groups are not quasi-isometric, quantitative orbit equivalence is suitable for comparing a
bit more precisely their geometries. The existence of optimal orbit equivalence couplings
for lamplighters has been established in [DKLMT22] and [Cor25]. In [CD26], we undertake
a similar study for other halo products.

For instance, for lampshufflers, we establish the following stability result:

Theorem 54 (see Theorem VLA). Iftwo groups H and K are orbit equivalent, then Shuffler(H)
and Shuffler(K') are orbit equivalent. Moreover, if H and K are finitely generated, if o, : Ry —
R, are non-decreasing maps, and if there exists a (i, 1)) —integrable orbit equivalence coupling

from H to K, then the same holds from Shuffler(H) to Shuffler(K).

This statement should be compared to Theorem 41, and in fact we extract from the proof
of the latter a general method that can, in practice, be applied for any halo product satisfying
some mild assumptions. See Section 6.2.1 for more details.

- 21 -



Combined with our computations of isoperimetric profiles of iterated lampshufflers (cf.
Proposition 52), we can deduce optimal orbit equivalence couplings between iterated lamp-
shufflers and lampjugglers over free abelian groups using to Theorem 39.

Corollary 55 (see Theorem VI.D). Let k,d > 1 be positive integers such that k > d. Let
n > 0 be an integer. Then Shuffler™”(Z*) and Shuffler®™(Z%) are 1P orbit equivalent if and
only ifp < %.

Structure of the thesis

Chapter 1 contains all the required material on geometric group theory to dive into
the subsequent chapters. Chapter 2 aims at presenting, in a concise manner, the content
of the articles [GT24a; GT24b], since the first part of the thesis relies heavily on results
from these papers. Chapter 3 presents the content of [Dum24] and establishes in particu-
lar Theorem 43. Chapter 4 presents the contributions of [Dum25] about wreath products
with infinite lamp groups (Theorem 46, Corollary 47, Propositions 48 and 49). We study
isoperimetric profiles of halo products in Chapter 5, which also contains our applications
to questions concerning the existence of regular maps and quasi-isometries between such
halo products (among which Corollary 53). Our results on quantitative orbit equivalence
are contained in Chapter 6 and rely on the paper [CD26].






Chapter 1

Generalities on geometric group
theory

The goal of this chapter is to develop the necessary tools to study finitely generated groups
as metric spaces.

1.1  Finitely generated groups . . . . . . .. ... .. L L 23
1.2 The metric coarse category . . . . . .. .. ... ... 26
1.3 Coarse geometric invariants . . . . . . . .. ... Lo 46
1.4 Orbitequivalence . . . . . . ... ... L 57
1.5 Measure-scaling quasi-isometries . . . . . . ... ... L Lo 66
1.6 Quasi-isometriesof pairs . . . . . . .. ... L L 75

1.1 Finitely generated groups

The goal of this subsection is to introduce several classes of finitely generated groups of
interest. They will constitute our running examples that will follow us for the rest of this
text.

Example 1.1.1. (i) Finite groups are finitely generated.

(ii) The group (Z, +) is finitely generated, and S = {—1, 1} is a finite generating set. More
generally, if p, ¢ € Z are coprime, then {+p, £¢} is a symmetric generating set for Z.

(iii) In fact, for any d > 1, the group Z¢ is finitely generated, and a symmetric generating
set is given by the canonical basis

{(+(1,0,...,0),4(0,1,0,...,0),...,+(0,0,...,0,1)}.

(iv) If d > 1, the non-abelian free group F}; of rank d is finitely generated, a generating set
being given by the equivalence classes of words of length one over a set S of cardinality d.
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(v) It is not hard to check that the Heisenberg group

is generated by the three matrices
1 10 1 00 101
xr=1010),y=(0 1 1],z=10 1 0
0 01 001 001

(vi) The group (Q, +) is not finitely generated. Indeed, suppose for a contradiction that Q is
generated by finitely many rationals %, N z—:. Any finite sum of these fractions or their
inverses is a rational number with denominator at most ¢ . . . ¢,. Letting N :=¢q; ... ¢, + 1,
it follows that % cannot be written using %, cee z—: or their inverses, a contradiction.

(vii) The group D, := {a,t : a* = 1,ata™! = t~1) is called the infinite dihedral group, and
generalises finite dihedral groups allowing a rotation of infinite order. In fact, this group is
isomorphic to

la,b:a® =b* = 1) = Zyx Z,

the free product of two cyclic groups of order 2.

Note that a finitely generated group is always countable, but the converse does not hold,
as shown by Example 1.1.1(vi).

The following proposition shows that being finitely generated is stable under group
extensions.

Proposition 1.1.2. Let G be a group and N < G. If G is finitely generated, then G/N is
finitely generated. Conversely, if N, G/N are finitely generated, then G is finitely generated.

Proof. If G is finitely generated and 7: G — G/N is the natural surjection, then the image
under 7 of a generating set for G is a generating set for G/N.

Conversely, let {g1,...,g,} be a generating set for N and {h; N, ..., h,,N} a generating
set for G/N. Fix g € G. Then there exists €1, ..., &, € {—1, 1} such that

gN = (N ... (hypyN)*™ = (h{* ... h;™)N
and it follows that g(h$' ... hém)~! € N. We can then write
g(hit R ) =gt g
for some 1, ...,0, € {—1,1},and thus g = ¢0* ... g>*hS* ... hem. This proves that
{91, - s gn, h1,. .  hpn}
is a finite generating set for GG, and the proof is complete. ]
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On the other hand, it is in general not true that subgroups of finitely generated groups
are themselves finitely generated. To produce such an example, we introduce an additional
group construction, which is the central definition for this thesis.

Definition 1.1.3. Let A and B be two groups. Their wreath product A B is the group

defined by
(@ A) x B
B
where B acts on the direct sum via

(0 [V == fFO71)
forany b,0' € B and any f € @z A.

Hence, elements of A B are pairs (f,b) where f is a finitely supported function on B
(i.e. f(b) = e4 for all but finitely many b € B) and b € B. The multiplication law is given
by

(fvb)(f/7b/) = (f + b- f/abb/)
forall f, f'e @z A, b, b € B, where “+” stands for the composition law in the direct sum.
We then prove that this construction preserves finite generation.

Proposition 1.1.4. If A and B are finitely generated, then A B is finitely generated.

Proof. Let S = {ay,...,a,} be a generating set for A, andlet ' = {by,...,b,,} be a gener-
ating set for B. For any a € A, let §, € @ 5 A be defined by d,(ep) = a and 0,(b) = e4 for
any b # ep. Let also 1 denote the neutral element of the direct sum, defined as 1(b) = e4
for any b € B. We claim that the finite set

U:={(ba,ep),(1,b;): 1 <i<n,1<j<m}

is a generating set for A} B.
First, as the multiplication in A B is the multiplication of B in the second component, and
as T generates B, it is enough to prove that any pair of the form (f, ep) is a product of

(5a1’ 63), ) (5an7€B)-

Since f is finitely supported, it is enough to prove that any pair of the form (J,, ep), a € A,
is a product of (,,,€p), ..., (04,,€p). For a € A, write

a = Qg ...044

for some iy, ..., i € {1,...,n}, and then it follows that
(5(1, 63) = ((5%,63) Ce (6aik763)'
Thus A B is finitely generated. ]

From Proposition 1.1.4, it follows that Z/2Z ) Z is finitely generated, but it contains
@, Z/2Z as a subgroup, and the latter is not finitely generated.

In Sections 2.3 and 5.3, we introduce similar group constructions, called halo products,
that also provide examples of finitely generated groups with non-finitely generated sub-
groups.
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1.2 The metric coarse category

Now the objects are defined, let us introduce morphisms that relate them. In this section,
we give definitions in a slightly more general framework, namely the one of pseudo-metric
spaces, and we explain in Section 1.2.3 how finitely generated groups fit in this setup. We
follow mainly the exposition of [CH16].

1.2.1 Coarsely Lipschitz maps and large-scale Lipschitz maps

An upper control is a non-decreasing function ¢, : R, — R, and a lower control is a non-
decreasing function ®_: R, — R, u {0} such that tlim d_(t) = o0.
—00
If X and Y are pseudo-metric spaces and f: X — Y is a map, an upper control for f is
an upper control ¢, such that

dy (f(x), f()) < D (dx (z,2"))

for any x, 2’ € X, and dually a lower control for f is a lower control ®_ such that
O_(dx(z,2')) < dy(f(x), f(2))

for any z, 2" € X.

Definition 1.2.1. Let X, Y be pseudo-metric spaces and let f: X — Y be a map. We say
that f is

(i) coarsely Lipschitz if there exists an upper control for f.

(ii) coarsely expansive if there exists a lower control for f.
(iii) a coarse embedding if it is coarsely Lipschitz and coarsely expansive.
(iv) essentially surjective if f(X) is co-bounded in Y.

(v) a metric coarse equivalence if it is an essentially surjective coarse embedding.

If there exists a metric coarse equivalence f: X — Y, we say that X and Y are coarsely
equivalent.
Let us start with equivalent reformulations of the above conditions.

Proposition 1.2.2. Let X, Y be pseudo-metric spaces and f: X — Y a map. The following
are equivalent.

(i) The map f is coarsely Lipschitz.

(ii) For all R > 0, there exists S > 0 such that if v,2’ € X satisfy dx(z,2") < R, then

dy (f(x), f(2")) < S.

(iii) For any sequence of points () nen, (), )nen in X with sup dx (., x),) < o0, we have
neN

sup dy (f (zn), f(27,)) < .

neN
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Proof. (i) = (ii): Suppose that f is coarsely Lipschitz, and denote ¢, an upper control for
f.Let R > 0,and set S := ®(R) > 0. Then, if 2,2’ € X are such that dx(z,2') < R, it
follows that

dy (f(x), f(a')) < Do (dx(2,2') < D (R) = S

since f is coarsely Lipschitz and ® is non-decreasing. Thus (ii) holds.
(ii) = (iii): Let (2y,)nen, (2], )nen be two sequences of points in X with

C :=supdyx(x,,x)) < .
neN

Using (ii), there is S > 0 such that

dy (f(x), f(z')) < S

if dx(z,2") < C. As dx(x,,z]) < C for any n € N, we thus have

dy (f(zn), f(a3,)) < S

for any n € N, hence sup,,.\ dy (f(z), f(2],)) < S < o0, which shows (iii).
(iii) = (i): For c € R, define

., (c) :=sup{dy(f(z), f(2')) : 2,2" € X, dx(z,2") < c}.

Then @, is positive and non-decreasing. Towards a contradiction, suppose that & (¢) = o
for some ¢ € R,. This implies that there exist two sequences (,)neN, (Z),)nen = X with
dx(xp,x)) < cforany n € N and

lim dy (f(2a), f(2})) = @4(c) = o

n—0o0

which is excluded by (iii). Hence ® takes only finite values, and thus is indeed an upper
control for f. ]

Dualising the above proof, one gets the same statement for coarsely expansive maps.

Proposition 1.2.3. Let X, Y be pseudo-metric spaces and f: X — Y a map. The following
are equivalent.

(i) The map f is coarsely expansive.

(ii) Forallr = 0, there exists s = 0 such that if v, 2’ € X have dx(x,x') = r, then one has

dy (f(z), f(z')) = s.

(iii) For any sequence of points (., )nen, (2}, )nen in X with lim dx(z,, z!) = oo, we have
n—o0

lim dy (f(zn), f(2,)) = .

n—o0
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Given two maps f, f': X — Y between pseudo-metric spaces, we say that f’ is close to
f, or also that [’ is at bounded distance from f, if there exists C' > 0 such that

dy(f(x), f'(z)) < C

for any x € X. This is the same as requiring that

sup dy (f(x), f'(x)) < o

zeX

and, in this case, we write f ~. f’.
Lemma 1.2.4. Closeness is an equivalence relation.

Proof. Clearly f ~. fasdy(f(z), f(z)) = 0 for any € X. Symmetry of ~. follows from
symmetry of dy, and transitivity follows from the triangle inequality for dy. [

The next result shows that properties from Definition 1.2.1 are invariant by finite dis-
tance changes.

Proposition 1.2.5. Let X, Y, Z be pseudo-metric spaces, f, f': X — Y two close maps, and
9,9 Y — Z two close maps.

(i) The map f is coarsely Lipschitz (resp. coarsely expansive, a coarse embedding, essentially
surjective, a metric coarse equivalence) if and only if f’ is coarsely Lipschitz (resp. coarsely
expansive, a coarse embedding, essentially surjective, a metric coarse equivalence).

(ii) If f, g are both coarsely Lipschitz (resp. coarsely expansive, coarse embeddings, essentially
surjective, metric coarse equivalences), then go f is coarsely Lipschitz (resp. coarsely expansive,
a coarse embedding, essentially surjective, a metric coarse equivalence).

(iii) If g is coarsely Lipschitz, then g o f and g’ o f" are close.

Proof. (i) Suppose f is coarsely Lipschitz, and let C' > 0 be such that dy (f(z), f'(z)) < C
for any z € X. Let R > 0. As f is coarsely Lipschitz, we find K > 0 such that

dx(z,2") < R=dy(f(2), f(z')) < K.
Set S := K + 2C, and let =, 2’ € X with dx(z,2’) < R. Then it follows that

dy (f'(z), f'(2")) < dy (f'(2), f(2)) + dy (f(2), f(z') + dy (f (), ['(z"))
< K +2C
S.

As R > 0 was arbitrary, Proposition 1.2.2 guarantees that f’ is coarsely Lipschitz as well.
The converse follows swapping the roles of f and f’.
Now, suppose that f is essentially surjective. As above, let C' > 0 be such that

dy (f(z), f'(z)) < C
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for any xl € X, and let C" > 0 be such that any point in Y is at distance at most C’ from
the image of f. Let y € Y, and choose x € X with dy (f(z),y) < C’'. Then we get that

dy (f'(x),y) < dy(f'(z), f(2)) + dv(f(z),y) < C+ C".

Hence any point of Y is at distance at most C'+ C’ from the image of f', i.e. f’is essentially
surjective. Once again, the converse follows by symmetry, and the proofs for the other
properties are completely similar.

(ii) Here also we only do the proof for one of the properties, and similar arguments apply
for the others. Suppose for instance that f and g are both coarsely expansive. Let r > 0.
Applying Proposition 1.2.3(ii) to f, we find s > 0 such that

dx(z,2") = r = dy(f(z), f(z)) = s

and applying now Proposition 1.2.3(ii) to g, there is ¢ > 0 such that

dy(y,y') = s = dz(9(y), 9(y)) = L.

Combining these two implications, we conclude that if z, 2’ € X are such that dx (z,2') >
r, then

dz((go f)(x),(go f)(a)) =t

proving that g o f is coarsely expansive.

(iii) Let C' > 0 be such that dy (f(x), f'(x)) < C for any z € X, and let C" > 0 playing the
same role for g and ¢’. As g is coarsely Lipschitz, there is K > 0 such thatdz(g(y), g(v')) <
K if dy(y,y’) < C. Then for any « € X one has

dz(9(f(2)),d'(f'(2))) < dz(g(f(2)),9(f'(2))) + dz(g(f'(2)),d'(f'(2))) < K+’
whence g o f and ¢’ o f’ are close. ]
This proposition motivates then the next definition.

Definition 1.2.6. Let XY be pseudo-metric spaces. A coarse morphism from X to Y
is a closeness class of coarsely Lipschitz maps from X to Y. The metric coarse category
is the category whose objects are pseudo-metric spaces and whose morphisms are coarse
morphisms.

Definition 1.2.7. Let X, Y be pseudo-metric spaces and f: X — Y be a map. We say that
fis

(i) large-scale Lipschitz if it has an affine upper control, i.e. there exist ¢, > 0, ¢/, > 0
such that

dy (f(x), f(@)) < ey - dx(r,a') + ¢,

for any z, 2’ € X.

_29_



CHAPTER 1

(ii) large-scale expansive if it has an affine lower control, i.e. there exist c_ > 0, > 0
such that

dy (f(z), f()) = c_ - dx(z,2") = L

for any x, 2’ € X.
(iii) a quasi-isometric embedding if it is large-scale Lipschitz and large-scale expansive.

(iv) a quasi-isometry if it is an essentially surjective quasi-isometric embedding,.

If there is a quasi-isometry f: X — Y, we say that X and Y are quasi-isometric, and we
denote X ~¢ 1 Y. As we will see below, ~( . is an equivalence relation among pseudo-
metric spaces.

In particular, notice that any large-scale Lipschitz map is coarsely Lipschitz, and any
large-scale expansive map is coarsely expansive.

Example 1.2.8. (i) For any n > 1, the natural inclusion Z" < R" is a quasi-isometry, since
it is an isometry and since any n—tuple of real numbers (z1, ..., z,) is at distance at most
y/n from an n—tuple of integers, namely (|x1], ..., |z,]).

(ii) Likewise, the natural inclusion 2Z < Z is also a quasi-isometry, since it is an isometric
map and since any integer is at distance at most 1 from an even integer.

Here goes the natural analog of Proposition 1.2.5 for large-scale Lipschitz and expansive
maps.

Proposition 1.2.9. Let X, Y, Z be pseudo-metric spaces, f, f': X — Y two close maps, and
9,9 Y — Z two close maps.

(i) The map f is large-scale Lipschitz (resp. large-scale expansive, a quasi-isometric embedding,
a quasi-isometry) if and only if [’ is large-scale Lipschitz (resp. large-scale expansive, a quasi-
isometric embedding, a quasi-isometry).

(ii) If f, g are both large-scale Lipschitz (resp. large-scale expansive, quasi-isometric embed-
dings, quasi-isometries), then go f is large-scale Lipschitz (resp. large-scale expansive, a quasi-
isometric embedding, a quasi-isometry).

This in turn leads to a natural analog of the metric coarse category for large-scale Lips-
chitz maps.

Definition 1.2.10. Let X and Y be pseudo-metric spaces. A large-scale morphism from X
to Y is a closeness class of large-scale Lipschitz maps from X to Y. The large-scale category
is the subcategory of the metric coarse category whose objects are pseudo-metric spaces
and whose morphisms are large-scale Lipschitz morphisms.

Definition 1.2.11. Let X, Y be pseudo-metric spaces and f: X — Y be a map. We say
that f is

(i) Lipschitz if there is ¢, > 0 such that

dy (f(z), f(2) < cy - dx(x,2)

for any z, 2’ € X.
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(ii) biLipschitz if there exist c;. > 0, c_ > 0 such that

c_-dx(z,2") <dy(f(x), f(2') <cq-dx(z,2)
for any z, 2’ € X.
(iii) a biLipschitz equivalence if it is biLipschitz and surjective.
Let us now give additional examples of such maps.

Example 1.2.12. (i) Let f: X — Y be a map between two pseudo-metric spaces. If X has
finite diameter, then f is large-scale expansive, since

dy (f(z), f(z") = 0 = dx(x,2") — diam(X)
for all z, 2’ € X. If rather f(X) has finite diameter, then f is large-scale Lipschitz, since

dy (f(x), f(2)) < diam(f (X))

forall z, 2’ € X. Lastly, if Y has finite diameter and X # (¥, then f is essentially surjective.
Combining these three facts, it follows that any non-empty pseudo-metric space of finite
diameter is quasi-isometric to the one point space.

(ii) For any p > 1, the map Idg~: (R",dy) — (R™,d,) is a biLipschitz equivalence, since

1

doc(xvy) < dp(xay) <ne doo(il%y)

for any x, y € R", where the metrics d,, d,, are defined as

n 1
dp(.%,y) = (2 |232 - yz|p> ) doo(‘:l;7y) ‘= Inax |$z - yz|
=1

1<isn

forany x = (z1,...,2,),y = (Y1, --,yn) € R™
(iii) Let (X, d) be a pseudo-metric space. Define a metric d; by setting

di(z, ') := max (1,d(z,2"))

forall z # 2’ € X and dy(z,x) = 0 for all z € X. Then the map Idy: (X,d) — (X, d;) is
a quasi-isometry. Define now another metric dj,, on X by the formula

din(z,7') :=In (1 + d(z,2')), z,2" € X.

The map Idx: (X,d) — (X, d),) is a metric coarse equivalence, since it is surjective and
the functions ®_(¢) = & (¢) = In(1 + t) are lower and upper controls for Idy. We claim
thatIdx: (X, d) — (X, d,) is large-scale expansive if and only if (X, d) has finite diameter.

Proof. If (X, d) has finite diameter, Idx is large-scale expansive by (i) above. Conversely,
assume there exist c_ > 0, ¢ > 0 with

di(z,2') = 1n (l + d(z, g;’)) >c_-d(z, ') — -
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for all z,2’ € X. Towards a contradiction, assume that diam(X,d) = oo, and pick two
sequences (2, )nens (20, )nen in X such that d(x,,, x]) — o as n — oo. It follows from the
assumption that

In (1 + d(zn,2,)) c
d(x,,z!) =T d(xy,, ")
for all n € N large enough. Letting n — 0 in this inequality provides c_ < 0, a contradic-
tion. Thus (X, d) must have finite diameter. O

(iv) A pseudo-metric space X is hyperdiscrete if the set
{(z,2') e X* 1 dx(z,2') < ¢,z # 2’}

is finite for any ¢ > 0. Then any map from a hyperdiscrete pseudo-metric space to any
pseudo-metric space is coarsely Lipschitz.

(v) Let X be a metric space, Y a pseudo-metric space, and suppose there is ¢ > 0 so that
dx(z,2') = cforallz # 2’ € X. Thenamap f: X — Y is large-scale Lipschitz if and
only if it is Lipschitz. Indeed, suppose that f is large-scale Lipschitz, which means there
exist c; > 0, ¢/, > 0 such that

dy(f(z), f(2')) < ¢y - dx(z,2') + 4
for any x, 2’ € X. Now 1 < M for all z, 2’ € X, and it follows that

C/

(@) £a) = (0 + 2 ) (o

for any x, 2’ € X.
The next lemma ensures that control functions are almost invertible.

Lemma 1.2.13. (i) Let &, : R, — R, be an upper control. The function V_: R, — R, u
{o0} defined by
U_(s):=inf{r=>0:P,(r) > s}, s=0

is a lower control such that W _ (P, (t)) <t forallt > 0.
(ii) Let &_: Ry — Ry U {0} be a lower control. The function ¥, : Ry — R, defined by

U, (s):=sup{r=0:®_(r)<s}, s=0
is an upper control such that V., (®_(t)) =t forallt > 0.

Proof. We only prove (i) since the proof of (ii) is identical. Clearly ¥ _(s) > 0 for any
s = 0. Next, if s1 < s9, and if 7 > 0 is so that @, (1) > so, then also @, (r) > s;, whence
U_(s1) < r. It follows that ¥_(s;) < inf{r > 0 : &, (r) = s} = ¥_(s9), and ¥_ is
non-decreasing. Lastly, if t > 0, we have

T_ (D, (1) = inf{r = 0: 0, (r) > D, ()} <t

sincete{r=0:d,.(r) = d,(t)}. O

_32_



Generalities on geometric group theory

Proposition 1.2.14. Let X and Y be pseudo-metric spaces, f: X — Y a coarsely Lipschitz
map, and f the corresponding morphism in the metric coarse category. The following claims
hold.

(i) If X # &, [ is an epimorphism if and only if f is essentially surjective.
(ii) The morphism f is a monomorphism if and only if f is coarsely expansive.

(iii) The morphism f is an isomorphism if and only if f is a metric coarse equivalence. More-
over, if X # (&, this holds if and only if f is an epimorphism and a monomorphism.

Proof. (i) Assume first that f is essentially surjective, and let ¢ := sup dy (y, f(X)). Con-
yeY

sider a pseudo-metric space Z and two coarsely Lipschitz maps hi, ho: Y — Z such that
hio f ~. hyo f. Hence there is ¢ > 0 such that

dz (b (f(2)), ha(f(2))) <

for any x € X. Moreover, as hy, ho are coarsely Lipschitz, we can find ¢;, co > 0 so that

dy(y,y) < c = dz (hl(?J), hl(y/)) <cn, dy(y,y) Sc=dy (hz(y)7 h2(y,)) &)

forall y,4/ € Y. Let now y € Y, and choose x € X with dy (y, f(x)) < c. It then follows
from the above implications that

dz (hl(y)v hz(Q))

As y € Y was arbitrary, this proves that h; ~. hs, so f is an epimorphism.

Conversely, suppose f is not essentially surjective. Define hy, hs: Y — R, by hy(y) = 0,
and ho(y) = dy(y, f(X)). Then hy o f = hoo f = 0,s0 hy o f ~. hg o f,but hy %, hs,
as hy(Y) = {0} is bounded in R, while hy(Y") is not. As hy, hy are coarsely Lipschitz (and
thus morphisms in the metric coarse category), we deduce that f is not an epimorphism.
(ii) Suppose now that f is coarsely expansive. Let ®_ be a lower control for f and ¥, an
upper control as in Lemma 1.2.13. Let 11/ be a pseudo-metric space and let hy,ho: W — X
be two coarsely Lipschitz maps such that f o hy ~. f o ho. Hence there is ¢ > 0 such that

dy (f(h1(w)), f(ha(w))) < ¢

for any w € W. It follows that

dx (hi(w), ha(w)) < Vo (®_(dx (hy(w), ha(w))))
U (dy (f(hi(w)), f(ha(w))))
g

()

for any w € W, which shows that hy ~. hy. Thus 7 is a monomorphism.

NN N

+
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Conversely, suppose that f is not coarsely expansive. This implies there exist ¢ > 0 and
T )neNs (2 Jnen © X with lim dx(x,,x)) = o and
n n
n—ao0

dy (f(x,), f(z))) < ¢

for all n € N. Consider now W := {n? : n € N} endowed with the usual metric
(dw(n?,m?) = [n*—~m?,n,m € N), and the maps hy, ho: W — X, hy(n?) = z,,, ha(n?) =
x!.. As W is a hyperdiscrete pseudo-metric space, Example 1.2.12(iv) guarantees that i, hy
are coarsely Lipschitz. Now f o hy ~. f o hy, but hy #. hs as dx(x,,z!,) — o when
n — oo. Hence f is not a monomorphism.

(iii) Suppose that f is a metric coarse equivalence. If X = Y = (¥, there is nothing to
prove. If Y # (7, then so is X (since the only map J — Y is not essentially surjective).
Let ®_, & be lower and upper controls for f and let ¢ > 0 be such that dy (y, f(X)) < ¢
forany y € Y. Let W, be as in Lemma 1.2.13 and let W_ be the lower control given by

U_(s)=inf{r=>0:®,(r) +2c> s}, s>

For each y € Y, pick z, € X such that dy(y, f(z,)) < ¢, and define g: Y — X by
g(y) := z,. Lety,y’ € Y. Then we have

dx(9(y),9(y")) < Wy (D_(dx(9(). 9())))
< Uy (dy (f9(w), fl9(¥)))
=W, (dY (f(xy)v f(xy’)))
< Uy (dy(y,y) + 2¢)

which proves that s — W, (s + 2¢) is an upper control for g, which is then coarsely
Lipschitz. On the other hand, we have

dy (y,9)

for any y,y' € Y, where éi(s) = ®,(s) + 2¢, s = 0. It follows that

V_(dy(y,y) < U (P, (dx(9(y), 9¥)))) < dx(9(v), 9(¥"))

for all y,3/ € Y. Therefore g is coarsely expansive as well. By construction, we have
fog~cIdy,so fogof ~. f,and as f is a monomorphism by (ii), we conclude that
go f ~.Idy, and finally that f is an isomorphism with inverse 3.

Conversely, if f is an isomorphism, then f is essentially surjective by (i) and coarsely ex-
pansive by (ii), thus it is a metric coarse equivalence. O

It follows from this result, and the fact that compositions of metric coarse equivalences,
are metric coarse equivalences that being coarsely equivalent is an equivalence relation
among pseudo-metric spaces.
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Definition 1.2.15. Let X,Y be pseudo-metric spaces and let f: X — Y be a coarsely
Lipschitz map. We say that f is

(i) coarsely right-invertible if there exists a coarsely Lipschitz map ¢g: Y — X such that
fog~.Idy.

(ii) coarsely left-invertible if there exists a coarsely Lipschitz map g: ¥ — X such that
go f ~.Idy.

(iii) coarsely invertible if it is both left-invertible and right-invertible.

Remark 1.2.16. If f: X — Y is coarsely Lipschitz and coarsely right-invertible, then f
is an epimorphism. Dually, if f is coarsely left-invertible, then f is a monomorphism. In
particular, f is coarsely invertible if and only if f is an isomorphism, i.e. if and only if f is
a metric coarse equivalence.

Definition 1.2.17. Let Y be a pseudo-metric space. A subspace Z of Y is a coarse retract
of Y if the inclusion map i: Z <— Y is left-invertible, i.e. there exists a coarsely Lipschitz
mapr: Y — Zsuchthatroi ~.1d.

Retractions provide an alternative characterization of coarse expansiveness and coarse
left-invertibility.
Proposition 1.2.18. Let X, Y be pseudo-metric spaces and f : X — Y be a coarsely Lipschitz
map. Denote f;,: X — f(X) the map induced by f. Then the following holds.

(i) The map f is coarsely expansive if and only if fi,, is a metric coarse equivalence.

(ii) The map f is coarsely left-invertible if and only if it is coarsely expansive and f(X) is
a coarse retract.

Proof. (i) directly follows from the definitions.

(ii) Suppose that f is coarsely left-invertible and let g: ¥ — X be a coarsely Lipschitz
map such that go f ~. Idy. Denote i the natural inclusion of f(X) into Y. It follows from
Remark 1.2.16 that f is a monomorphism, so f is coarsely expansive by Proposition 1.2.14.
Now we have

Idfxyo fim = foldx ~ fimo(g0i0 fim)
and since fi, is a metric coarse equivalence by (i) we conclude that Idx ~. (fin©g) o4, and
fim © g is a coarse retraction from Y to f(X).
Conversely, suppose f is coarsely expansive and that f(X) is a coarse retract. Let r: ¥ —
f(X) be a coarse retraction. By (i), fin, is a metric coarse equivalence, so let j: f(X) —> X
be a coarsely Lipschitz map such that j and f are inverses of each other. Then one has

(jor)of=jo(roi)o fim
~cJoldsx)© fim
=70 fim
NCIdX

whence j o r is a coarse left inverse for f. [
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Definition 1.2.19. Let X, Y be pseudo-metric spaces. We say that Y is coarsely retractable
on X if there is a coarsely right-invertible coarsely Lipschitz map from Y to X, or equiva-
lently if there is a coarsely left-invertible coarsely Lipschitz map from X to Y.

We conclude this part by the analog of Proposition 1.2.14 in the large-scale category.

Proposition 1.2.20. Let X, Y be pseudo-metric spaces, f: X — Y a large-scale Lipschitz
map, and f the corresponding morphism in the large-scale category. The following equiva-
lences hold.

(i) If X # &, f is an epimorphism if and only if f is essentially surjective.
(ii) The morphism f is a monomorphism if and only if f is large-scale expansive.

(iii) The morphism f is an isomorphism if and only if f is a quasi-isometry. Moreover, if
X # (7, this holds if and only if f is an epimorphism and a monomorphism.

1.2.2 Coarse and large-scale properties

Let (X, dx) be a pseudo-metric space and ¢ > 0. If z, 2’ € X and n > 0, a c—path of n steps
fromz tox’ in X is a sequence

T =T0,L1,. ., Tpo1,Tp =T
of points in X such that dx(z;_1,z;) < cforalli=1,... n.
Definition 1.2.21. Let (X, dx) be a pseudo-metric space and ¢ > 0. We say that X is

(i) c—-coarsely connected if for any pair of points x, 2’ € X, there is a c—path from z to
/

x'.
(ii) c—coarsely geodesic if there exists an upper control ® such that, for any pair of points
z, 2’ € X, there is a c—path of at most ®(dx(x,z’)) steps from z to .

(iii) c—large-scale geodesic if there exist @ > 0, b > 0 such that for any pair of points
z,x’ € X, there is a c—path of at most adx (x,z’) + b steps from z to 2.

(iv) c—geodesic if for any pair of points x, 2’ € X, there is a c—path x = xg, x1,..., 7, =
x’ such that

n

d)((l‘, l’/) = 2 dX(:L‘i—la I’Z)

i=1

(v) geodesic if for any pair of points z,2’ € X with dy(z,z’) > 0, there exists an
isometric map o: [0,dx(x,2")] — X such that 0(0) = z and o(dx(x,2")) = .

We say that X is coarsely connected (resp. coarsely geodesic, large-scale geodesic) if it is
c—coarsely connected (resp. c—coarsely geodesic, c—large-scale geodesic) for some ¢ > 0.
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Remark 1.2.22. (i) Clearly, we have

X geodesic => X c—geodesic
— X large-scale geodesic
— X coarsely geodesic

= X coarsely connected.

(ii) If X is c—coarsely connected (resp. c—coarsely geodesic, c—large-scale geodesic or
c—geodesic) for some ¢ > 0, then X is C'—coarsely connected (resp. C'—coarsely geodesic,
C'—large-scale geodesic or C'—geodesic) for any C' > c.

Proposition 1.2.23. Coarse connectedness, coarse geodesicity (resp. large-scale geodesicity)
are invariant under metric coarse equivalences (resp. quasi-isometries).

Proof. We show the proof for large-scale geodesicity, and the others are completely similar.
Suppose that f: X — Yisa (C, K)—quasi-isometry, with C' > 1and K > 0,andletc > 0
be such that X is c—large scale geodesic and any point of Y is at distance at most ¢ from
f(X).Lety,y' € Y and let z, 2’ € X be such that

dy (y, f(z)), dy(y, f(z")) < c.

As X is c—large scale geodesic, there exist a > 0, b > 0 and a c—path

/
T =To,L1y...,Lp =T

such that n < a - dx(z,2") + b. Set

/

Yo ' =Y, Y1 = f(xl)ayQ = f(xQ)v s Yn—1 = f(xn—l)ayn =Y.

Then one has

dy (Yi—1,y:) = dy (f(zi1), f(2i))
< Codx(vig,m) + K
<C-c+ K
foralli =2,...,n— 1, and also

dy (Yo, y1) = dy (y, f(x1))
< dy(y, f(x)) + dy (f(zo), f(x1))
<c+C-c+ K

=(C+1ec+ K
and

dY(yn—l’ yﬂ) = dY(f(In—l)a y/>
dY(f(xnfl)a f(l'n)) + dy(f(l'/), y/)

=(C+1)c+ K.
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Thusy = yo,y1,...,Yyn =9 isa ((C + e+ K) —path between y and ¢/ in Y:

/

Yn =Y
Tn
Yn—1
<c
Tp_1 Yn—2
<C-c+K
Tp—2 §
f ; Yn—3
i o H
; Y2
T2
1 W
<c
Yo=Y

Zo

Figure 1.1: Configuration from the proof of Proposition 1.2.23.

It is made of at most

n cdx(z,2") + b < a(Cdy(f(z), f(«') + CK) + b

<a
<aC(2c+dy(y,y)) +aCK +b

steps, and the latter is indeed an affine upper bound on the length n of the path in term of
the distance dy (y,y’) between y and /. As y,y’ € Y were arbitrary, it follows that Y is
large-scale geodesic as well. O]

Large-scale geodesicity can also be used to boost coarse properties for maps to large-
scale properties.

Proposition 1.2.24. Let XY be pseudo-metric spaces and f: X — Y a map.
(i) If X is large-scale geodesic and f is coarsely Lipschitz, then f is large-scale Lipschitz.

(ii) If X, Y are large-scale geodesic and f is a metric coarse equivalence, then f is a quasi-

isometry.

Proof. (i) Assume that X is c—large-scale geodesic, and let a > 0, b > 0 be such that any
pair of points x, 2’ € X can be joined by a c—path of at most a - dx(x,z’) + b steps. As f
is coarsely Lipschitz, we find C' > 0 such that

dx(z,2") < c = dy(f(x), f(2)) < C. (1.2.1)
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Let x,2’ € X and choose a c—path ©x = xg,x1,..., 2, = 2’ from x to 2’ of at most n <
a-dx(z,x") + b steps. Then

C(a-dx(z,2") +b)
= (aC) - dx(z,2") + bC

where the first inequality follows from the triangle inequality and the second one follows
from (1.2.1). Hence f is large-scale Lipschitz.

(ii) follows directly from (i) applied to f and to g: ¥ — X a metric coarse equivalence so
that go f ~.Idx and f o g ~. Idy. O

We also notice that checking a given map is Lipschitz is simpler in the particular case of
connected graphs.

Lemma 1.2.25. Let f: X — Y be a map between two connected graphs. If there exists C' > 0
such that d(f(x), f(y)) < C for any pair (x,y) of adjacent vertices, then f is C—Lipschitz.

Proof. Let x,y € X be two vertices, and pick x = xg, 21, ...,2Zy—1,%, = Y a geodesic con-
necting = and y in X, so that n = d(x, y). From the triangle inequality and the assumption,
we get
n—1
d(f(x), f() = d(f(x0), f(zn)) < D d(f(w:), f(winr)) < C-n = C-d(z,y).
i=0
Thus f is C'—Lipschitz, as claimed. O

Let us conclude this part defining neighbourhoods of subsets in metric spaces and how
they behave when applying coarse maps.

Given a metric space (X, dx) and a real number R > 0, the R—neighbourhood of a
subset A = X is the subset A™# given by

AR = U{xe X dx(xz,a) < R} = U Bx(a, R).

aceA

Given two subsets A, B < X, we define then the Hausdorff distance between A and B,
denoted dy.,s(A, B), as

ditaus(A, B) :=inf{R>0: Ac B™® B < AT}

where, by convention, the infimum is +o0 if there is no such R. In this way, the set P(X)
with the Hausdorff distance dy,,; is an extended pseudo-metric space.

Lemma 1.2.26. Let X,Y be metric spaces, and let f: X — Y be a (C, K')—quasi-isometry.
Let R, S > 0. The following properties hold:
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(i) IfR < S, then ATt < A™S forany A < X;
(i) (AT < ATE+S) forany A < X;
(iii) Forany A c X, f(A*F) c f(A)+(CR+K);
(iv) Forany A, B < X, dpaus(f(A), f(B)) < C - dpaus(A, B) + K.

Proof. Claim (i) is immediate. For (ii), if we take x € (A*#)*5, then there is y € A*¥ such
that dx (z,y) < S, and there is a € A such that dx(y,a) < R, whence

dx(z,a) < dx(x,y) +dx(y,a) < R+ S

and thus z € A+T(E+9),
For (iii), fix A = X, and lety € f(A*®). Write y = f(x) withx € ATF. Let thus a € A be
such that dx (z,a) < R. Then one has

dy(y, f(a)) = dy (f(x), f(a)) < C-dx(z,0) + K < C- R+ K

and f(a) € f(A), whence y € f(A)H(CF+E),
Lastly, for (iv), write  := dius(A, B), so that B = A*?, A = B*%, and thus by (iii), one
gets

f(B) c f(A+Q) c f(A)+(CQ+K)’ f(A) < f(B*Q) - f(B)+(C’Q+K)

and the claim follows. O]

1.2.3 Groups as pseudo-metric spaces

In this part, we explain how finitely generated groups can be seen as objects in the metric
coarse category. Additionally, this provides us with numerous examples of metric coarse
equivalences and quasi-isometries.

Definition 1.2.27. Let G be a finitely generated group with a finite generating set Sg.
The length of an element g € GG with respect to S is

9]5s = min{ne N:3sp,...,8,€SquS;,g= sl...sn}
and the word metric associated to S is the map dg,(+,-): G x G — [0, 0) defined as
dSG(g7 h) = ’gilh’SG'
The next proposition justifies the terminology.

Proposition 1.2.28. Let G be a finitely generated group with a finite generating set S;. The
pair (G, ds,,) is a metric space. Moreover, dg,, is left-invariant.

Interestingly, such an abstract group has a visual representation, called its Cayley graph.

Definition 1.2.29. Let G be a finitely generated group with a finite generating set Sg. Its
Cayley graph with respect to Sg is the graph Cay(G, Sg)
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(i) whose vertices are elements of G;

(ii) whose edges connect two distinct elements g, h € G if there exists s € S¢ U S, U'such
that h = gs.

The fact that S generates GG ensures then that Cay (G, S¢) is connected.

(12) (123)
° °
ide ®(13)
® °
(23) (132)

Cay(53,{(12), (23)})

Cay(z,{1})

Figure 1.2: Two examples of Cayley graphs.

Figure 1.3: Cay(Dy, {s,7}).

Example 1.2.30. Recall from Proposition 1.1.4 that if A is generated by S = {a;,...,a,}
and B is generated by T' = {by, ..., b,,}, then

U :={(ba,ep),(1,b;): 1 <i<n,1<j<m}

generates the wreath product A ! B. The classical interpretation of such generating sets is
as follows. First, think of an element ¢ € @ 5 A as a colouring of the vertices of Cay(B, T')
with colors coming from A, with only finitely many vertices having a non-trivial color
(and these vertices form the support of ¢, denoted supp(c)). Second, think of an element

(c,p) € AU B as a pair made of a colouring ¢ € @ 5 A together with an arrow pointing at
some vertex p € B.
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/

(D)—O)—)—)—)—C)—0)—0)
O—U— U/ 9U— 20— 0U— UV

Figure 1.4: An element of Z Z.

There are two possible moves to go from (¢, p) to a neighbouring vertex in Cay(A! B, U):

« either we only move the arrow to a neighbouring vertex in B, and the colouring stays
the same;

« or the arrow stays on the vertex where it stands, but changes the color of this vertex,
and replaces it with an adjacent color in Cay(A, S).

Figure 1.5: A path of length two in Cay(Z1Z% U).

Hence to go from (¢, p) to another vertex (d, q) in A B, the arrow has to move in B
from p to ¢ by visiting all vertices of B where c and d differ. At each of these vertices t € B,
the color is changed, and goes from ¢(t) € A to d(t) € A.

Next, we want to ensure that the choice of a finite generating set for a finitely generated
group does not affect its large-scale geometry.

Lemma 1.2.31. Let G be a finitely generated group, and let S, T — G be two finite generating
sets of G. Then the identity map (G, ds) — (G, dr) is a biLipschitz equivalence.

Proof. Let g,h € G,andletn := dg(g, h). We write then g 'h = s1...s, with s1,...,5, €
S U S7L. Then, by left-invariance of dr, one has

dr(g,h) = dr(g,gs1 ... sn)
= dT(eGJ S1. )

dr(egq, 31) + dT(sl,sl . Sn)
= dT(GG, s1) +dr(ec, Sz ... Sn)

< ...

<ZdT(€G,8i)
i—1

<C-n
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where C' := maSXdT(eg,s) > (0. By symmetry, one proves that ds(g,h) < C’ - dr(g,h)
se

where (" := max ds(eg,t) > 0. Thus we conclude that
€

1

and the claim follows. O]

1.2.4 The Milnor-Schwarz lemma

The next result is an efficient tool to prove the existence of quasi-isometries between groups
and geodesic spaces on which they act. To state it, we recall additional terminologies related
to group actions.

Definition 1.2.32. Let G be a group acting on a metric space (X, dx ). The action is called
(i) isometricifdx(g-x,g-y) = dx(x,y) forany g € G and z,y € X;
(ii) properly discontinuous if for any compact subset K < X, the set
{ge G:gK n K # &}
is finite;

(iii) cocompact if there exists xy € X, there is R > 0 such that any x € X lies at distance
< R from a point of G - z.

Recall also that a metric space (X, dy) is called proper if closed balls are compact.

Theorem 1.2.33 (Milnor-Schwarz lemma). Let G be a group and X be a proper geodesic
metric space. If G admits a geometric action on X, then GG is finitely generated and the orbit
map
lg: G — X
g—>9- o
is a quasi-isometry for every xo € X.

Proof. Let zy € X be a base point. Let R > 0 be such that G—translates of By (x¢, R) cover
X. Let
S :={g € G: Bx(gwo, R) n Bx(z0,R) # &}

Since the action is properly discontinuous, and that X is proper, .S is finite. We claim that
S generates G.

Write B := B(xg, R) and ¢ := inf{d(B,¢gB) : g # eg,g ¢ S} > 0. Let g € G with
g ¢ S u{eg}. Then d(xg, grg) = 2R+ ¢ = R + ¢, so there is k > 2 such that

R+ (k—1)c < d(zo, gz9) < R + ke.

_43_



CHAPTER 1

Thus we can choose points x1, xs,...,Tky1 = g on a geodesic segment from z( to gz
such that d(zp,z1) < R and d(x;,2;41) < cfor 1 < i < k. Then there are elements
eG¢ =90,91,---,9x = gin G such that z;,, € ¢;B for 0 < < k:

g/«—lB
gB=DB
Ty Tl
L /\
7 <e
Zo e e
X9 Tp+1 = gxo
nB
9B = gB
Figure 1.6: Configuration of the sequence xg, x1, T2, . . ., T4 in the space X

Let then s; := g; ', g; for 1 < i < k. This way, we get
d(B,s;B) = d(B, (9;:119:)B) = d(gi-1B, 9:;B) < d(2j, %i11) < ¢

whence s; € S. Since 5155...5; = g, = ¢, it follows that S generates G, so G is finitely
generated.

Now we show that i,, is a quasi-isometry, when G is equipped with the word metric ds.
Since any point of X is at distance < R from a point of G - z( (by cocompactness), i, is
essentially surjective. We only need to show that there are constants C' > 1 and K > 0
such that

1
5 'dS(ga h‘) - K< d(gx(J?th) < CdS(g7h) + K

for any g,h € G. Since one has ds(g,h) = ds(eq,g 'h) (by left-invariance of ds) and

d(gzo, hzo) = d(xg, (g~ h)xo) (the action G —~ X is isometric), it is enough to prove that
1
5 ’dS(eGag) - K< d(x(]?gx()) < C'dS(eG7g) + K (122)

for all g € G. Let L := max{d(zo, szo) : s € S} and set

C:= max{l,L,QR}, K := max{l,c}.
c C

If g = e, then (1.2.2) clearly holds. If rather g = s € .S, then we have 0 < d(xg, sz) < 2R
and dg(eq, s) = 1, and thus

1 1
E-dg(e(;,s) - K = E—K< 0 < d(zg,s70) <2R<C < C-dgleg,s) + K
which is exactly (1.2.2). Suppose lastly that g ¢ SuU{eq}. From the proof that S generates G,
we get that, if & is the largest integer such that R+ (k—1)c < d(zo, gxo) then ds(eq, g) < k.
In particular

R+ (ds(eq, g) — 1)c < d(x0, gx0)

— 44 —



Generalities on geometric group theory

and it follows that
c-ds(eq,g) — ¢ < d(xg, gxo) — R < d(z0, gxo).

Recalling that L is the maximum of d(zy, sz() as s runs over S, the same argument as in
the proof of Lemma 1.2.31 shows that d(zy, gx¢) < L - ds(eq, g), and thus we obtain

C- dS(erg) —C< d(I07gx0) < L- dS(erg)'
Since C > Land C' = 2, K > c, inequality (1.2.2) holds. This finishes the proof. O

Example 1.2.34. (i) For any n > 1, the natural action of Z" on R" is isometric, proper and
cocompact. As R" is geodesic and proper, it follows that Z" ~ ; R", as in Example 1.2.8(i).
(ii) If G is finitely generated and S is a finite symmetric generating set for G, then the
natural action of GG on its Cayley graph Cay(G, S) is isometric, proper, and cocompact
since it is transitive on the vertices and there are | S| equivalence classes of edges. Thus G
is quasi-isometric to Cay(G, S).

(iii) The Cayley graph of Zy«Zy+Zy+Zy = {a, b, c,d : a®> = b* = ¢* = d*> = 1) with respect
to S = {a,b,c,d} is a 4—regular tree, and is therefore quasi-isometric to any Cayley graph
of Fy. Thus Zy « Zy « Zy + Z, is quasi-isometric to F5.

We now deduce corollaries of interest to get more examples of pairs of quasi-isometric
groups.

Corollary 1.2.35. Let G be a finitely generated group and H < G a finite index subgroup.
Then H is finitely generated and quasi-isometric to G.

Proof. Consider S a finite generating set for G and the metric space (G, dg). Let H act on
(G, ds) by left-multiplication. This action is isometric, proper, and cocompact since a finite
set of representatives of left H —cosets is a compact subset of (G, ds) whose translates by H
cover G. Moreover, (G, ds) is geodesic and proper (balls of finite radius centered at e € G
are finite), whence H is finitely generated and quasi-isometric to G by Theorem 1.2.33.
Moreover, a quasi-isometry is given by an arbitrary orbit map, for an arbitrary choice of
base point in GG. The choice e € G shows that the natural inclusion H — (' is a quasi-
isometry:. ]

Example 1.2.36. (i) The dihedral group D, = {(a,t : a* = l,ata™ = t7') >~ Z x Z2/2Z
contains Z as a finite index subgroup, and thus is quasi-isometric to Z.

(ii) The group SLy(Z) contains a finite index subgroup isomorphic to F (see e.g. [Loh17,
Proposition 4.4.2]), so SLy(Z) is quasi-isometric to F5.

Corollary 1.2.37. Let G be a finitely generated group and N <\G be a finite normal subgroup.
Then G is quasi-isometric to G/N.

Proof. The natural action of G on G/N satisfies all assumptions of the Milnor-Schwarz
lemma, whence the claim. O]
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This implies for instance that SLy(Z) is quasi-isometric to PSLy(Z) since the latter is the
quotient of SLy(Z) by its center {+15}.
For the last application, we need a terminology.

Definition 1.2.38. Let G and H be two groups. We say that they are

(i) commensurable if they contain finite index subgroups G' < G, H' < H such that
G'=H'

(ii) weakly commensurable if they contain finite index subgroups G’ < G, H' < H with
finite normal subgroups N <1 G’, M <1 H' such that G'/N ~ H'/M.

The next statement is then a direct consequence of our previous results.

Corollary 1.2.39. Let G be a finitely generated group. If H is weakly commensurable to G,
then H is finitely generated and quasi-isometric to G.

Proof. Assume H is weakly commensurable to G, and let G’; H', N, M be as in Defini-
tion 1.2.38. As G is finitely generated, we deduce from Corollary 1.2.35 that G’ is finitely
generated, and thus G’/ N is finitely generated (Proposition 1.1.2). Hence H’/M is finitely
generated, so that H’ is finitely generated. Thus H is finitely generated, and we have

H ~Q. H ~Q.I. H,/M = G//N ~Q.I. G’ ~Q.I. G
where the first and last quasi-isometries are given by Corollary 1.2.35, and the second and
the third quasi-isometries are given by Corollary 1.2.37. The proof is complete. [
1.3 Coarse geometric invariants

The goal of this section is to develop powerful tools to be able to distinguish pseudo-metric
spaces up to quasi-isometry.

1.3.1 Growth of finitely generated groups

Definition 1.3.1. Let G be a finitely generated group with a finite generating set S. The growth

function of GG with respect to S is the map (g 5): N — N defined as

5(6'75) (n) = ’Bds (€G> 77,)|

Example 1.3.2. (i) Let G = Z equipped with the metric dg where S = {—1,1}. Then, if
n =1, By (0,n) = {-n,—n+1,...,n—1,n}, whence fz,g)(n) = 2n + 1 forany n > 1.
(ii) Let G = Z? equipped with the generating set S = {(1,0), (0,1), (—1,0), (0,—1)}. For
n = 0, the ball of radius n centered at (0, 0) is

{(i,5) € Z* - ]i| + 15| < n}
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the diagonal square containing the vertices (0,7), (0, —r), (,0), (—7,0), 0 < r < n. Thus

Bizz,5(n) =1+ Z dr =2n® +2n +1

r=1

foralln > 0.
(iii) If G = Z? is rather endowed with S’ = S U {(1,1),(—1,-1),(1,—1),(—1,1)}, then

for any n > 0, the ball of radius n centered at (0, 0) is now
(7)€ Z < il < nljl < n} = {=n,...,n}?
so that Sz2 ¢ (n) = (2n + 1)* = 4n* + 4n + 1 for any n > 0.

(iv) Let G = F, equipped with S = {a,b,a™*,b71}.

*—o—o

T

1

*—o—o

Figure 1.7: Cay(F3, 5).

For all n > 1, the ball of radius n centered at the identity element has cardinality

n—1

Birsy(n) =1+4-> 3 =2.3" 1.

Jj=0

The previous examples show that the exact values of the growth function depend on
the choice of S. However, we know that, for different finite generating sets of the same
group, the two corresponding metric spaces are related by a biLipschitz equivalence (cf.
Lemma 1.2.31), and therefore have the same large-scale geometry. In order to make the
growth function a geometric invariant, we need to introduce an equivalence relation on
the set of functions defined on N.
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Definition 1.3.3. Let f,g: N — R,. We say that g dominates f, and we write f < g, if
there is a constant C' > 0 such that f(n) < C'- g(Cn) for any n large enough. We say that f
and g are asymptotically equivalent, written f(n) ~ g(n), if f(n) < g(n) and g(n) < f(n).

It is easy to check that ~ is indeed an equivalence relation, and given a function f,
its class refers to its equivalence class modulo ~. If no confusion is possible, we often write
f for the class of a function f.

Example 1.3.4. (i) Let a,b > 0 and ¢,d > 1. One has n® < n’ if and only if @ < b (and
thus n® ~ n’ if and only if a = b), and " ~ d".

Proof. We start with the first equivalence. If a < b, then n® < n® for any n > 0, so n® < n°.

Conversely, assume that n® < n’, meaning there is C' > 0 so that

n* < C-(Cn)’ = Ctnb

for any n large enough. Hence n%~? is bounded for n large enough, which forces a — b < 0,
ie.a<b
For the second claim, note that it is enough to prove that if 1 < d < ¢, then ¢" < d". O]

(ii) For any @ > 0,0 > 1, n® < b™ and n® # b". The first part is proved exactly in the same
spirit as the previous example. On the other hand, if we suppose that n® ~ b", then we find
C' > 0 such that

bn < C . (C«n)a _ Oa+1na
for all n large enough, so % is bounded as n — o0, a contradiction.

We are now ready to prove that the asymptotic behaviour of the growth function is a
geometric invariant.

Proposition 1.3.5. Let G (resp. H ) be a finitely generated group with a finite generating set
S (resp. T). If there exists a quasi-isometry G — H, then (¢ s)(n) ~ Bar)(n).

Proof. Let C' > 1, K > 0 be the parameters of a quasi-isometry f: G — H.Letn € N and
<

fix g € G with length < n. Then we have

dr(em, f(9)) < dr(em, fleg)) + dr(f(ea), f(9))

<
<dr(eu, fleq)) + C -ds(ea,g) + K
<C-n+K+FE
<(C+K+E)n

where E := dr(ep, f(eg)). Thus f(Ba,(ec,n)) < Ba.(em, D-n), where D := C+ K+ E.
Additionally, if we let () > 0 be such that the pre-image of any point of H under f has
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cardinality at most (), then we get

Bia.s)(n) = |Bag(eq,n)| < |f~'(f(Bas(ea,n)))|

U
yef(Bag(ea,n))
< Q ’ }f(Bds<€G7n))‘
< Q . \BdT(eH,D . n)|

=Q- B(H,T)(Dn)
< max(Q, D) -B(HvT)(maX(Q, D)n)

which proves that 3 s)(n) < B(u,r)(n). Considering a quasi-inverse f: H— G of f,one
obtains By 1) (n) < B(¢,s)(n) by symmetry. Thus B s)(n) =~ B, (n) as claimed. O

In particular, if S and S’ are different generating sets of the same group G, (G, dg) and
(G, dgr) are biLipschitz equivalent, and thus S s)(n) ~ Bc,s)(n). We therefore denote
by [ the (equivalence class of the) growth function of G.

If B5(n) ~ nd for some d € N, we say that G has polynomial growth of degree d, and
we say it has exponential growth if fg(n) ~ e™. It has subexponential growth if Sg(n) <
e" and Bg(n) % e, and it has superpolynomial growth if, for any d € N, n? < Bg(n)
and n? % Bg(n). Lastly, G has intermediate growth if it has superpolynomial growth and
subexponential growth.

Equivalently, G has subexponential growth if

e )

n—a0 n

=0

and exponential growth if this limit does not vanish.

For instance, we know from the above examples that Z has linear growth, and Z? has
polynomial growth of degree 2. More generally, Z has polynomial growth of degree d > 1,
and F}; has exponential growth for any d > 2.

The growth function behaves well when taking subgroups and quotients.

Proposition 1.3.6. Let G be a finitely generated group.
(i) If H < G is a finitely generated subgroup of G, then g (n) < Ba(n).
(ii) If H < G has finite index, then S (n) ~ Ba(n).
(iti) If N < G, then Sg/n(n) < Ba(n). In addition, if N is finite, then g n(n) ~ Ba(n).
(iv) If H is weakly commensurable to G, then S;(n) ~ Su(n).

In particular, it follows from this proposition that any group containing a non-abelian
free group has exponential growth.

Proof. (i) Let S be a finite symmetric generating set for G and 7" be a finite symmetric
generating set for H. Then U := S u T is a finite generating set for G, and as 7' < U,
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we have By, (em,n) © Bg,(eq,n) for any n > 1, whence By1)(n) < Bcu)(n) for any
n = 1. This proves that 5y 1) (n) < Beu)(n).

(ii) If H <1 G has moreover finite index, it is quasi-isometric to G (Corollary 1.2.35) so the
claim follows from Proposition 1.3.5.

(iii) If S generates G, then 7(S) generates G/N and By, (eq/n,n) = m(Bag(ec,n)) for
any n > 1, where 7: G — G/ N is the natural projection. Thus

5@/1\[(71) = ’Bdﬁ(s)<€G/N7n)’ = ‘W(Bds(ern))‘ < ‘Bds(eGan)‘ = ﬁG(n>

for any n > 1, whence the first claim. Additionally, if N is finite, then 7 is | N |-to-one, and
one has then

Ba(n) = |Bag(eq,n)| < ‘7T ( 7(Bag(eg,n )‘
< |N’ ‘7T Bds g, n ‘
< N[ Bayn(IN| -n)

for any n > 1, so B¢(n) < Ba/n(n).
(iv) If H is weakly commensurable to G, it is finitely generated and quasi-isometric to G

by Corollary 1.2.39, and we get the result applying Proposition 1.3.5. [

We also deduce from this proposition the next upper bound for the growth of a finitely
generated group.

Corollary 1.3.7. Let GG be a finitely generated group. Then G grows at most exponentially

fast.

Proof. Since ( is finitely generated, it is a quotient of a free group of finite rank. Such a
group grows exponentially fast, and the conclusion follows from Proposition 1.3.6(iii). [J

For instance, SLy(Z), PSLy(Z), Zy « Zy + Zy + Z5 all have exponential growth, since all
are quasi-isometric to F5. On the other hand, D, has polynomial growth of degree 1 since
it is quasi-isometric to Z.

Let us also mention the following.

Proposition 1.3.8. Let G (resp. H ) be a finitely generated group with a finite generating set
S (resp. T'). Then G’ x H is finitely generated and Bc.u(n) =~ B s)(n) B (n).

Proof. The fact that G x H is finitely generated is a consequence of Proposition 1.1.2, and
the proof of the latter shows that

U:={(s,ey):seS}u{leg,t) : teT}

is a finite generating set for G x H. As the growth type of G x H is independent of the
choice of the generating set (see the remark right after Proposition 1.3.5), we now show
that

Baxmwy(n) =~ Ba,s)(n) B (n).
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First of all, if g € By, (eq,n) and if h € By, (em,n), then (g, h) € Bq, (eGxm,2n), and thus

B.s)(n)Barmy(n) = |Bag(eg: n)||Bag (em, n)|
< |Bay (€Gxm, 2n))|
= Biexmu)(2n)
< 2Baxauy(2n)

for any n > 1. Hence B¢ s)(n)Bur)(n) < Baxu,uy(n). Conversely, if n > 1 and (g, h) €
Ba, (egxm, n), there are p,r € N with p + r < n and group elements z1, ..., 2, € SuU S,
Yi,...,yr € T U T ! such that

<g7 h) = (xheH) s (xlh eH)(eryl) s (6G7y7"> = ('Tl < Tpy Y1 yr)

Hence By, (égxm,n) < Bag(eq,n) x Ba,(em,n), and it follows that

Baxmry(n) < Ba,s)(n) B (n)

for any n > 1. We conclude that S« m,v)(n) < Ba,s)(n) B, (n), and thus that

Baxuy(n) = Ba,s)(n) B, (n).

This implies the following.
Corollary 1.3.9. Any finitely generated abelian group has polynomial growth.

Proof. Such a group G splits as a product Z¢ x I, where d € N and F is a finite group (see
e.g. [DK18, Corollary 1.30]). As the growth function of F' is constant for n large enough,
we conclude that 3¢ (n) ~ Bza(n) ~ n?, as claimed. O

These results already allow us to distinguish euclidean spaces up to quasi-isometry.

Corollary 1.3.10. Foranyd # d’ € N, Z¢ is not quasi-isometric to Z% . As a consequence, R?
is not quasi-isometric to R,

Proof. If d # d and Z% ~g; Z%, then n? ~ n?, so d = d by Example 1.3.4(i). This
contradiction shows that Z¢ % ; Z%. In particular, as R? (resp. R?) is quasi-isometric to
Z4 (resp. Z%), we deduce also R? % ;. RY. O

Amazingly, it turns out that the behaviour of the growth function of a finitely gener-
ated group encodes a lot of information about its algebraic structure. A first major result
highlighting this connection is Milnor’s theorem.

Theorem 1.3.11 ([Mil68]). A finitely generated solvable group of subexponential growth is
polycyclic.
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Recall that a group G is solvable (resp. polycyclic) if one can find a sequence of subgroups
{3=H,<Ho1 < <Hi <H=G

such that, for any 0 < @ < s — 1, H;;1 < H; and the quotient H;/H,, is abelian (resp.
cyclic).

As an application, a wreath product A B has exponential growth as soon as A is a non-
trivial finitely generated solvable group, and B is an infinite finitely generated solvable

group.

Proof. Indeed, if A and B are both solvable, then A ! B is solvable, and it is finitely gen-
erated by Proposition 1.1.4. Thus, if A B has subexponential growth, it follows from
Milnor’s theorem that it is polycyclic, and in particular, all its subgroups are finitely gener-
ated [CecAdd21, Proposition 5.5]. Thus @ A is finitely generated, a contradiction since
B is infinite. Hence A ! B cannot have subexponential growth. ]

On the other hand, Wolf’s theorem improves polycyclicity to virtual nilpotency when
the group has subexponential growth.

Theorem 1.3.12 ([Wol68]). A finitely generated polycyclic group of subexponential growth
is virtually nilpotent.

A proof is presented for instance in [CecAdd21, Theorem 7.37].
These two theorems combined therefore show intermediate growth is impossible among
solvable groups.

Corollary 1.3.13. A finitely generated solvable group either has exponential or polynomial
growth. In the latter case, it is virtually nilpotent.

In this statement, the first sentence is an immediate consequence of Theorems 1.3.11
and 1.3.12. The second sentence is not at all obvious, and is in fact a celebrated result of
Gromov.

Theorem 1.3.14 ([Gro81]). A finitely generated group has polynomial growth if and only if
it is virtually nilpotent.

On the other side, the existence of intermediate growth groups has been proved by Grig-
orchuk in the 80’s.

Theorem 1.3.15 ([Gri84]). There exist finitely generated groups of intermediate growth.

1.3.2 Amenability
Let us now present another geometric invariant of groups: amenability.

Definition 1.3.16. Let G be a finitely generated group with a finite generating set S. We
say that G is amenable if there exists a sequence (F},),en of finite subsets of G such that

lim 06l =
nooo [ Fyl

where 0gF,, := {g€ G\F,, : 3f € F,,,3s € S,g = fs} is the boundary of F,, in G.

0
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When it exists, such a sequence is usually called a Falner sequence.

Amenability is known to admit plenty of other equivalent definitions, that relates it to
many other fields of study, such as for instance random walks and probability theory, fixed
point theorems and functional analysis, or paradoxical decompositions and the Banach-
Tarski paradox to name a few.

Theorem 1.3.17. Let GG be a finitely generated group. The following are equivalent.
(i) G is amenable.
(ii) For alle > 0, there exists a finite set A — G such that |0gA| < € - |A|.

(iii) G has a left-invariant mean, i.e. a function u: P(G) — [0, 1] such that u(G) = 1,
(A v B) = u(A) + u(B) where A, B < G are disjoint, and 1(gA) = p(A) for any
Ac GandgeG.

(iv) Any action of G' on a compact set K < V' in a locally convex topological vector space V'

has a fixed point.

Example 1.3.18. (i) Finite groups are amenable. For instance, if F’ is finite, it suffices to

consider the normalized counting measure p(A) = %,

(i) Z is amenable: if F, = {—n,...,n} and S = {—1,1}, then 1252l — _2_ 5pesto0 0

TFal 2n+1
as n — 00. More generally, Z% is amenable for any d > 1, consider the sequence F;, :=

A < F, to get an invariant mean.

{-n,...,n}% and the canonical generating set of Z%.
(iii) The free group F5 is not amenable.

Proof. Suppose for a contradiction that there exists an invariant mean p on F5. Write
={e}uA, UA_uB,UB_

where A, (resp. A_) consists of reduced words starting with an a (resp. a~') and B, (resp.
B_) consists of reduced words starting with a b (resp. b~!). Since the second letter of an
element of A, canbe an a, abor ab~!, multiplying this element by a ! produces an element
either of A, B, or B_. It follows that

a'Ay ={eyu A, LB, LB._.
and properties of x then imply
p(Ay) = pla™Ay) = p({e} w Ay w By 1 B-) = u({e}) + p(Ay) + p(By) + u(B-).

Thus u({e}) + u(B+) + u(B-) = 0. Since u is positive, this forces p({e}) = u(B;) =
pu(B-) = 0. Likewise, we get pi(Ay) = u(A_) = 0. We conclude that

1l=pu =p({e} A, LA LB LB
n({e}) + n(As) + p(A-) + w(By) + p(B-)
0

a contradiction. Therefore such a 1 cannot exist. [
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One of the questions that arise from these examples is whether amenability of a group
depends on the choice of a finite generating set for that group. The following theorem,
asserting as promised that amenability is a geometric invariant, answers the question.

Theorem 1.3.19 ([NG23, Theorem 3.1.5]). Let G and H be finitely generated groups. If there
exists a quasi-isometry f: G — H and if H is amenable, then G is amenable.

Amenability also enjoys several stability properties under classical group operations,
that makes it very robust.

Theorem 1.3.20. Let GG be a finitely generated group.
(i) (Subgroups) If G is amenable, and H < G, then H is amenable.
(ii) (Quotients) If G is amenable, and N <1 G, then G/N is amenable.

(iii) (Extensions) If N < G, and N, G/N are amenable, then G is amenable.

From the first statement, we can in particular deduce that:

Corollary 1.3.21. Any group containing a subgroup isomorphic to I, is not amenable. In
particular, F; is not amenable for all d > 2.

Thus, for instance, SL,,(Z) is not amenable, as well as PSL,,(Z), for all n > 2.
On the other hand, stability under extensions has the following corollaries, that provide
additional examples of amenable groups.

Corollary 1.3.22. Any finitely generated abelian group is amenable.

Proof. If G is finitely generated and abelian, it splits as a direct product G =~ Z¢ x F
where d > 1 and F is finite. Since both F and Z? are amenable, G is amenable by Theo-
rem 1.3.20(iii). O

Corollary 1.3.23. Let A and B be finitely generated groups. Then Al B is amenable if and
only if A and B are amenable.

Proof. If A B is amenable, amenability of A and B follows from Theorem 1.3.20(i) and
Theorem 1.3.20(ii) respectively. Conversely, if A and B are amenable, then so is P A,
and thus A B is amenable by Theorem 1.3.20(iii). [

Let us also emphasize on a fourth stability result: recall that given a group GG and a
collection F of subgroups of G, F is called directed if for any H, H' € F, thereis H" € F
such that H, H' < H”. We then say that G is directed if F is directed and if

G = U H.
HeF
Proposition 1.3.24. If G is the directed union of F and if any H € F is amenable, then G
is amenable.
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Corollary 1.3.25. A group is amenable if and only if all its finitely generated subgroups are
amenable.

Proof. If GG is amenable, any of its subgroups is amenable by Theorem 1.3.20(i). Conversely,
suppose any finitely generated subgroup of GG is amenable, and consider

F :={H < G : H is finitely generated}.

The collection F is directed, as if H = {(S), H' = {S’) are both finitely generated, the
subgroup H” = (S u S")is in F and contains both H and H' as subgroups. By assumption,
any H € F is amenable, and G is the directed union of F, whence G is amenable by
Proposition 1.3.24. [

We can then strengthen Corollary 1.3.22.
Corollary 1.3.26. Any abelian group is amenable.

Proof. Let GG be an abelian group. By Corollary 1.3.25, it is enough to prove that any finitely
generated subgroup of G is amenable. Such a subgroup is then finitely generated and
abelian, whence amenable by Corollary 1.3.22. [

Corollary 1.3.27. Any solvable group is amenable.

Proof. Such a group is obtained from the trivial group by doing finitely many extensions by
abelian groups. As these are amenable by Corollary 1.3.26, and as amenability is preserved
by extensions (cf. Theorem 1.3.20(iii)), the claim follows. O

We conclude our list of examples by a straightforward implication between volume
growth and amenability.

Proposition 1.3.28. Any finitely generated subexponential growth group is amenable.

Proof. Assume that a finitely generated group G = (S is not amenable. Then there exists
e > 0 such that |0gA| > ¢ - |A| for any finite subset A < G. For any n > 1, the ball
Bag (e, n) can be decomposed as the disjoint union

Bag(eq,n) = Byy(eg,n — 1) 1 S(eg, n)

where S(eg,n) is the sphere centered at e of radius n, that is the set of elements of the
group having word length exactly n. Thus

Ba(n) = |Bag(eq,n)| = |Bag(eq,n — 1)| + |S(eq,n)|

= |Bas(eq:n—1)| - (1 " |BdsS(<(f€GCj;ln)_| 1)’)
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and iterating, one obtains

Aol = (e =] (1 el )

- Bueqn ) (1+ JSCen LY (1 Stam] )

|Bds(eG>n_2) |Bds(6G7n_ 1)|

ﬁ( |S €a, )| ) ]

k=1 |Bds €G7k 1)|

As |S(6(;,k‘)| = |agBdS(eg, k — 1)| > - |Bds(eg, k — 1)
thus

, one gets Bg(n) > (1 + &)™, and

Ba(n) = (1 +¢)".
Hence G has exponential growth as claimed. O]

For instance, the Grigorchuk group from Theorem 1.3.15 has subexponential growth,
and thus is amenable.

1.3.3 Isoperimetric profiles

We now focus on another geometric invariant of finitely generated groups, which is in
general finer than the volume growth, since it also takes into account how boundaries of
finite subsets grow.

For a finitely generated group GG and a finite generating set Sg, its (”—isoperimetric
profile, for p > 1, is the function j, s: N — R, given by

1f 1l
sup
r6-ry [V£lp

|supp f|<n

Jpc(n) =

where the support of f: G — R issupp f := {g € G : f(g) + 0} and the ?—norm of its
gradient is defined by

IVFIE = >0 1flg) — Flgs)P.

geG, s€Sg
For p = 1, the ¢! —isoperimetric profile is merely called isoperimetric profile and one has

J1.c(n) ~ sup 4]
|A|<n |aGA|

with 0gA = {g € G\A : 3s € Sg,3h € A, g = hs} the boundary of A in G.
Recall also that the isoperimetric profile of a group G is the generalized inverse of its Fol-
ner function Folg: N — R, defined as

A 1
Folg(n) := inf{|A| : |ail| | < E}

In fact, the /P—isoperimetric profile of G is the generalized inverse of the ¢”—Fglner
function of GG, that we define in Chapter 5.
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The next theorem states that, as for the volume growth, the asymptotic behaviour of the
(P —isoperimetric profile is invariant under quasi-isometries. In particular, when studying
asymptotics of this function, the choice of the finite generating set is not important.

Theorem 1.3.29 ([Tes08, Theorem 1]). Let G and H be finitely generated groups. Let p > 1.
If there exists a quasi-isometry f: G — H, then j, c(n) ~ j, y(n).

Erschler also noticed that the /?—profile is monotonically decreasing when taking sub-
groups:

Lemma 1.3.30 ([Ers03, Lemma 4]). Let G be a finitely generated amenable group, and let
H < G be a finitely generated subgroup. Then, for anyp = 1, j, c(n) < jpu(n).

We shall also notice that, if G is not amenable, then there is ¢ > 0 such that [0gA| >
¢ - |A| (Theorem 1.3.17) for any finite subset A = G, so the ¢! —isoperimetric profile of G
is bounded from above. The same holds for the ¢’ —profile of G for p > 1, since the profile
is monotonous decreasing into the variable p (see Lemma 5.4.3 below). Thus it is irrelevant
to study the behaviour of these functions for non-amenable groups.

On the other hand, the asymptotics of the profile are now known for several classical
classes of amenable groups, among which:

s Jpa(n) ~ na if G has polynomial growth of degree d > 1;

e jpc(n) ~In(n) for G = BS(1, k) for k = 2, or G = F 1 Z, where F is a non-trivial
finite group;

+ jpc(n) ~ In(n) for any polycyclic group G with exponential growth [Pit95; Pit00], or
more generally any exponential growth group within the class GES of Tessera [Tes13,
Corollary 5].

In fact, the main result of [Ers03] provides an explicit formula to compute the Folner
function of a wreath product in terms of Felner functions of both factors.

Theorem 1.3.31 ([Ers03, Theorem 1]). Let G and H be finitely generated amenable groups.
Suppose that the Folner function of H satisfies:

VC >0, 3K >0, C - Foly(n) < Foly(Kn) foralln large enough.

Then one has
Fﬂl@H(n) o~ Fﬂlg(n)Fng(n).

The assumption of Theorem 1.3.31 can also be formulated in terms of the /! —isoperimetric
profile: j; g (Cn) = O(j1,#(n)) for any C' > 0. We make further comments on it in Chap-
ter 5, since it also appears over there.

1.4 Orbit equivalence
This part is devoted to introduce a measured framework for finitely generated groups,

which is crucial for Chapter 6. As we will explain below, the tools we develop now can be
used to understand more precisely the large-scale geometry of finitely generated groups.
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The starting point is the notion of orbit equivalence: two groups G and H are orbit equiv-
alent if there exist a standard probability space (X, i) and two free probability measure-
preserving (p.m.p.) actions G, H —~ (X, ) that share the same orbits, i.e. G-z = H - x
for almost every x € X. In this case, the data of the space (X, i) and these two actions is
called an orbit equivalence coupling between GG and H.

The following observation is useful in practice for simplifying computations.

Lemma 1.4.1. Let G, H —~ (X, i) be two free p.m.p. actions of countable groups and denote
by S (resp. Sy ) a generating set of G (resp. H ). Assume that

SgrxcH -xand Sy -z G-z
for almost every x € X. Then G and H have the same orbits.
Proof. For every x € X and every g € S, let us denote by c¢ u(g, z) the element of H
satisfying
g-x=ceu(g,x)- x.

We then have

which implies that
-1 _ -1 —1
g rr=ceulg.9 x) -w

1

and we define cg (97!, 7) := cqu(g,9' - x)~' € H. Finally, given g € G, we write it as

g=q1...9owithgi,..., g0 € Se U S5!, and it follows that

g-x=91-(92...9n 1)
:CG,H(91792---9n'x)g2---gn'x

= CG,H(glag2 e GOn - x>CG,H(g2>g3 <o On - I) e CG,H(gnax> Y

whence g - ¢ € H - x. This holds for every g € G, so we get G - x < H - x. We similarly
prove the reverse inclusion to conclude the proof. [

As proved by Ornstein and Weiss in 1980, the notion of orbit equivalence is too flexible
to distinguish amenable groups.

Theorem 1.4.2 ((OW80]). Any two infinite amenable groups are orbit equivalent.

Note that an orbit equivalence coupling comes with two maps cop: G x X — H,
cua: H x X — G, called the cocycles of the coupling and defined by the equations

g-x=ceu(g,x) -z, h-x=cpglh,x)- x

forall g € G, h € H and p—almost every x € X. These maps are well-defined by freeness
of the initial actions, and satisfy a cocycle identity:

cau(gy,x) =ceu(9, ¢ - x)ceu(d, x)
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and similarly for ¢y . Moreover, for yi—almost every x € X, the maps cq y(-,2): G — H
and cy (-, x): H — G are bijections and inverses of each other.

Intuitively, cocycles can be used to detect geometric differences between GG and H, be-
cause they measure the distortion we make when passing from a GG—orbit to an H —orbit,
and such orbits are copies of Cayley graphs of G and H.

G:Z2:<61,62> H:Z:<1>
72 - x = Z-x
es-x Tz T2, e1
. T €1 /\
T (| T€2 P e o
,fT T la ¥ Tz T2

T €1 F1'1.‘.=.T$

czz2(1,w) = e cz2z(er, T ) =3
CZ’ZZ(LT.@) = €9

cz72(1, T '2) = —ey
Figure 1.8: An orbit equivalence between Z and Z.

In order to make this formal, we quantify the cocycles:

Definition 1.4.3. Let G and H be finitely generated groups with finite generating sets
Sg, Sp. Let (X, i) be an orbit equivalence coupling between G and H. Given a map
¢: Ry — Ry, we say that cq g is p—integrable if, for every g € G, there is a constant
Cy > 0 such that

LSO(Cg\CG,H(g,x)!sH) dp(z) < +o.

Then, given two maps ¢,1: Ry — R, we say that (X, i) is a (@, 1))—integrable orbit
equivalence coupling if c g is p—integrable and cy ¢ is 1) —integrable.

In this case, we also say that G and H are (i, 1)) —integrably orbit equivalent. If 1p = ¢,
we simply say that G and H are @—integrably orbit equivalent. Moreover, we say that cq g
is L?—integrable if p(x) = «P, for p > 0, and L° means that there is no requirement on
the cocycle. We say that cg g is L™ if, for any g € G, the map |cq u(g,)|s,: X — Nis
essentially bounded. Lastly, cq z is L=% if it is L” for any p < 0.

Remark 1.4.4. The use of the constants Cy in the definition of p—integrability of c¢ y is
necessary because we want the following properties:

+ The notion of y—integrability does not depend on the particular choices of finite
generating sets S, Sp. Indeed, by Lemma 1.2.31, two different generating sets and
the associated word metrics on the same group yield biLipschitz equivalent metric
spaces;
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« If ¢ ~ ), then c¢ p is p—integrable if and only if ¢  is 1) —integrable;

+ To prove that c¢ p is p—integrable, it suffices to check the finiteness of

L o(Cylecn(g,2))sy) dpa(z)

for ¢ in a finite generating set of G (see e.g. [DKLMT22, Proposition 2.22]). The same
remark holds for L.

This notion of orbit equivalence is indeed more rigid, and starts to detect the large-scale
geometry of the groups we are coupling. One of the first results in this direction is due to
Bowen, proved in the appendix of Austin’s paper [Aus16], and states that volume growth
is an invariant of L' —orbit equivalence:

Theorem 1.4.5 ([Aus16, Theorem B.2]). Let G' and H be finitely generated groups. If G and
H are L'—orbit equivalent, then B¢(n) ~ Bg(n).

This statement has been generalised in [DKLMT22, Theorem 3.1], where the authors
proved more generally that a (¢, L°)—integrable orbit equivalence coupling from G to H,
where ¢ is increasing and subadditive such that ¢(0) = 0, implies that

@ o Bu(n) < Ba(n).

In the same paper, they in fact proved the following finer asymptotic inequality, with
the isoperimetric profile:

Theorem 1.4.6 ([DKLMT22, Theorem 1.1]). Let G and H be finitely generated amenable
groups. Let o: R, — R,. Assume that there is a (o, L°)—integrable orbit equivalence cou-
pling from G to H.

(i) If o and t —> ﬁ are increasing, then ¢ o j; g(n) < ji1,c(n).
(ii) If o(x) = 2P for somep = 1, then j, n(n) < jyc(n).
Before starting the proof, let us notice here that the assumptions on ¢ in point (i) imply
p(C1) = O(p(1)) (14.1)
for every C' > (. Indeed:
« If 0 < C < 1, then p(Ct) < p(t) by increasingness of ;
« If C' > 1, then ﬁ < % by increasingness of t — ﬁ, so p(Ct) < Cp(t).

Hence one also has ¢(t) = O(p(Ct)) for every C' > 0, since

o) = (- Ct) = Ofp(ct)

using (1.4.1) with the constant % In conclusion, under assumptions of point (i), we can
forget about the constants C; in the definition of p—integrability.
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Proof. Let S and Sy be finite generating sets of G and H respectively.

(i) Assume that (X, ) is an orbit equivalence coupling from G to H, where p and t —
are increasing. Consider the cocycles cqp: G x X — H,cpe: H x X — G.

Let f: H — R with |[supp(f)| < n and |Vs, f|1 = 1. From this function, we define a
random map as follows: let x € X and let

_t
o(t)

f.: G—R
g — flea.n(g,x)).

From the fact that ¢ (-, 2): G — H is a bijection for almost every x € X, we already
have

|supp(f)| = [supp(F)l, Ilfelr = 1f]-

We now look at the norm of the /! —gradient of f,. We first have

| Wserhiduta) = 3 3 | 1£6s0) ~ ulo)] ano)

seSqg geG

- Z Z JX |fcau(sg, x)) — fleau(g =))| du(z)

seSa 9eG

=22 L \f(can(s, g 2)can(g,x)) — fleau(g, x))| du(x)

seSq geG

= 5 5 | Wleantsmicontso ) = f(eante.o™ )| dutr)

seSq geG

=22 L f(can(s,x)cau(g™ 2)"t) = fleaulg™ 2)7")| dulx)

seSq geG

= 3 5 [ Irteonts am) — 0] dute)
seSq heH v X
_ Soner | flca (s, x)h) — f(h)| '
- Z JX w(ZheH ‘f(CG,H(S,LE)h) — f(h)‘) 14 <

e n(s, x)h) - f(h)!> dp()

seESq heH

using successively Fubini’s theorem, the definition of f,, the cocycle identity, the change
of variable v € X —— ¢ -2 € X and the fact that the G—action on X preserves p,
the cocycle identity and the change of variable cc y({-}~!,2)™': G — H. Since the sum
Doner | flcau(s,z)h) — f(h)| is bounded from above by 2| f
ﬁ implies that

1, the monotonicity of t —

Shen lFccn(s.2)h) — FW 2]y
@ Cper | lec (s 2)h) — F)]) ~ @IfT)

(1.4.2)

For bounding ¢ (Z |flca,n(s,z)h) — f(h)|> , write
heH

CG7H(S,JI) = tl .. .tk
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where k = |cg (s, )]s, and t; € Sy for every 1 < ¢ < k. Then the triangle inequality
provides

|f(CG,H(5al’)h) —f(h)| = ‘f( .. tph) —f(h)‘
Z o teh) = Ftigr . tih)|.

Then the change of variables h € H —— ;.1 ...t h € H provides

Z | flca,u(s,2)h) — f(h)| < Z

heH i=1heH

k
=2 2 1f(tih) = f(h)|

|f(ti . teh) — f(tisr ... teh))|

k
Z IV s, £l

k- Vs fl
=k

= |ca,u(s,7)|sy-

This inequality combined with Equation (1.4.2) then yields

2l 2
2lad ‘
Jwsertutn < gy 30 [ ellaute. o) = i

where K : Z J (Jc,u(s, )]s, )dp(z) is finite by p—integrability of the cocycle

SESG
ca, i (recall from the remark before the proof that, under our assumptions, constants in the

definition of ¢y —integrability can be removed). Thus we deduce that there is o € X such

that
2| ]

o211

1, it follows that

Hvscfro”l <

Since [supp(fro )| < n and || foo |1 = | f

Mool 1
Vil ~

Lastly, taking the supremum over all maps f: H — R such that [supp(f)| < n and
Vs, fli = 1, we get indeed

hre(n) > e 21) = se(Ifl).

hra(n) > grelinn(n)

whence ¢ o ji g (n) < j1,¢(n).
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(ii) Fix p(t) = tP. The strategy is similar to the previous one. Fix f: H — R with
|supp(f)| < nand ||Vg, f||, = 1. For x € X we define f, in the same way as above, so we
still have

supp(fa)| = [supp(f)|, | fzlp = [,

but we now average rather |V, f, |} to deduce information on the ’ —norm of the gradient
of f,. With the same steps, one proves that

| Vst aua) = 3 | S lrtcants.am - snf duto
seSa heH
Fixing s € S¢ and writing cg g (s,x) = t1...t with k = |cgu(s,x)|s,, ti € Su, the

triangle inequality gives

2 (ean(so)h) = F(W = [ flcan(s.x)) = FOIL

- (Z [f(t o ter) = f(tisa - 'tmp)

<Z |t Hp>p

< (k- Vs fla)”
— kP

= |CG7H(S7 m>|gH

Thus we deduce that

= 2 f Do f(can(s,2)h) = F()] du(z)

seSq VX heH

<)) J cam (s, )5, du(x)

SESG

f Ve full2 dpe

and the latter quantity, call it K, is finite since c¢ y is LP —integrable. Hence there is 2 € X
such that |V, fz,[h < K, and thus

. sl
Jjpc(n) =
? ”VSGfonp 11)

[ £l-

It remains to take the supremum over all f: H — R having |supp(f)| < nand |Vg, fl, =

1 to conclude that .

1 jp,H(n)-

P

jp,G(n) =
O

As an application of this asymptotic inequality, the authors of [DKLMT22] deduce that:
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Corollary 1.4.7. Letk,{ = 1 be two integers. Let p > 0. If there is a (LP, L°)—orbit equiva-
lence coupling from Z*+* to Z¥, then p < kL-M

Proof. We consider two cases. Suppose first that 0 < p < 1 and that thereisa (L?, L) —orbit
equivalence coupling from Z¥+¢ to Z*. Then Theorem 1.4.6(i) implies that

P 1
k

ne = jl,Zk (TL)p < jl,zme (n) ~ nk+e

whence 2 < L

& k_—i—é’ ie. P <

k
m.
Assume now that p > 1. Then a (L?, L°) coupling from Z*** to Z* would be in particular
(L%, 1°) for any kiM < ¢ < 1, which contradicts the first case proved above. O

In addition, it is also proved in [DKLMT22, Theorem 6.12] that such a coupling does

existif p < ki-s-f’ using a particular type of Falner sequences of amenable groups, called Fol-

ner tilings. These sequences are particularly useful for constructing free p.m.p. actions on
product spaces, and thus provide orbit equivalence couplings. If additionally one can con-
trol precisely the geometry of the tiles we use, one can then control the integrability of
cocycles of the coupling with respect to a given function. We give more details on this par-
ticular technique in Chapter 6, where we use it to build couplings between lamplighter-like
groups.

Thus, for free abelian groups, the only thing unclear in [DKLMT22] was whether an
orbit coupling from Z*** to Z* could be (Lk%@, L%). Correia recently answered the ques-

tion, showing that the threshold p = k:L-i-é cannot be reached [Cor25, Theorem 4.3]. The

general statement, that will also be useful below for couplings between halo products, is
the following:

Theorem 1.4.8 ([Cor25, Theorem B]). Let G and H be finitely generated groups. Assume
there exists a non-decreasing function hg and an increasing function hy satisfying hg(z) ~
h.c(x), hg(x) ~ j1.u(z) and the following as x — +c0:

ha(x) = o (hu(x)),
VC >0, ha(Cx) = O (ha(x)),
VC >0, hg o hpy' (Cz) = O (hg o hiy'(z)) .
Then there is no (hg o h;', L°)—integrable orbit equivalence coupling from G to H.
In gonclusion, there exists a (L?, L)—orbit equivalence from Z**¢ to Z* if and only if
P < g

Turning to another class of groups, there also exists a method to construct couplings
between wreath products provided couplings between factors of the wreath products.

Theorem 1.4.9 ((DKLMT22, Corollary 7.3]). Let Gy, Hy, G2, H; be finitely generated groups.
Letp,7p: Ry — R,. Ifthere is a (p, 1) —integrable orbit equivalence coupling from G to G,
and if there is a (¢, 1) —integrable orbit equivalence coupling from H; to Ho, then there is a
(p, ) —integrable orbit equivalence coupling from G1 ! Hy to Go ! Hs.
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Combined with the computation of the isoperimetric profile of wreath products from
Theorem 1.3.31, the isoperimetric obstruction from Theorem 1.4.6 and the description at
the critical threshold given in [Cor25], it follows for instance that:

Corollary 1.4.10. Let k, ¢ > 1 be integers. Let F' be a non-trivial finite group. Then there is

an (L?, L°)—orbit equivalence from 1 Z*** to F 1 Z* if and only if p < k%é

We can also formulate an iterated version of this equivalence, if for a non-trivial finite
group F, we define iteratively the n—th iterated wreath product H, (k) as: Hy(k) := ZF,
H, 1 (k) := FUH, (k).

Corollary 1.4.11. Let k,{ > 1 be integers. Letn > 0. Then there is an (LP,L°)—orbit

equivalence from H,,(k + () to H,(k) if and only if p < kiw

These descriptions for quantitative orbit equivalence of (iterated) lamplighters serve as
a motivation to try to achieve similar description for variants of lamplighters, such as lamp-
shufflers or lampcloners. See Chapter 6.

On the other hand, it is also proved in [DKLMT22] that other classical quasi-isometry
invariants cannot provide any valuable information on the integrability of the cocycles of
a coupling. One such geometric invariant is finite presentability:

Theorem 1.4.12 ([DKLMT22, Corollary 8.2]). Finite presentability is unstable under the
equivalence relation of strongly exponential orbit equivalence. In particular, it is unstable
under =% orbit equivalence.

Among many other consequences, methods from [DKLMT22] allow one to prove a far-
reaching extension of Theorem 1.3.29 and Lemma 1.3.30:

Theorem 1.4.13 ([DKLMT22, Corollary 5.6]). Let G and H be finitely generated amenable
groups. Let p > 1. If there exists a regular map from G to H, then j, g (n) < j,c(n).

The statement is false if we drop the amenability assumption. For instance, it is well-
known that Z/2Z } Z contains biLipschitz embedded copies of F;, [Woe05] (which is not
amenable by Example 1.3.18(iii)), and indeed the isoperimetric profile of Z/2Z ? Z cannot
be bounded by the one of F5.

Finally, let us mention the following result of composition of actions, which enables us
to have some kind of transitivity of quantitative orbit equivalence among finitely generated
amenable groups. This is a reformulation of [DKLMT22, Propositions 2.26, 2.29 and 2.30]
in terms of orbit equivalence.

Theorem 1.4.14. Let G, G, G3 be three finitely generated groups and v, ', 1, 0': R, —
R, be non-decreasing maps. Let us assume that there exists a (i, 1)) —integrable orbit equiv-
alence coupling from G, to Go, and a (¢', ") —integrable orbit equivalence coupling from Go
to G. Let us also assume that the pairs (@, ') and (1, ) lie in the set of pairs of functions
(f, g) satisfying one of the following two conditions:

(i) either f and g are subadditive and g is concave;
(ii) or f(x) ~ g(x) ~ xP for somep = 1.
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Then there exists a (", 1" )—integrable orbit equivalence coupling from G to G3, where

") = po(x) if(p,¢) satisfies Assumption (i)
7 | 2P if (¢, @) satisfies Assumption (ii) for somep > 1

and

") = Y o(x) if (Y, ) satisfies Assumption (i)
vilz) = P if (¢, 1)) satisfies Assumption (ii) for some p > 1

1.5 Measure-scaling quasi-isometries

This part introduces measure-scaling quasi-isometries in the framework of bounded degree
graphs. It follows mainly [GT22].

1.5.1 Definition and first properties

The main definition of this section is the following one.

Definition 1.5.1. Let X and Y be bounded degree graphs. Let £ > 0. A quasi-isometry
f+ X — Y is quasi-k-to-one if there exists C' > 0 such that

kA = |f7H(A)]| < C - |oy A]

for all finite subsets A — Y, where 0y A := {y € Y\A : Ja € A,y ~y a} is the boundary of
AinY.

In this case, we say that f is measure-scaling, and that the real number k£ > 0 is the scaling
factor.

Informally, being quasi-k-to-one means that the pre-image of a finite subset of the target
space is close to have the cardinality of the finite subset multiplied by k. The scaling factor
should therefore be thought as a measurement of how far our map is from a bijection. The
next theorem, due to Whyte, also serves as a motivation for this viewpoint.

Theorem 1.5.2 ((Why99]; [GT22, Proposition 4.1]). Let X andY be bounded degree graphs.
A quasi-isometry f: X — Y is quasi-one-to-one if and only if it lies at bounded distance from
a bijection.

Remark 1.5.3. Observe also that between non-amenable spaces, Definition 1.5.1 is satisfied
for any quasi-isometry f: X — Y and any k£ > 0. Indeed, if Y’ is not amenable, there exists
e > 0 such that |0y A| > ¢ - |A] for any finite subset A < Y, and thus

KA} = [FHA| < KJA] + [f7H(A)]
< (k+P)-|A]

kE+P
<

- |ov Al
where P > 1 is a uniform bound on |f~1({y})| for y € Y. Thus f is quasi-k-to-one.
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In particular, from this remark and Theorem 1.5.2, we deduce that any quasi-isometry
X — Y between non-amenable graphs lies at bounded distance from a bijection.
The situation is drastically different for amenable spaces.

Lemma 1.5.4. Let X andY be amenable bounded degree graphs. If f: X — Y is quasi-k-
to-one and quasi-k'-to-one, then k = k'.

Proof. As f is quasi-k-to-one, there is C' > 0 such that
K[Al = |fH(A)]| < C - [ov Al

for all finite subsets A < Y. In particular, applying this inequality to a Felner sequence
(Fy)nen of Y leads to

for any n € N, or equivalently

’f_l(Fn)’ yaYFn’
k————=|<C-
‘ | Fal | Fal
for any n € N. Thus we get that £ = lim lfi\;%’ and by the same reasoning, this last
n—00 "
limit also equals k', whence k = k' O

Notice also that in the amenable case, a quasi-isometry may not be measure-scaling: for
instance, the map f: Z — Z defined by f(n) = nifn = 0 and f(n) = 3n if n < 0 is not
measure-scaling.

On the other hand, many classical quasi-isometries turn out to be scaling. For instance,
if H is a proper finite-index subgroup of an amenable finitely generated group G, then the

. . . . 1
natural inclusion H — G is quasi (G 7] “to-one.

Let us now analyse how scaling maps behave under classical operations.

Proposition 1.5.5. Let X, Y and Z be bounded degree graphs. Let ki,ky > 0 and let
fih: X = Y,q9: Y — Z be three quasi-isometries.

(i) If f is quasi-ky-to-one and h is at bounded distance from f, then h is quasi-k,-to-one.
(ii) If f is quasi-k,-to-one and g is quasi-ky-to-one, then go f : X — Z is quasi-k, ko-to-one.
(iii) If f is quasi-k,-to-one, then any of its quasi-inverses is quasi-%—to—one.
The proof of Proposition 1.5.5 requires several intermediate observations.
Lemma 1.5.6. Let X be a bounded degree graph.

(i) For any finite subset A = X and any S > 0, one has |A™5| < N° - |A|, where N > 3

is an integer larger than the maximal degree of a vertex of X.

(ii) For any finite subset A — X and any S > 0, there is a constant R > 0 (depending only
on S and on X ) such that |A*\A| < R - |0x Al
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Proof. (i) Fix any 0 < i < S — 1. Given any element a of A, the fact that any vertex of X
has degree < N 1mphes that there are at most N paths of length i that start at a € A and
that end at an element of A™*. Thus

S—1
| AT < |A] - Z N' < N9 . |A

as claimed.
(ii) It suffices to note that A™5\ A < (dxA)"~1 and to apply point (i). O

Lemma 1.5.7. Let X and Y be two graphs of bounded degree. Let f: X — Y be a quasi-
isometry. Then there exists a constant L > 0 such that

[Ox fTHA) < L-|ov Al
for any finite subset A C Y.

Proof. Let C' > 1, K > 0 be such that f is a (C, K')—quasi-isometry. Notice that f sends
two adjacent vertices to two vertices at distance < C' + K. Let P > 1 be a uniform bound
on pre-images of points under f.

Let A Y be finite. Let z € 0x f~!(A). Thus there is y € f~*(A) such that dx(z,y) = 1.
It follows that dy (f(x), f(y)) < C + K and f(y) € A, so f(z) € A*(C+K) and thus
re f~Y(ATCHE)) Additionally, z ¢ f~'(A), so we have proved

Ox fH(A) @ fHAYCHON (A,
Taking cardinalities, it follows that
ox fTHA)] < [f7H(ATCHON A

‘f (A+(C+K)\A)‘
< P. ‘A-i- (C+K) \A‘
<

where R > 0 is the constant provided by Lemma 1.5.6(ii), that depends only on Y and the
parameters C' and K of f. This finishes the proof. O]

Lemma 1.5.8. Let X andY be bounded degree graphs, andlet f : X — Y bea(C, K)—quasi-
isometry, with a (C, K)—quasi-inverse f: Y — X. Then we have

diiaus (F(A), JTHA™E)) < (C+ 2K
for any subset AC Y.

Proof. Let Ac Y,andlet x € f~1(A™E). Then f(z) € AT, and we may pick y € A such
that dy (y, f(z)) < K. It follows that

dx (f(y), F(f(x))) + dx (f(f(2)),z)
dy(y, f(z)) + K+ K
(C+2)K
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and since f(y) € f(A), we get v € f(A)T(CTIK,
Conversely, if 2 = f(y) with y € A, then f(x) = f(f(y)) is at distance at most K from
ye A e f(x)e AT, sox e f7H(ATE). We conclude that

ditaus (f(A), f7H(A™)) < (C +2)K

as claimed. OJ

Proof of Proposition 1.5.5. (i) Assume that the distance between f and h is at most (), and
observe that this implies that f~!(B) < h~}(B*%) and h~1(B) < f~(B*?) for any finite
subset B Y.

Now, fix any finite subset A — Y. We first estimate

[Ea Al = [R7H(A)]] < [k Al = A+ {11 A= R (A (15.1)
We then have
[F7HA) = WA < [PHATY) = [ (A)]
< [ (AT\A)]
< P-|AT\A4]
< P-R-|oyvA|

where P > 1 is a uniform bound on sizes of pre-images of points under & and 2 > 0 is the
constant from Lemma 1.5.6(ii). On the other hand, we have similarly

P A) = [ A < AT = 1A
fHATAA)]

P . ‘AJrQ\A‘

P R-|ovA|

INCININN

where P’ is a uniform bound on sizes of pre-images of points under f. Thus, combining
(1.5.1) and the fact that f is quasi-k;-to-one, we get the existence of C' > 0 such that

[a Al = RN A < [l Al = [fH A+ (1A = [ (A
C- \5yA] + maX(P, P")-R-|ovA|

= (C + max(P, P') - R) - |0y A|

<
<

and this proves that h is quasi-k;-to-one.
(ii) Fix a finite subset A — Z. By our assumptions, we know there exist C' > 0 and D > 0
such that

\k1ka| Al = (g o [) " A)] < [kiko| Al = Falg ™ (A)|| + |kalg™ (A = | F (g (A)]|
ki-D-|0zA| + \5yg H(A))
ki-D- |azA| + L |azA|

ki-D+L)-|0zA]

INCININN

—~
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where L > 0 is the constant provided by Lemma 1.5.7. This proves that g o f is quasi-k; ko-
to-one.

(iii) Let C > 1 and K > 0 be such that f and one of its quasi-inverses f: Y — X are
(C, K)—quasi-isometries, and such that f o f, f o f lie at distance < K from Idy, Idy
respectively. Fix a finite subset A < X.

We first rewrite

%\A\ |7 ’ - %]\A\ - kl\f*l(A)”
%’k’l‘? A =17 \\+—)\f )] - 4.

In this sum, we control the first term using that f is quasi-k;-to-one: there exists a constant
T > 0 such that

-1 151 ——1
a7 @ = 1 T @)l < T o T ()
<T-L-|0xA|
where L > 0 is provided by Lemma 1.5.7 (and depends only on X and the parameters C
and K of 7) For the second term, we write

——1

17771 )] = 1AI| < [AT5] = 141 = [A\A] < R |ox A

since f o f is at distance < K from Idy and where R > 0 comes from Lemma 1.5.6(ii) (and
depends only on X and the parameters C' and K of f). By symmetry, one also gets that

Al = [T A)] < |(Fo f) H(AT\A)| < P |AT\A| < P- R |ox Al

where P > 1is a uniform bound on the sizes of pre-images of points under fo f. Combining
all these inequalities, it follows that

A= 7l < 7 ) = 1 G )+ G )] - 14
< T loxAl+ 1 foxA
_Tier oAl
and we conclude that f: Y — X is quasi-;--to-one. This finishes the proof. O

As an application of these properties, [GT22, Theorem 5.1] provides a version of Milnor-
Schwarz lemma (cf. Lemma 1.2.33) in the context of scaling quasi-isometries. As an inter-
esting special case, let us quote:

Corollary 1.5.9 ([GT22, Corollary 5.8]). Let G be a finitely generated group, and let H, and
Hj be two finite-index subgroups of G. Then there exists a measure-scaling quasi-isometry

Hy — H, of scaling factor ; It HQ%
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In particular, from this corollary and Whyte’s theorem (Theorem 1.5.2), one deduces the
following nice fact: in a given finitely generated amenable group, if two finite-index sub-
groups have the same index, then they must be biLipschitz equivalent. See [GT22, Propo-
sition 1.5] for a more general statement.

We refer to [GT22, Section 5] for other examples of scaling quasi-isometries, in the
framework of locally compact groups and metric measure spaces.

1.5.2 Rational scaling factors

The following result gives an alternative description of measure-scaling quasi-isometries
when the scaling factor is rational. Since we will use it several times in the sequel to con-
struct quasi-isometries between wreath products, we provide a proof below.

Theorem 1.5.10 ([GT22, Proposition 4.2]). Letn, m > 1 be natural integers and let X andY
be two bounded degree graphs. Let f: X — Y be a quasi-isometry. The following statements
are equivalent:

(i) The map f is quasi-""-to-one;

(ii) There exist a partition Px (resp. Py ) with uniformly bounded pieces of size m (resp. n)
and a bijection: Px — Py such that f is at bounded distance fromamapg: X — Y

satisfying g(P) < (P) for any P € Pyx.
Proof. We start by showing that (ii) = (i). Since f and g are at bounded distance, it

suffices to prove that g is quasi-""*-to-one and apply Proposition 1.5.5 to conclude that f is
also quasi-""-to-one.

Let A c Y be finite. Let A" denote the union of all pieces of Py that contain at least one

point of A. If A" consists of k pieces, then ¢g~'(A™) is a union of % pieces of Py, hence
lg~' (A _ k=

A" Thus we get
m n

LA = g7 (A < 2 [JA] =AY + [ZAT = g7 A + lg™ (A — g~ (A)]
= ZANA| + |97 (AN\A)
< (Z4m)-anal

using for the last inequality that |g~*(B)| < m - | B| for any finite subset B < Y. Since
pieces of Py are uniformly bounded, there is K > 0 such that A" = AT, whence

214l = lg7 (A < (5 +m) - 14"\
Tn+1)-|ATE\4|

< —
n
m
n

<—(n+1)-R-|ovA|

using Lemma 1.5.6(ii) in the last line. Thus g is quasi-"*-to-one, hence so is f, and (i) is
proved.
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(i) = (ii): Let C' > 1, K > 0 be such that f is a (C, K')—quasi-isometry.
According to [GT22, Lemma 4.3], there exists a partition Px (resp. Py) of X (resp. of )
with uniformly bounded pieces of size m (resp. n). Let L denote a uniform upper bound
on diameters of pieces of Px and Py. We define a graph structure on Py (resp. Py)
by connecting two pieces of Px (resp. Py) by an edge whenever they contain adjacent
vertices of X (resp. of Y). For each P € Px (resp. Q € Py), we fix a basepoint zp € P
(resp. Yo € Q). Then we define the maps i: Px — X, i(P) = zp and
j: Y — Py
Yy — piece containing .
These maps are quasi-isometries and, applying the implication (ii) = (i) already proved,
i is quasi—%—to—one and j is quasi-n-to-one. Therefore, Proposition 1.5.5(ii) implies that
jo foi:Px — Py is quasi-one-to-one and thus, by Theorem 1.5.2, it lies at bounded
distance, say L > 0, from a bijection ¢: Px — Py. Finally, we define the map
g: X —Y
L= Yy(P)
where P € Py contains x. By construction, g(P) < ¢(P) for any P € Px. Let z € X and
let P € Px be the piece containing z. Then one has

dy(f(z),9(x)) < dy(f(z), f(zp)) + dy(f(zp), g(x))
C- dx(l’,xp) + K + dY(f(xP)hg(x))

<
<C-D+ K +dy(f(zp), g(x)).

It remains to estimate dy (f(xp), g(x)). If we let A > 1 and B > 0 denote the parameters
of 7, then it follows that

dy (f(zp), g(x)) < A~ (dp, (j(f(zp), j(g(x))) + B)
A~ (dp, (j(f(i(P)),(P)) + B)
A-

L+ B.

NN N

Thus dy (f(z),g(z)) < C-D+ K + A- L+ B, and g is at bounded distance from f. This
concludes the proof. O

1.5.3 Scaling groups

Let X be an amenable bounded degree graph, and let us define its scaling quasi-isometry
group as

QI (X) := {measure-scaling quasi-isometries X — X} /bounded distance.

Then, it follows from Lemma 1.5.4 and Proposition 1.5.5 that there is a well-defined group
morphism

Sc: QL .(X) — Rog

f quasi-k-to-one — k
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taking any scaling quasi-isometry of X to its scaling factor. We call this map the scale
morphism.

Definition 1.5.11. Let X be an amenable bounded degree graph. Its scaling group, denoted
Sc(X), is the image of the scale morphism Sc: QI (X) — R-y.

The scaling group Sc(.X) is a measure-scaling quasi-isometry invariant of the space X.
In particular, given a finitely generated group G, its scaling group Sc(G) is defined as the
scaling group of its Cayley graph with respect to an arbitrary finite generating set, and
Sc(G) does not depend on the choice of such a generating set.

The object being introduced, we should keep in mind two central questions about the
behaviour of quasi-isometries of a given finitely generated group:

« Is it true that any self-quasi-isometry ¢ — G is measure-scaling?
« In general, what is Sc(G)?
Let us now give few examples of scaling groups that are known.
Proposition 1.5.12 ([GT22, Corollary 6.6]). We have Sc(G) = R~ if:
(i) G is a Carnot group or a lattice in a Carnot group;
(ii) G = SOL(R) or a lattice in SOL(R);
(iii) G = BS(1,n) foralln > 2.

On the other hand, for point (i), one should keep in mind the fact that Sc(Z%) = Sc(R¢) =
R.o for any d > 1, but a self-quasi-isometry of Z¢ or R? need not be scaling.

The scaling group is also known to be smaller in a number of other situations. How-
ever, the proof of these facts are in general much harder, because showing a restriction on
the scaling group of a space requires to understand precisely the behaviour of all quasi-
isometries of the space. Such information is known only for very specific classes of groups.

Proposition 1.5.13 ([Dym10]; [EFW13]). Let F' be a non-trivial finite group. Then one has

Se(FZ) = {p1,...,pr)
where py, ..., py are the prime numbers appearing in the decomposition of | F|.

Additionally, it follows from results of [DPT15] that higher rank lamplighters I';(q) in-
troduced in this article have the same scaling groups, namely

Sc(Ta(q)) = p1,-- - Pk

where py, ..., pi are the prime numbers appearing in the decomposition of ¢ > 2.

As we will explain in Chapter 2, it follows from the work of Genevois and Tessera on
the quasi-isometric rigidity of lamplighters that Sc(F ! K') = {1} if F is a non-trivial finite
group and K is amenable, finitely presented and one-ended. We prove in Chapter 4 a similar
result, when F’ is allowed to be infinite and of polynomial growth.
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Algebraic and geometric consequences. Let us now outline some nice consequences
that can be deduced from the computation of the scaling group of a finitely generated group.

The first one is algebraic and concerns finite-index subgroups of a given finitely gener-
ated group.

Corollary 1.5.14. Let G be a finitely generated group. If Sc(G) = {1}, then G has no proper
finite-index subgroups isomorphic to itself.

Proof. It H is a finite-index subgroup isomorphic to G, composing this isomorphism with
the natural inclusion H <— G provides a quasi- GH H] -to-one self-quasi-isometry G — G
(using Proposition 1.5.5(ii)), and thus [G : H| = 1 since Sc(G) = {1}, i.e. H = G cannot
be proper. [

More generally, the same proof yields:

Corollary 1.5.15. Let G be a finitely generated group. If Sc(G) = {1}, and if H,, H, are two
biLipschitz equivalent finite-index subgroups of G, then |G : Hi| = [G : H,].

Even though these two facts are elementary, they illustrate well the interaction between
the algebraic structure of a group with its large-scale geometry. From a complete descrip-
tion of its quasi-isometries, one can deduce non-trivial algebraic facts about subgroups of
a given group.

The second consequence is geometric, and deals with the difference between quasi-
isometries and biLipschitz equivalences. While finite-index extensions of a finitely gener-
ated group yield groups that are quasi-isometric, one can wonder whether these extensions
are in fact biLipschitz equivalent to the initial group. In view of what has been said above
in the non-amenable setting, the question is only relevant for amenable groups.

Corollary 1.5.16. Let G be a finitely generated amenable group, and let H be a group having
G as a finite-index subgroup. Then G and H are biLipschitz equivalent if and only if [H
G| € Sc(G).

Proof. Suppose that there is a biLipschitz equivalence / — G. Such a map is quasi one-to-
one, and pre-composing it with the natural inclusion G — H provides a quasi- [.G]to-one
quasi-isometry G — G, by Proposition 1.5.5. Thus 7 ] € Sc(G), whence [H : G] € Sc(G).
Conversely, assume that [H : G| € Sc(G), and fix a qua51 [H : G]-to-onemap f: G — G.
Post-composing it with the natural inclusion G < H gives a quasi-one-to-one map G —
H, and such a map lies at bounded distance from a bijection by Theorem 1.5.2. The latter
is the desired biLipschitz equivalence. [

1.5.4 Open questions

As already pointed out, the systematic study of scaling quasi-isometries of amenable groups
has been initiated recently, in [GT22], and many challenging questions arise. We propose
here a selection of such questions.

The scaling group is invariant under measure-scaling quasi-isometries. Hence:
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Question 1.5.17. Are there pairs of quasi-isometric amenable groups with different scaling
groups?

In the light of Proposition 1.5.12(i), it is tempting to conjecture that the scaling group of
a group G tends to be all of R- if G is “small” in some sense. We then ask:

Question 1.5.18. Is it true that Sc(G) = R-q for any finitely generated group G with
polynomial growth?

Lastly, there is a lack of known subgroups of R. that can be obtained as the scaling
group of an amenable finitely generated group. Apart from lamplighters over Z (Propo-
sition 1.5.13) and higher rank lamplighters from [DPT15], there is no other instance of a
proper subgroup of R being the scaling group of an amenable group G.

Question 1.5.19. Is it true that any finitely generated subgroup of R can be realised as
the scaling group of an amenable group?

In [Lev24], it is proved that any finitely generated subgroup of R~ can be realised as
the scaling group of a bounded degree graph. However, the graphs considered are far from
being Cayley graphs of amenable finitely generated groups.

1.6 Quasi-isometries of pairs

In our study of quasi-isometries of permutational lamplighters below, we will be interested
in quasi-isometries that moreover quasi-preserve some subspaces of their source space.
This is the next refinement we introduce.

Definition 1.6.1. Let X, Y be metric spaces and let A (resp. 3) be a collection of subspaces
of X (resp. Y). A quasi-isometry f: X — Y is a quasi-isometry of pairs f: (X, A) —
(Y, B) if there exists () > 0 such that:

« For any A € A, there exists B € 3 such that dy,,(f(A), B) < Q.
« For any B € B, there exists A € A such that dp,.s(f(A), B) < Q.

In this case, if f is a (C, K)—quasi-isometry, then we say that f is a (C, K, Q))—quasi-
isometry of pairs, and that (X, A), (Y, B) are quasi-isometric pairs.

In the particular case where X = G and Y = H are finitely generated groups and
A = Cy, B = Cy are collections of left cosets of subgroups M < G, N < H, we simply
write (G, M) — (H, N) to denote a quasi-isometry of pairs (G,Cy;) — (H,Cy).

In this part, we record basic properties of quasi-isometries of pairs that will be use-
ful below, and we specify then to quasi-isometries of pairs between finitely generated
groups quasi-preserving cosets of a fixed normal subgroup. For a more general approach on
the notion and many geometric properties with respect to such quasi-isometries, we refer
to [HMP23; AMP26] and the references therein.

We start by gathering in a lemma some elementary observations for future use.
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Lemma 1.6.2. Let X, Y, Z be three metric spaces with collections of subspaces A, B, D re-
spectively.
() If f: (X, A) — (Y, B) is a quasi-isometry of pairs and if h: X — Y lies at finite
distance from f, then h: (X, A) — (Y, B) is a quasi-isometry of pairs.
(i) If f: (X, A) — (YV.B), g: (Y,B) — (Z,D) are quasi-isometries of pairs, then
go f: (X, A) — (Z,D) is a quasi-isometry of pairs.
(i) If f: (X, A) — (Y, B) is a quasi-isometry of pairs, then any of its quasi-inverses
(Y, B) — (X, .A) is a quasi-isometry of pairs.
Proof. (i) Let f: (X, A) — (Y, B) be a (C, K, Q)—quasi-isometry of pairs, and suppose

that h: X — Y lies at distance < L from f. Then hisa (C, K +2L)—quasi-isometry. Now,
let A € A. By assumption, we find B € B such that dy,.(f(A), B) < @, so it follows that

dHaus(h(A)v B) < dHaus(h(A)v f(A)) + dHaus(f(A)7 B) < Q + L-

Similarly, given any B € B there exists A € A with dy.s(h(A), B) < @ + L, thus
h: (X, A) — (Y,B)isa (C, K + 2L,Q + L)—quasi-isometry of pairs.

(ii)Let f bea (C, K, Q)—quasi-isometry of pairs, and let g be a (C’, K’, ') —quasi-isometry
of pairs. Then a computation shows that go fisa (CC’, C'K + 2K')—quasi-isometry. Let
A € A. By assumption, we may find some B € B such that dy.,(f(A), B) < @, and we
may find some D € D such that dy..s(g(B), D) < @'. Thus it follows

Artans (9(f(A)), D) < ditans (g(f<A))v 9(B>) + dians(9(B), D)

< Cl : dHaus(f(A)a B) + K/ + Ql

<C-Q+ K +Q.

Conversely, given any D € D, we pick B € B such that dy,,s(g9(B), D) < @', and we pick
A € A such that dy,s(f(A), B) < Q. We then obtain

ditans(9(f (A)), D) < ditaus (9(f(A)), 9(B)) + ditaus (9(B), D)

< C' dyas(f(A),B) + K' + @
<C'Q+K +Q.
We conclude that g o f isan (CC',C'K + 2K',C'Q + K' + Q') —quasi-isometry of pairs
from (X, A) to (Z,D).
(iii) Assume that f: (X, A) — (Y,B) is a (C, K, ))—quasi-isometry of pairs and let
f':Y — X be a quasi-inverse. Up to increasing C' and K, we assume that f’ is also a
(C, K)—quasi-isometry. Fix now B € B. By assumption, we find A € A such that

dHaus(f<A)7 B) < Q
This implies that dips (f'(f(A)), f'(B)) < C- Q + K, so that

ditaus('(B), A) < digaus (f'(B), f'(£(A))) + drsaus (f'(f(A)), A) < C- Q + 2K
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and similarly one shows that given any A € A there exists B € B such that the Hausdorff
distance between f'(B) and A is at most C' - @ + 2K. Thus f": (Y,B) — (X, A) is a
(C,K,C - @ + 2K)—quasi-isometry of pairs. The proof is complete. O

We now focus on finitely generated groups with collections given by cosets of normal
subgroups.

Proposition 1.6.3. Let G and H be finitely generated groups with normal subgroups M <G,
N < H. A quasi-isometry of pairs f: (G, M) — (H, N) induces a coarsely defined quasi-
isometry f: G/M — H/N. Moreover, foranyp € G, f(pM) is at a uniform finite Hausdorff
distance from f(pM).

Proof. Fix a finite generating set 1" (resp. S) of G (resp. of H), and let s (resp. 7p)
denote the canonical projection of G (resp. of H) onto G/M (resp. H/N). We equip G/M
(resp. H/N) with the word metric provided by the generating set 75(T") (resp. 75 (S)). Let
C = 1, K,Q > 0 be constants such that f and a quasi-inverse g: (H, N) — (G, M) are
(C, K, Q)—quasi-isometry of pairs.

We define f as follows: if pM € G/M, then this coset is mapped by f at distance < Q
from some N —coset y,/N. We then let f(pM) := ypN. By construction, the value of fon
a given coset does not depend on the choice of a representative of this specific coset (note
however that the choice of y, is not unique). We now check that f is a quasi-isometry.
Let a = pM, b = p'M be two adjacent vertices in Cay(G/M, ws(T)). This means that
b=ang(t) = (pM)(tM) = ptM for some t € T, so that

dH/N (?(a)7 T(b)) N(ypNa yptN)

— dy
< du/n(YpN, f(P)N) + dun(f(p)N, f(pt)N) + dn (f ()N, ype V).

In this expression, the second term is bounded from above by C' + K, since

duyn (F(P)N, f(pt)N) < du(f(p), f(pt)) < C-da(p,pt) + K = C + K.

For the first term, we know by assumption that dia,s(f(pM),y,N) < @, which implies
in particular that f(p) € (y,IN)*<, so f(p) is connected to a point in y, N by a path in
Cay(H, S) of length < (. The projection of such a path to H/N is a path in the Cayley
graph Cay(H /N, 7y (S)) of length < @) connecting f(p)N to y, N, so that

dn(ypN, f(p)N) < Q.
We show similarly that dg/n (f(pt) N,y N) < Q, whence
dun (f(a), F(b)) < C+ K +2Q.

We conclude from Lemma 1.2.25 that f: G/M — H/N is (C + K + 2Q)—Lipschitz.
Now, consider the map g: H/N — G/M induced by g, defined by g(¢N) := z,M, where
z,M is an M —coset at Hausdorff distance at most ) from g(g/N). We can reproduce the
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above argument to prove that g is also (C' + K + 2Q))—Lipschitz. Now, if p € G, note that

rtaus (2, M, pM) < digaus (24, M, 9(ypN)) + ditaus (9(ypN), g(f (pM)))
+ diaus (9(f (pM)), pM)
< Q+C - diaus(yp N, f(PM)) + K + K
<(C+1)-Q+2K

since g o f lies at distance < K from Ids and since g is a (C, K)—quasi-isometry. In
particular, we get that p € (z,, M)T(C+DQ+2K) ‘5o there is a path in Cay(G, T') of length
< (C + 1)Q + 2K connecting p to a point of z,, M. The projection of such a path to
G/M provides a path in Cay(G /M, 5 (T')) of length < (C' + 1)@ + 2K connecting pM to
2y, M = G(f(pM)), so that

dayar (G(F(pM)), pM) < (C + 1) - Q + 2K.

We conclude that g o f lies at distance at most (C' + 1) - Q + 2K from Idg/as, and similarly

[ o7 lies at distance at most (C' + 1) - Q + 2K from Id/y. We can now conclude that

dinyn (Fla), F(0)) = mdam (3(F(0)). 5(F (1))

1 2((C+1)Q + 2K)
>C+K+2Q Ay, b) C+K+20Q

for any a,b € G/M, so [ is a quasi-isometry with g as a quasi-inverse. [

Remark 1.6.4. We should emphasize here that, given a (C, K, ()) —quasi-isometry of pairs
f:(G,M) — (H,N), the map f given by this statement is not unique, as given an
M —coset pM in G, there could be many N —cosets in H lying at Hausdorff distance at
most @ from f(pM). However, any two such cosets would be at Hausdorff distance < 20,
so that any two such maps induced by f always lie at distance at most 2¢) from each other.

We record now some elementary properties of the correspondence f — f.

Proposition 1.6.5. Let G, H, I be finitely generated groups with normal subgroups M, N, J.
Let f: (G, M) — (H, N) be a quasi-isometry of pairs, and fix an induced map f: G/M —
H/N. The following properties hold.

(i) If h: G — H is a map at bounded distance from f, then any quasi-isometry h induced
by h lies at bounded distance from f, and there is at least one choice of h that coincides
with f.

(ii) If f': H — G is a quasi-inverse of f, then f' is a quasi-inverse of f.

(iii) If g: (H,N) —> (I, J) is another quasi-isometry of pairs with an induced quasi-
isometryG: H/N — 1/.J, then g o f lies at bounded distance from g o f, and there is
at least one choice of g o f that coincides with G o f.
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Proof. (i) Let f be a (C, K, ))—quasi-isometry of pairs. By Lemma 1.6.2(i) and its proof,
his then a (C, K + 2L,(Q + L)—quasi-isometry of pairs, where L > 0 is a constant that
controls the distance between h and f. Moreover, the proof of Lemma 1.6.2(i) shows that, if
pM is an M —coset, then h(pM) lies at Hausdorff distance at most () + L from the N —coset
y, N lying at Hausdorff distance at most () from f(pAM), given by the assumption that f is
a quasi-isometry of pairs. Since this is true for any M —coset pM of GG, we indeed have that
h induces a quasi-isometry h equal to f.

(ii) has been proved in Proposition 1.6.3, and (iii) is proved similarly to (i). [

Remark 1.6.6. Let f: (G,M) — (H,N) be a (C, K, Q))—quasi-isometry of pairs. By
assumption, for any p € G, f sends a coset pM — G at Hausdorff distance < () from a coset
Yy, IV, used to define f: G/M — H/N. We can thus modify f to get a map f': G — H
at distance < () from f, sending the coset pM into the coset y,/N. This in turn implies
that y,N = f'(p)N for any p € G, which means that f’ has an induced quasi-isometry
G/M — H/N with a simpler formula: f’(pM) := f'(p)N. Note that this induced quasi-
isometry agrees with f. Hence, in the sequel, when we will be given a quasi-isometry of
pairs f: (G, M) — (H, N) with an induced quasi-isometry f: G/M — H/N satisfying
a property P (for instance being quasi-k-to-one for some k > 0), we will always be able
to assume (up to finite distance) that f sends cosets into cosets and that the new induced
quasi-isometry we get after this change still has property P.
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Chapter 2

Quasi-isometric rigidity of
lamplighters and halo products

The main objects of this thesis being defined, we now present the main questions we are
concerned with and the important results on the topic already recorded in the literature.
All these results constitute the basis on which we present our contributions in the second
part.

2.1 Generalities . . . . . .. 81
2.2 Lamplighters over one-ended groups . . . . . . .. ... .. ... 83
2.3 Quasi-isometric rigidity for halo products . . . . . ... ... ... . oL 93
2.4 Scaling groups of haloproducts . . . . . ... ... . o Lo 107

2.1 Generalities

The wreath product of two finitely generated groups being finitely generated itself (cf.
Proposition 1.1.4), it naturally inherits a metric structure. From the point of view of large-
scale geometry, it is therefore natural to ask:

Question 2.1.1. Let G, G5, Hy, Hy be finitely generated groups. When are GG; ! H; and
G5 ! Hy quasi-isometric?

This question can be seen as part of the ambitious program initiated by Gromov in the
1980s [Gro81], aiming at classifying, or at least “understanding”, finitely generated groups
up to quasi-isometry.

Question 2.1.1 is still open in full generality, but much progress has been made on the
understanding of quasi-isometry classes of wreath products. An important first piece of
work was carried out by Dyubina in 2000, showing that the wreath product construction is
compatible with biLipschitz equivalences (i.e. bijective quasi-isometries).

Proposition 2.1.2 ([Dyu00, Lemma 1]). Let A, B and C be finitely generated groups. If A
and B are biLipschitz equivalent, then Al C and B C' are biLipschitz equivalent.
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A similar statement holds if the base groups are biLipschitz equivalent.

Proposition 2.1.3. Let A, B and C' be finitely generated groups. If B and C' are biLipschitz
equivalent, then Al B and A C' are biLipschitz equivalent.

Proof. Fix finite generating sets S4, Sp, Sc of A, B and C respectively. Let f: B — C
be a biLipschitz equivalence. This means that f is bijective, and that f and its inverse
f~': C — B are L—Lipschitz for some L > 1. Then define the map
p: AB— A C
(c;p) — (co [, f(p))

whose inverse is

Y: AC — A B
(d,q) — (do f, f ()
We claim that ¢ is Lipschitz. Indeed, fix two adjacent vertices a = (¢,p), b = (¢,p) in

Cay(AB, Sap) (here S5 denotes the generating set of A B exhibited in Example 1.2.30).
There are two cases to consider.

« If ¢ = cand p' is adjacent to p in Cay(B, Sp), then p’ = ps for some s € Sp, and
thus one has

dac(p(a), o(b)) = dac((co [ f(p), (co [, f(ps))
= do(f(p), f(ps))
< L-dg(p,ps)
= L.

« If rather p = p’ and ¢, ¢ differ only on this vertex, with ¢(p) and ¢/ (p) being adjacent
in Cay(A, S4), then co f~1, ¢ o f~! only differ on f(p) and take adjacent colors on
this vertex, so that ¢(a) = (co f71, f(p)), ¢(b) = (¢ o f~1, f(p)) are neighbours in
Cay(A ! C, SAzC), ie.

dac(p(a), ¢(b)) =1 < L.

In any case, ¢ sends adjacent vertices to vertices at distance < L in Cay(A ! C, Sac).
Lemma 1.2.25 implies then that ¢ is L—Lipschitz. A similar computation, using that f~!
is L—Lipschitz, implies that v is also L—Lipschitz. This proves that ¢ is a biLipschitz
equivalence between A¢ B and A C. ]

Proposition 2.1.2 has several consequences. The first one is that the quasi-isometry class
of a lamplighter A B (i.e. A is finite) only depends on | A|. For instance, Z/6Z?Z and S31Z
are quasi-isometric. But, most notably, Dyubina used this stability property in [Dyu00] to
deduce that some algebraic properties of groups, such as being virtually solvable or virtually
torsion-free, are not stable under quasi-isometry. Indeed, for virtual solvability, Z/60Z { Z
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and A5 ! Z, where Aj; is the alternating group over five elements, are quasi-isometric, but
the first one is solvable, while the second one is not virtually solvable.

For virtual torsion-freeness, note that Z{ Z and (Z x Aj) ! Z are biLipschitz equivalent,
since Z and Z x Aj are biLipschitz equivalent (use for instance Corollary 1.5.16 and Sc(Z) =
R-0). But Z?Z is torsion-free, while any finite index subgroup of (Z x Ajs)!Z has elements
of order |As].

However, all these examples are infinitely presented groups, and it is then also natu-
ral to wonder whether being virtually solvable or being virtually torsion-free is invariant
under quasi-isometry among finitely presented groups. For virtual torsion-freeness, the
answer remains negative, and examples have been provided by Cornulier in [Cor06, Propo-
sition 2.12], using permutational wreath products, and by Le Boudec [LB25, Corollary 6].
The question for virtual solvability is still open.

In another direction, Dymarz also used lamplighters over Z in [Dym10] to prove that,
among amenable groups, two groups can be quasi-isometric without being biLipschitz
equivalent.

Proposition 2.1.4 ([Dym10, Theorem 1]). Let I’ be a non-trivial finite group, and let k > 2
be an integer. Then F' 1 Z and F* { Z are not biLipschitz equivalent if k is not a product of the
prime numbers appearing in the decomposition of | F'|.

On the other hand, it is not hard to construct explicitly a quasi-isometry between F'? Z
and F* ) Z for any choice of k& > 2. See for instance [GT24b, Proposition 3.12].

Here also, the groups involved are infinitely presented, and a few years later, building
on these examples, Dymarz, Peng and Taback introduced in [DPT15] a family of finitely
presented amenable groups, called higher rank lamplighters, to prove that there are also
finitely presented groups that can be quasi-isometric without being biLipschitz equivalent.

Lamplighters over two-ended groups. The first classification result that provides a
partial answer to Question 2.1.1 goes back to 2013 and is due to Eskin, Fisher and Whyte.

Theorem 2.1.5 ((EFW13, Theorem 1.2]). Let F}, F; be non-trivial finite groups. Then F11Z
and F» Z are quasi-isometric if and only if there exist integers a,r, s = 1 such that |F}| = a"
and |Fy| = a®.

From this result, one deduces that, if H;, H, are both two-ended, then F; ! H; and F51 H,
are quasi-isometric if and only if there exist a,7, s > 1 such that || = a” and |Fy| = a°.
Indeed, if H; is two-ended, it is virtually cyclic, and thus biLipschitz equivalent to Z. The
wreath product F} ! H; is therefore biLipschitz equivalent to £7 { Z using Proposition 2.1.3,
and similarly F5 ¢ Hs is biLipschitz equivalent to F5 { Z. The existence of a quasi-isometry
Fi H, — F, 1 H, is thus equivalent to the existence of a quasi-isometry F11Z — F51Z,
hence the claim by Theorem 2.1.5.

2.2 Lamplighters over one-ended groups

After Eskin-Fisher-Whyte’s breakthrough, a second classification result has been obtained
by Genevois and Tessera in [GT24b].
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Theorem 2.2.1 ([GT24b, Corollary 1.6]). Let Fy and F’, be non-trivial finite groups. Let H,
and H, be finitely presented groups. Suppose that H; is one-ended.

(i) If Hy is not amenable, then Fy ! Hy and F3 Hy are quasi-isometric if and only if | Fy
| 5| have the same prime divisors and there exists a quasi-isometry Hy — Hs.

5

(ii) If H is amenable, then I ! Hy and F5 ! Hy are quasi-isometric if and only if there exist
integers a,r,s = 1 such that |Fy| = a’,

Fy| = a® and there exists a quasi->-to-one
quasi-isometry H, — Ho.

Several comments are in order. First, the classification of wreath products is actually
a corollary of the main result of [GT24b], namely [GT24b, Theorem 1.5], which is a clas-
sification result for more general lamplighter graphs. The corollary follows directly from
this classification since, as mentioned above, Cayley graphs of lamplighter groups coincide
with lamplighter graphs over Cayley graphs of groups. We refer the reader to [GT24b, The-
orem 1.5] for the more general statement and here we focus on the case of wreath products
of groups.

Second, observe that the amenable case is more rigid, as it involves a compatibility con-
dition between the quasi-isometry between the base groups and the cardinality of the lamp
groups. Such a condition does not appear in the non-amenable case, but it is in fact hidden:
as said earlier, between non-amenable spaces, a quasi-isometry is quasi-k-to-one for any
real number k > 0 (cf. Remark 1.5.3).

Before turning to the strategy of proof, let us highlight several nice consequences.

Consequences of Theorem 2.2.1. Theorem 2.2.1 can be reformulated using the scaling
group in the case where base groups are the same.

Corollary 2.2.2 ([GT24b, Corollary 1.9]). Let F| and F; be non-trivial finite groups. Let H
be a finitely presented amenable one-ended group. Then Iy H and F, H are quasi-isometric

if and only if there exist integers a,r,s = 1 such that |F\| = a”, |F5| = a® and € Sc(H).

In this case, the classification of lamplighters over H up to quasi-isometry reduces to
the understanding of the scaling group of H. Such information is available in some cases,
for instance:

Corollary 2.2.3 ([GT24b, Corollary 1.10]). Let I, and F; be non-trivial finite groups. Let
d = 2. Then F11Z% and F31Z% are quasi-isometric if and only if there exist integersa, r, s > 1
such that |Fy| = a" and | F3| = a°.

Genevois and Tessera’s classification provides additional examples of pairs of quasi-
isometric groups that are not biLipschitz equivalent:

Corollary 2.2.4 ([GT24b, Corollary 1.15)]). Let F'| and F, be non-trivial finite groups. Let H
be an amenable finitely presented one-ended group. Then Fy ! H and F» ! H are biLipschitz
equivalent if and only if | Fy| = |F3|.

For instance, Z/2Z { Z? and Z/4Z { Z? are quasi-isometric but not bijectively quasi-
isometric.
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Strategy for the proof of Theorem 2.2.1. The proof of Theorem 2.2.1 is decomposed
into four main steps. We explain them here since they constitute the basis for the strategy
developed in Chapter 3 in order to achieve similar classification results for permutational
wreath products.

The embedding theorem. The first step is perhaps the hardest one, and reflects a strong
rigidity phenomenon: it consists in proving that any quasi-isometry Fy ! H; — Fy ! Ho
must actually be a quasi-isometry of pairs (F} ! Hy, Hy) — (F3 ! H, Hs), namely it must
send H;—cosets at bounded Hausdorff distance from Hy—cosets, and the same property
must hold for a quasi-inverse. This fact is deduced from the following embedding theorem:

Theorem 2.2.5 ((GT24b, Theorem 1.4]). Let G be a finitely presented one-ended group. Let F’
be a non-trivial finite group and let H be an infinite finitely generated group. Then every coarse
embedding p: G — F'{ H has its image contained in the neighbourhood of an H — coset.

The idea for proving such a statement is the following. For simplicity, let us focus on
F =2Z5andlet p: G — Z5 ! H be a coarse embedding. First of all, as

Z, H ={a,S:a*=1,[a,hah™'] =1, he H)

is infinitely presented, one can consider, for finite subsets S < H, the group given by
the truncated presentation

Zyos H:={(a,S:a®>=1,[a,hah™ '] =1, heS)

and it is a well-known fact (see e.g. [BGT24, Lemma 6.21]) from coarse topology that p can
be factored through p: G — Zy09 H, suchthat mgop = p, where 7g: ZyogH — Z51H is
the natural surjection. The interest of doing this is that, in fact, Z, og H splits algebraically
as a semi-direct product

C(T)x H

where I' := Cay(H, S) and where C(I") is the right-angled Coxeter group over the graph
I'. Moreover, a computation shows that mg sends H—cosets to H —cosets, so in order to
prove that p(G) lies in a neighbourhood of an H —coset in F'? H, it is enough to prove that
p(G) lies in a neighbourhood of an H —coset in Z, og H.

To prove the latter, we exploit the wallspace structure of C'(I"), because the Cayley graph
of a right-angled Coxeter group is median (i.e. it is the 1—skeleton of a CAT(0) cube com-
plex), and naturally has hyperplanes. Each hyperplane delimits two halfspaces, and the
key observation is now that p(G) must necessarily lie in one of these two halfspaces. In-
deed, if the hyperplane “cuts” p(G) too heavily, then, projecting back to the lamplighter,
p(G) = 7s(p(G)) would be separated by 7g(hyperplane), which is bounded. This would
contradict one-endedness of p(G). Since this holds for any hyperplane, it follows that
p(QG) lies in the intersection of all these halfspaces, which consists of a single vertex in
the CAT(0) cube complex. This implies that, in C'(I') x H, 5(G) lies in the neighbourhood
of an H —coset.

For larger finite groups, Coxeter groups are replaced with graph products of groups,
and median geometry is replaced by quasi-median geometry, but the idea is the same. We
undertake this strategy below in Chapter 3 in the case of permutational wreath products
with infinite stabilizers.
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Once Theorem 2.2.5 is proved, it remains to observe that, given our quasi-isometry F} !
H, — F5 ! Hy, two H{—cosets cannot be sent close to the same H,—coset, because the
coarse intersection of two H;—cosets in F} ! H; is bounded:

Lemma 2.2.6. Let F' be a non-trivial finite group, and H be an infinite finitely generated
group. Let R > 0. Then, for any distinct colourings c,d € F'D, (cH) n (dH) ™ is bounded.

Proof. Assume, towards a contradiction, that (cH) n (dH)** is infinite. Fix a point (c, q) €
(cH) n (dH)™®. Then there is a point (d, p) such that dpy ((c, q), (d,p)) < R, which in
particular implies that ¢ and d only differ on points at distance < R from g. It follows
that supp(c~'d) is contained in By (g, R) for infinitely many ¢, which is impossible as it is
bounded. [

Leaf-preserving quasi-isometries. From the embedding theorem and Lemma 2.2.6, it
follows that any quasi-isometry ¢: £} ! Hy — F5 ! Hy is leaf-preserving, in the following
sense:

Definition 2.2.7. Let F, I, be non-trivial finite groups and let H,, H, be finitely generated
groups. Let ¢: F} ! Hi — F5 ! Hy be a quasi-isometry and let ©: Fy ! Hy — Fy ! Hy be
a quasi-inverse. We say that ¢ is leaf-preserving if there is a constant C' > 0 such that, for
any colouring ¢ € Fl(Hl) (resp. d € FZ(HZ)), ©(cHy) (resp. B(dH>)) is at Hausdorff distance
at most C' from an Hy—coset (resp. an H;—coset).

This property can be expressed as follows:

Lemma 2.2.8 ([GT24b, Lemma 4.2]). Let F, I be non-trivial finite groups and let H,.H,
be finitely generated groups. A quasi-isometry @: [y Q Hi — Fy ) Hy is leaf-preserving if
and only if there is a constant C' > 0 and a bijection o: Fl(Hl) — Fz(HQ) such that, for any
ce FI(HI), the Hausdorff distance between p(cH;) and a(c)Hy is < C.

Proof. Fix a quasi-inverse p: Fy ! Hy — F} ! H; of ¢ and constants A > 1, B > 0 such
that ¢, ¥ are (A, B)—quasi-isometries.

Suppose first that ¢ is leaf-preserving. Then there is a constant C' > 0 such that, for any
c € Fl(Hl), there is a(c) € F2(H2) such that the Hausdorff distance between ¢(cH;) and
a(c)Hs is < C. Similarly, for any d € F, (72) there is o (d) € Fy (1) such that the Hausdorff
distance between B(dH,) and o/(d)H; is < C. Thus one obtains

?(p(cHy)) € B((alc)Hy) ™)
< p(a(c)Hy) HAH)
( (a(e)) H ) (AC+C+B)

and since P o @ is at distance < B from the identity, it follows that
cHy = B(p(cH))"? < (o (ae) Hy) HAHDET2E),
Hence, if by contradiction o/ («(c)) # ¢, one gets that the intersection

CH1 A (a/(a(c))H1)+((A+1)C+ZB)
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is infinite as it contains c¢H;. This contradicts Lemma 2.2.6, so in fact o/ (a(c)) = ¢, and
o oa = IdF1(H1>. The same reasoning shows that a o @/ = IdF2<H2), hence « and o/ are
bijections, inverses of each other.

Conversely, if ¢ has the desired property, then there is C' > 0 such that, for any ¢ €
F'™ | the HausdorfF distance between o(cH;) and a(c)Hs is < C, and for any d € F\™)
the Hausdorff distance between p(dH,) and o~ !(d)H; is < C. In other words, ¢ is leaf-
preserving. [

At this stage, we can therefore say that, combining Lemma 2.2.8 and the embedding
theorem, any quasi-isometry ¢: Fy ! Hi — F, ! H, can be written, up to a bounded
perturbation, as

w(c,p) = (alc), Be(p))
for some bijection av: F; I(Hl) — FQ(HQ) and some collection of maps (.: H; — H,, indexed

by c e FHY.

Aptolic quasi-isometries. The key observation, recorded first in [GT24b, Theorem 4.3],
is now that, in fact, all S, lie at bounded distance from each other, thus showing that ¢ is
in fact at bounded distance from an aptolic quasi-isometry.

Definition 2.2.9. A quasi-isometry ¢: Fy ! Hi — Fy ! Hy is aptolic if there exist four
maps «: Fl(Hl) ey FQ(HQ), o FZ(HQ) — Fl(Hl), f: Hy — Hs, ' Hy — H; such that

for any (c,p) € Fy ! Hy, and

¢'(c,p) = ((c), B'(p)), (c,p) € Fl Hy

is a quasi-inverse of ¢.

At this point, it is unnecessary to sketch the strategy for proving [GT24b, Theorem 4.3],
since a similar result was later proved by Genevois and Tessera in greater generality, that
we explain below (see Theorem 2.3.22). The proof of the latter is also simpler than that
of [GT24b, Theorem 4.3], both technically and conceptually.

The next step of the strategy is therefore to prove the following three properties that
characterise aptolic quasi-isometries:

Proposition 2.2.10 ([GT24b, Proposition 3.1]). Let Fy, F, be two non-trivial finite groups,
and let Hy, H, be infinite finitely generated groups. Let «: Fl(Hl) —> FQ(HQ), g: Hi — Hy
be two maps. Then the map

o: F1UH — Fy  Hy
(¢,p) — (a(c), B(p))

is a quasi-isometry if and only if:

(i) « is a bijection;
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(ii) [ is a quasi-isometry;

(iii) There exists a constant () = 0 such that, for any colourings cy, ¢y € Fl(Hl), the Hausdorff
distance between (3(supp(c;'cs)) and supp(ac)alcy)) is < Q.

If so, every quasi-inverse of @ is of the form

Bt Py U Hy — Py UH,
(c,p) — (a7(c), B(p))

where 3: H, — H, is a quasi-inverse of 3.

Proof. Fix finite generating sets S, Sy of Hy, Hs respectively.
Fix constants A > 1, B > 0 such that ¢ and a quasi-inverse , of the form

(e, p) = (@(c), B(p)), (c,p) € Fal Hy

are (A, B)—quasi-isometries, with @ o ¢, ¢ o @ being at distance < B from the identities.
We prove (ii) first. Let p, ¢ € Hy. Then one has

d(B(p), B(0) = d((a(1), (p)). (a(1), B(q)
d

and similarly one proves that d(3(p), 5(q)) = = - d(p, q) — B. Thus {3 is a quasi-isometric
embedding. Now, given an arbitrary h € Ho, there exists a point (¢, p) € F; ! H; such that

d((a(c), B(p)), (1,h)) = d(g(c.p), (1,h)) < B

and in particular d(5(p), h) < B. Hence [ is coarsely surjective, and thus it is a quasi-
isometry, with the same parameters as (.
We focus now on (i). Let (¢, p) € Fy ! Hy. We have already

d((aoa(c),BoB(p)),(c,p)) = dlpop(e,p), (c,p)) < B

so d(f3 o B(p),p) < B and the colourings ¢, o o @(c) can only differ on the ball By, (p, B).
It follows from the first observation that /3 o (3 is at distance < B from Idy,, and from the
second one that « o @(c) = ¢ by letting p tend to infinity in Hy. By symmetry, using that
P o s at distance < B from the Id,,z,, one gets that 3 o 3 is at distance < B from Id,
and that @ o a(c) = cfor any c € F] 1(H1) . In conclusion, « is a bijection with @ as inverse, 3
is a quasi-inverse of (3. This also shows the last claim of the statement.

), and consider a sequence of colour-

Let us now prove (iii). Fix two colourings c;, ¢y € F 1( !
ings

ag = C1,01,--.,0an—-1,0an = C2

_88_



Quasi-isometric rigidity of lamplighters and halo products

such that, for any 0 < ¢ < n — 1, a; and a;4; only differ on a point p; € H;. Then, for
0 <i<n—1,onegets

d((aas), B(ps)), (alair), B(p:)) = d(e(ai, pi), (aiv1,pi))
A-d((ai, ps), (@is1,p:) + B
A

+ B

A

so a(a;) and a(a;41) can only differ on By, (5(pi), A + B). Thus a(ay) = a(ci) and
a(a,) = a(cs) can only differ on

+(A+B) )) +(A+B)

U By, (B(pi), A+ B) {ﬁ(po),ﬁ(pl),...,ﬁ(pn_l)} = ﬁ(supp(CIICQ

)

A+B : .
4B The same reasoning with

in other words supp(a(ci)'a(c2)) = B(supp(c;'ea))
© shows that, for any dy,ds € F2(H2), the support of a~*(d;) " ta~t(d,) lies in the (A +
B)—neighbourhood of 3(supp(d; 'd)). Applying this claim with d; = a(c;), d» = a(c2),
we get

supp(c; ' cz) < [(supp(a(er) " a(ez))) "
and applying {3 to both sides and using Lemma 1.2.26(iv), and that 3o 3 lies at distance < B
from Idy,, it follows that

Blsupp(cy'ez)) = B (B
B (B

< supp(a(cy)

1) 104(02 )) A+B))

A(A+B)+B)

)

( ( )
(supp(aler) a(e))))
1 (

+(A(A+B)+2B)
2))

We conclude that the Hausdorff distance between supp(a(c;) ' a(c2)) and 3(supp(ci 'c2))
is < Q := A(A + B) + 2B, which proves (iii).

‘P
supp ¢ Ley) SUPP(Cl c2))
@
L(CQ) K supp(cz)

Figure 2.1: Configuration in the proof of (iii)
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Conversely, let us assume (i)-(iii) and let us show that ¢ is a quasi-isometry. Let A > 1,
B > 0 be the parameters of 3 and one of its quasi-inverses 3. Let a, b be two adjacent
vertices in Cay(F; ! Hy, F} U S7). There are two cases:

« If a = (¢,p) and b = (¢, q) for some neighbour ¢ of p in Hy, then

d(p(a), (b)) = d((a(c), B(p)), (a(c), B(a))) = d(B(p), B(q)) < Ad(p,q)+B = A+B.

where D > 2 is a fixed integer at least as large as the maximal degree of a vertex in
Cay(H,, S,), since, by assumption (iii), supp(a(c) ta(c’)) is contained in

B(supp(c™'¢)) "% = {B()}*° = B, (B(p), Q)-

In any case, we get that d(¢(a), (b)) < max(A + B, D?) for any two adjacent vertices
a,b, so p is max(A + B, D?)—Lipschitz by Lemma 1.2.25.
If we now define the map

Vi Fyt Hy — Fy UV H,
(d,q) — (a'(d), B(q))

then it also satisfies assumption (iii). Indeed, for any d;,d> € F2(H2), assumption (iii) for
¢ says that the Hausdorff distance between (supp(a~'(di)*a*(d»))) and supp(d; 'd)
is at most ). Thus the HausdorfF distance between 3(3(supp(a~'(di)"'a'(d>)))) and
B(supp(dfldg)) is at most A - Q) + B by Lemma 1.2.26(iii). Since the first set is at Hausdorff
distance at most B from supp (o' (d;)"'a~!(d>)), it follows that the Hausdorff distance
between supp (o' (di) ' (d>)) and B(supp(d; 'd2)) is at most A - Q + 2B. Thus (iii)
holds for ¢ with ) := A - ) + 2B. One can therefore reproduce the argument above to
conclude that ¢ is also max(A + B, D'?®")—Lipschitz, where D’ > 2 is a fixed integer larger
than the maximal degree of a vertex in Cay(H, S;).

Finally, since

d(¢ o (c,p), (c,p)) = d(Bo B(p),p)

for any (c,p) € Fy ! Hy, and since B o B is at distance at most B from Idy,, ¢ o ¢ is at
distance at most B from Idp,,z, . Likewise, ¢ o 1) is at distance at most B from Idp,,, .
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Putting all this together, we deduce that

(). ¢(0) > s A(V(p(). (1)

= max (A +1B7 D'Q") (d(a’ b) — d(¥(p(a)),a) — d(((D)), b))

- 1 d(a,b) — 2B
~ max(A + B, D'?) “ max(A + B, D'?")

for any a, b € F1! H;. Thus ¢ is a quasi-isometry, with 1) as a quasi-inverse. [l

Since an aptolic quasi-isometry F} ! Hy — F5{ H, provides a constant ) > 0 with the
property of Proposition 2.2.10(iii), the key observation to deduce an arithmetic constraint
on |F| and |F5| is the following:

Proposition 2.2.11. Let F}, F, be two non-trivial finite groups, and let H,, H, be infinite
finitely generated groups. Let p: FyV Hy — F, ! Hy be an aptolic quasi-isometry, of the
form p(c,p) = (a(c), B(p)), (¢, p) € Fi Y Hy. Then, for every quasi-inverse 3 of (3, there is a
constant () = 0 such that:

Forevery@Q' > Q and any A, < Hy, ™! (C(ﬁ(Al)JrQ/)) is a union of cosets of L(A1);
conversely, for any Q' = Q and any Ay < H,, a(E(B(Ag)JrQ/)) is a union of cosets of L(As).

As a consequence, | F| and | Fy| have the same prime divisors.

We do not prove here the first part of this statement, since we establish an analogous
result in Chapter 4 (Proposition 4.3.4), in the context of arbitrary lamp groups. But let us
explain how to deduce from it the second part of the statement.

Given a subset A; of Hy, ' (L(8(A1)7¥)) is a union of cosets of £(A;), so there are
k > 1 and colourings ¢y, .. ., ¢, such that

k
a™ (E(B(Al)JrQ)) = |_| ciL(A)
i=1
which implies, since « is a bijection, that

k
L(B(A) )] = o (L(B(A) )| = = D leL(A)] = k- |£(A)]

k
L| ¢ L(A)

Since L(A;) = @Al I, it follows that
ko |F|A) = k- |L(A)] = |L(B(A) Q)| = | BP0

and this equality implies that |F;| and |F5| share the same prime divisors.

Finally, in the case where H; and H, are amenable, this conclusion can be strengthened
to see that | F}| and | F3| are in fact powers of a common number. The details of the compu-
tations leading to this conclusion are provided in [GT24b, Theorem 3.9], or alternatively in
Theorem 2.3.34 below.
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Constructing quasi-isometries. Conversely, let us now explain how to deduce the flex-
ibility part of Theorem 2.2.1. We consider first the non-amenable case, in which we have
the following existence result:

Theorem 2.2.12 ([GT24b, Proposition 3.13]). Let n,m > 2. Let G be a non-amenable
finitely generated group. If n and m have the same prime divisors, then there exists an aptolic
quasi-isometry fromZ, 1 G to Z,,,  G.

We only sketch the main idea of the proof on an example, namely Zgs F, and Z5, 0 F5,
and we refer to [GT24b, Proposition 3.13] for the complete proof. The first thing to do is to
replace Zs, ! Fy with (Zy, @ Z3) | F, (which changes nothing since this group is biLipschitz
equivalent to the first one, thanks to Proposition 2.1.2). Geometrically, this amounts to
splitting each lamp on the Cayley graph of F5 in two half-lamps. Each finitely supported
colouring ¢: Fy — Z5, becomes the “sum” ¢; @ ¢, of two colourings ¢y : Fy — Zy, co: Fy —
Z3. We do the same with Zg ! F, that becomes (Z, @ Z3) ! F». Now, to any colouring
c: Fy — Z3, one can create a new colouring ¢: F, — Z3 as follows: fix a direction at
infinity £ € 0F, and for any p € Fj, let ¢(p) € Z3 be given by (c(p1), ¢(p2), ¢(p3)), where
D1, P2, p3 are the three vertices separated from & by p. Define then the map

0 (Zo®Z3) 1 Fr — (ZoDZY) 1
(1@ c2,p) — (1 ®C3, D)

namely we keep unchanged the first half of the lamps and the position of the arrow, and
we only change the second half of the lamps:

Figure 2.2: A quasi-isometry (Zy ® Z3) 1 Fy —> (Zo ®Z3) 1 Fy

In this example, the key point is that there is a 3-to-one map F» — F that lies at
bounded distance from the identity, namely the map that sends any vertex of F} to its
neighbour according to £. Such maps cannot exist between amenable spaces (as a conse-
quence of Lemma 1.5.4), hence the appearance of rigidity and the need for another strategy
for constructing quasi-isometries.

With Theorem 2.2.12, the proof of the right-to-left direction of the first point of The-
orem 2.2.1 is straightforward: indeed, if |F| and |F5| have the same prime divisors, then
there is a quasi-isometry f from F; ! H; to 5! H;. The quasi-isometry between H; and H,
that we have by assumption is quasi-one-to-one, so it can be replaced by a bijective quasi-
isometry according to Theorem 1.5.2, and thus F5 H; and F5! H; are biLipschitz equivalent
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thanks to Proposition 2.1.3. It remains to pre-compose this biLipschitz equivalence with f
to conclude.

Between amenable spaces, one also has to make local modifications of the colouring
that takes into account the exponents in the cardinalities of the lamp groups. Here the trick
is to use instead the criterion of Theorem 1.5.10 for scaling quasi-isometries and modify
colors on pieces of the partition thus obtained. We refer to [GT24b, Proposition 3.12] for
the detailed proof, and to the proof of Proposition 3.5.6 for a similar construction but in the
context of permutational lamplighters.

2.3 Quasi-isometric rigidity for halo products

Later, Genevois and Tessera managed to extend their techniques to other halo products, that
we define now.

Definition 2.3.1. Let X be a set. A halo of groups over X is the data, for any subset S < X,
of a group L(S) such that:

. forall R, S  X,if R < S, then L(R) < L(S);
o L(@) = {1} and L(X) ={L(S) : S © X finite);
« forall R,S < X, L(Rn S) = L(R) n L(S).

Givenanaction H —~ X andamorphisma: H — Aut(L(X)) satisfying a(h)(L(S)) =
L(hS)forall S ¢ X andall h € H, the permutational halo product £x , H is the semi-direct

product
ZxoH = L(X) % H.

Let us mention our favorite examples.

Lampjugglers. Given a group H and an integer » > 1, the lampjuggler over H is the
semi-direct product

Shuffler,.(H) := FSym(H x {1,...,r}) x H

where FSym(H x {1, ..., r})is the group of finitely supported permutations of H x{1,...,r}
and where H acts on it through its initial action on H x {1,...,r} given by h - (z,i) :=
(ha, 7). It can be described as the halo group . H where

L(S) := FSym(S x {1,...,r}),S  H.

Lampjugglers over finitely generated groups are finitely generated, and one can check that
if Sy is a finite generating set for /7, then the finite set

{(T(IH,i),(s,j)y 1H) :s€e Sy, 1< 1,] < T’} U {(id, S) TS E SH}

generates Shuffler, (H), where 71, ;) (s.;) stands for the transposition swapping (15, %) with
(s, 7). A particular case is that of lampshufflers Shuffler(H), i.e. lampjugglers with r = 1.
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Lampdesigners. Let F'and H be two groups. The lampdesigner over H is the semi-direct
product
Designer,(H) := (F g FSym(H)) x H

where H acts on @, F' by permuting the coordinates through its action on itself by left-
multiplication and acts on FSym(H) as described above. It is the halo product .Z H for the
collection L(S) := F g FSym(S), S < H.

Lampcloners. Let H be a group and let f be a field. Denote Vj the f—vector space
admitting H as a basis, and denote by {e, : u € H} a formal basis. Let FGL( H ) be the group
of linear automorphisms Vi — Vj; that fix all but finitely many basis elements. This group
can also be seen as the group of finitely supported invertible matrices with coefficients in f
whose entries are indexed by H x H. Once again, the action of / on itself naturally yields
an action of H on FGL(H). The lampcloner over H is the semi-direct product

Cloners(H) := FGL(H) x H.

It is a halo product, for the collection L(S) := FGL(S), S < H, where FGL(.S) is thought
of as the subgroup of FGL(H ) of linear automorphisms V; — Vj that fix H\S and that
stabilise the subspace (S) < Vj.

We refer the reader to Section 5.3 for a more precise description of these examples and
additional ones.

At this point, we only emphasize the fact that the aptolicity phenomenon also holds for
quasi-isometries between lampshufflers, lampcloners or lampdesigners, as shown in [GT24a].
The proof of this fact relies on the next statement, that vastly generalises Theorem 2.2.5.

Theorem 2.3.2 ([GT24a, Theorem 4.17]). Let Z be a geodesic metric space satisfying the thick
bigon property and let £ H be a finitely generated halo product with £ full and L(H) locally
finite. Then every coarse embedding p: Z — £ H has its image contained in a neighbourhood
of an H —coset. Moreover, the size of this neighbourhood only depends on Z, £ H, and the
parameters of p.

Here, a halo product .Z H over a group H equipped with a word metric d is full if there
is a constant K > 0 such that, for all subsets R, S, T and U of H, if

d(R,S), d(R,T), d(R,U), d(S,T) > K

then
L(RUS)L(U)n L(RuT) < L(R)L(T).

It is a technical assumption needed in the proof, and for now it is enough to keep in mind
that our favorite halo products, namely wreath products, lampjugglers, and lampcloners
are full [GT24a, Lemma 4.39].

Main idea for proving Theorem 2.3.2. Fix a finitely generated halo product .2 H with
L(H) locally finite. The first ingredient of the proof is to realize .2 H as a subcomplex Cy,
of some huge cubical complex C, for any k£ > 1. If we think of an element (¢, p) € L H as
a colouring ¢ € L(H) and an arrow pointing at p € H, then moving in . H amounts to
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moving the arrow in H and, along the way, to modifying the colouring by an element of
L(H) supported in a small ball around the arrow, and Cy, is constructed as follows: replace
the arrow by a finite connected subgraph of H, that we call a crowd. The height of the
crowd is the size of the finite connected subgraph, and moving in . H amounts to moving
the crowd by adding or removing vertices and, along our way, to modifying the colouring
by an element of L(H) supported in the crowd.

Now, at a fixed size k > 2, two points z, y € Cy, that are not in a neighbourhood of a leaf
must be separated in a topological way by specific bounded subcomplexes, called blocks in
[GT24a, Definition 4.10]. For lamplighters, this comes from the following observation. Fix
a wreath product Z/2Z ¢ H, and a path v from 14y to a point (¢, h). Fix a point p € H
where ¢ is non-trivial (i.e. p € supp(c)). Following +, the arrow must go in H from 15 to
h and, along the way, visits all points in supp(c) to change the color. In particular, at some
stage, the arrow will pass by p. The same applies to any other path 7' connecting 1 »y to
(¢, h). Now, on 7 and +/, consider the points (¢,,, p,) € 7, (¢, P.,) € 7 where the arrow
points at p, i.e. p, = p/, = p. We compare ¢, and ¢, outside of p. If these colourings are
very different, this means that the orders according to which lamps are switched on are
very different whether we are following 7 or 7. For instance, there is ¢ € supp(c) very far
from p in H such that ~ turns on p after ¢, while 7/ turns on ¢ after p. But, if p and ¢ are
very far, the cycle in Z/2Z ) H that turns on p, turns on ¢, turns off p and finally turns off
q to go back to 1, can be homotopically trivial only at a very large scale. Said differently,
if we are given 7 and a fixed scale at which we can modify ~ up to coarse homotopy, then,
along our new path, we can always find a point where the arrow points at p and where the
colouring outside p is fixed. This observation leads the authors of [GT24a] to introduce the
notion of essential separation and to prove that, at a given scale k > 2, any path connecting
x and y in C;, must intersect essentially a block.

Finally, fix for instance a coarsely simply connected and one-ended graph Z, and a coarse
embedding 7 — ZH. Since .ZH sits naturally inside C, we get a coarse embedding
Z — Cy < C. The image of Z must then be simply connected in Cy, for some large k > 2. But
then, as a consequence of what we explained above, if the image is not in a neighbourhood
of a leaf, then it contains a path ~ that connects two points = and y that are very far and
such that any homotopically equivalent path to ~ has to intersect a given bounded block.
This contradicts one-endedness of the image, which guarantees that any path connecting
two points in the image can be deformed up to coarse homotopy to avoid a bounded region.
It follows that the image of Z, as it is both coarsely simply connected and one-ended, must
be contained in a neighbourhood of a leaf in ¥ H.

In this strategy, one-endedness is not that important; what really matters is to always
be able to coarsely modify paths so that the resulting cycles are homotopically trivial. This
property has a name, namely the thick bigon property, recently introduced in [GT24a] and
that we explain in detail now. In particular, finitely presented one-ended groups have the
thick bigon property, so that Theorem 2.3.2 is indeed a generalisation of Theorem 2.2.5.

The thick bigon property. To define the thick bigon property, we need to recall the
notion of coarsely homotopic paths in a metric space.

Definition 2.3.3. Let X be a metric space. Given C' > 0, two paths « and  with the same
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endpoints are C'—coarsely homotopic if there exists a sequence of paths

04:707'7/17---;'%—17%1 :ﬁ

such that, forany 0 < ¢ < n—1, ;41 is obtained from ~; by replacing a subpath ( < ~; with
a path ¢ between the same endpoints satisfying diam({ U &) < C. A path is C'—coarsely
homotopically trivial if it is C'—coarsely homotopic to a constant path.

Then, a metric space X is C'—coarsely simply connected if every path is C'—coarsely
homotopically trivial. A space X is coarsely simply connected if it is C'—coarsely simply
connected for some C' > 0.

Recall that a finitely generated group is coarsely simply connected if and only if it is
finitely presented (see e.g. [CH16]).

Definition 2.3.4. A metric space X has the thick bigon property if there exists some C' > 0
such that, for every R > 0, there exists L > 0 such that the following holds: any two
points z, y € X can be connected by some path ~; such that, for any point p € ~; satisfying
d(p,z),d(p,y) = L, there is a path ~, between z and y that is C'—coarsely homotopic to v,
and that avoids Bx(p, R).

Yo

Figure 2.3: Configuration of points in a space X having the thick bigon property

We need one more terminology to exhibit a first source of spaces with the thick bigon
property.

Definition 2.3.5. Let X be a geodesic metric space. Given a map p, X is p—uniformly
one-ended if, for every R > 0, the complement of a ball of radius R has one unbounded
connected component and all other components have diameter < p(R).

A space X is uniformly one-ended if it is p—uniformly one-ended for some map p.
The first source of examples is then given by coarsely simply connected uniformly one-
ended spaces.

Lemma 2.3.6 ([GT24a, Lemma 3.4]). Let X be a geodesic metric space. If X is uniformly
one-ended and coarsely simply connected, then X has the thick bigon property.
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Proof. Fix C' = 0 and a map p such that X is C'—coarsely simply connected and p—uniformly
one-ended. Let R > O and set L := R + p(R) + 1.

Fix two points x,y € X connected by a path 7, and let p € 7; be a point such that
d(p,x),d(p,y) = L. The subpath of ; connecting = to B(p, R) has length at least

d(z,p)—R>L—R=p(R)+ 1> p(R).

Thus z belongs to the unique unbounded connected component of X\ B(p, R), and likewise
for y. We deduce that there is a path v, connecting = and y that avoids B(p, R). As X is
C'—coarsely simply connected, v, and v, are C'—coarsely homotopic. This concludes the
proof. [

In particular, Theorem 2.3.2 indeed generalises Theorem 2.2.5. Note also that finitely
presented one-ended groups have the thick bigon property.

On the other hand, the following notion allows to also consider some infinitely presented
groups.

Definition 2.3.7. Let X be a metric space and let P be a collection of uniformly coarsely
embedded subspaces. We say that X is fleshy relative to P if:

+ There is C' > 0 and a map p such that any P € P is C'—coarsely simply connected
and p—uniformly one-ended,;

« For any =,y € X, there exist P;,..., P, € Psuchthatx € P,y € P, and P, n P4
is unbounded forany 1 <i<n — 1.

A metric space X is fleshy if it is fleshy relative to some collection of subspaces.

Proposition 2.3.8 ([GT24a, Proposition 3.6]). Let X be a geodesic metric space. If X is
fleshy, then X has the thick bigon property.

It is proved in [GT24a, Proposition 3.9] that wreath products £ H with F infinite and
H non-trivial are fleshy. In particular, such wreath products have the thick bigon property.

On the other hand, wreath products F'{ H, with F' a non-trivial finite group, do not have
the thick bigon property. Indeed, if it were the case, applying Theorem 2.3.2to Z = F 1 H
and p = Id would show that the identity must have its image completely contained in the
neighbourhood of an H —coset, which is obviously not the case. The same argument shows
that any halo product . H which is full and whose L(H) is locally finite cannot have the
thick bigon property. This encompasses lampshufflers and lampcloners.

Let us also mention another sufficient condition for a group to have the thick bigon

property.

Lemma 2.3.9 ([GT24a, Lemma 3.14]). Let G be a group with a finite generating set S. If
H < G is a finitely presented one-ended subgroup of G such that |H n sHs™'| = oo for every
s e S, then G is fleshy.

Proof. Fix z,y € G and write v~ 'y = s; ... s, as a product of generators and their inverses.
Consider the sequence of H —cosets

xH,xs1H,...,xs1...8,_ 1H,xs1...5,H =yH.
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Forany 0 < i <n—1,xs1...5(H n siHHs;rll) is contained in the 1—neighbourhood
of xsy...s;H and of x5y ... s;5;41H, and is unbounded by assumption. It follows that G is
fleshy relative to {(¢H)™* : g € G}. O

For instance, this result implies that any finitely generated group with a normal one-
ended finitely presented subgroup has the thick bigon property.

Another family of groups that is captured is the one of permutational wreath products,
that will be of special interest for us.

Corollary 2.3.10. Let F' and H be non-trivial finitely generated groups. If H is one-ended
and finitely presented, and if K < H is infinite, then ' /i H is fleshy. In particular, it has
the thick bigon property.

Proof. Fix finite generating sets R — F'and S © H. Foreverys€ S, H nsHs ! = H is
infinite, and for r € F, H nrHr~! is infinite since it contains K. Thus Lemma 2.3.9 applies
and shows that I {y/x H is fleshy. ]

Lemma 2.3.9 can also be used to prove the following theorem.

Theorem 2.3.11 ([GT24a, Theorem 3.12]). Let G be a finitely generated group. If G is not
virtually cyclic and contains a normal free abelian subgroup of positive rank, then G satisfies

the thick bigon property.

In particular, we have:

Corollary 2.3.12. If a finitely generated torsion-free group is solvable but not cyclic, then it
satisfies the thick bigon property.

For instance, the corollary shows that all free solvable groups have the thick bigon prop-
erty, even though they are infinitely presented [Cor06, Corollary 2.14].

Lastly, the next criterion is of independent interest, even though it is used in [GT24a] as
a step towards the proof of Theorem 2.3.11.

Proposition 2.3.13 ([GT24a, Proposition 3.16]). Let G be a finitely generated group. If G
contains an infinite normal subgroup N <1 G of infinite index which is finitely generated, then
G satisfies the thick bigon property.

Here, the assumption of finite generation of the subgroup N cannot be removed: indeed,
the lamplighter G = Z/2Z  Z* has @, Z/2Z as a normal subgroup of infinite index, and
yet GG does not have the thick bigon property.

An elementary but still crucial fact, left unproved in [GT24a], is that the thick bigon
property is a quasi-isometry invariant among geodesic metric spaces.

Proposition 2.3.14. Let X andY be geodesic metric spaces. If X andY are quasi-isometric,
and if X has the thick bigon property, then'Y has the thick bigon property.

Proof. Suppose that f is a (C, K')—quasi-isometry, with any point of Y being at distance
< K from f(X). It is well-known that if two paths are C'—coarsely homotopic in X and
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f: X — Y isaquasi-isometry, then their images in Y are C’—coarsely homotopic for some
C’ = 0. See for instance [CH16, Proposition 6.A.7].

Next, let R > 0, and set L := C' - L’ + K, where L' is given by the thick bigon prop-
erty of X for R := C' - (R + K). Fix y;,y2 € Y, and choose 1,75 € X such that
d(y1, f(x1)),d(y2, f(x2)) < K. Connect z1,xs by some path v; as in the definition, so
that f(x1), f(x2) are connected by f (7). Fixing a geodesic [y1, f(z1)] < Y and a geodesic
[f(z2),y2] < Y, the concatenation

m= [y, fla)] o f(n) v [f(22), 2]

is a path from y; to yo. Now let p € n; be such that d(y;,p),d(y2,p) = L. From the
definition of L and the fact that y; (resp. y») is at distance < K from f(z1) (resp. f(x2)), p
necessarily lies on the subpath f (1) < 1;. Thenp = f(q) for some ¢ € 1, and additionally
d(q,z1),d(q,x2) = L’ since d(y1,p),d(y2,p) = L. Hence there exists 7, a path between
x1 and x5 that is C'—coarsely homotopic to y; and that avoids B(q, R’). Then f(72) avoids
B(p, R) and is C'—coarsely homotopic to f(;). We conclude that the concatenation

n2 = [y1, f(z1)] U f(72) U [f(22), y2]

is a path between y; and y, avoiding B(p, R) and C'—coarsely homotopic to 77;. Thus YV’
also has the thick bigon property. [

Figure 2.4: Configuration for the proof of Proposition 2.3.14

This result can be useful to distinguish up to quasi-isometry finitely generated groups
that have many geometric properties in common. For instance:

Proposition 2.3.15. Let d,r > 2. Then the free solvable group S, and Shuffler°®="(Z")
are not quasi-isometric.
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Indeed, S, has the thick bigon property, while Shuffler®@~1 (Z") does not. On the other
hand, many other invariants fail to distinguish these two groups: they have the same vol-
ume growth, the same number of ends, the same isoperimetric profile (see Proposition 5.5.12
below and [SZ15]), and both are infinitely presented.

The embedding theorem and its main assumption being stated, let us now turn to the
second step of the strategy: aptolicity.

Aptolicity. Asin the case of lamplighters over one-ended finitely presented groups [GT24b],
it is a consequence of the (upgraded) embedding theorem (cf. Theorem 2.3.2) that any quasi-
isometry

0: MA— NB
with M, N full, M(A), N(B) locally finite, and A, B having the thick bigon property,

is leaf-preserving, i.e. there is a constant R > 0 such that ¢ sends any A—coset into the
R—neighbourhood of a B—coset and has a quasi-inverse that does the same with roles of
A and B reversed. Thus, up to bounded distance, (¢ can be written as

p(e,p) = (ale), Be(p))

forall c e M(A) and p € A, for some bijection «: M(A) — N(B) and some collection of
maps 5.: A — B, indexed by c € M(A).

At this stage, it is not hard to derive that each [, is a quasi-isometry between A and
B, since ¢ is. Thus, it is already a consequence of the embedding theorem that M A and
N B being quasi-isometric implies that A and B are quasi-isometric under our running
assumptions.

But more is true: it turns out that all 3, lie at a uniform bounded distance from each
other, and thus ¢ itself lies at a bounded distance from an aptolic quasi-isometry, in the
sense that:

Definition 2.3.16. Let M A, N'B be finitely generated halo products. A quasi-isometry
©: MA —> N B is aptolic if there is a bijection o: M (A) — N(B) and a quasi-isometry
B: A — B such that

p(e,p) = (ale), B(p))

for all (¢,p) e MA.

This observation on the collection (/) cenr( 4) is proved with the help of geometric struc-
tures in halo products, called squares and ladders of leaves, that allow to detect geometrically
when two points in a halo group have close projections onto the base group.

To that end, we first construct an angular graph from a given halo product. Recall that
such a graph X comes with an angle map Z that assigns to each vertex u € X and each
pair of neighbours v,w € X a real number Z,(v,w). In such a graph, a subgraph Y is
called R—obtuse for some R > 0 if all anglesin Y are > R.

The angular graph that we construct from a halo product .2 H encodes how leaves are
organised in £ H.

Definition 2.3.17. Let .Z H be a finitely generated halo product. Let ¢ > 0. The graph of
leaves G.(.£ H) is the graph whose vertices are H —cosets in .Z H and whose edges connect
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two cosets whenever they are at distance < ¢. If P is a vertex of G.(Z H) and Q, R are
two neighbours of P in G.(.Z H), the angle Z p(Q, R) is the smallest distance between two
points of P respectively minimising the distance to () and R.

An important observation on this construction is that a leaf-preserving quasi-isometry
between halo products provides quasi-isometric graphs of leaves.

Proposition 2.3.18 ([GT24a, Proposition 4.33]). Let M A, N B be two finitely generated halo
products. For all C) K, e > 0, there exists ) > 0 such that any leaf-preserving (C, K)—quasi-
isometry ¢: MA — N B provides a bijective quasi-isometry p: G.(MA) — G, (N B)
such that:

« 1 sends two adjacent vertices to two adjacent vertices;

o there exist L, S > 0 such that

T Lo(QR)~ 8 < Lo (P(Q)PR) < L £p(QR)+ S

for all vertex P € G.(MA) and neighbours Q, R € G.(MA).

We can now introduce properly squares and ladders of leaves.

Definition 2.3.19. Let £ H be a finitely generated halo product. Let ¢, R > 0. An
(e, R)—ladder of leaves is a collection Py, Q1, Py, Qs, . .., Py, Q. of leaves such that:

o« Forany 1 < i < k — 1, P, (resp. ();) lies at distance < ¢ from P;_1, Q;, P;;1 (resp.

Qi-1, Bi, Qiv1);

« Forany 1 < i < k — 1, the square P;, P;;1,Q;+1, Q; is R—obtuse.

A (0,])2) (0,]91) ~
(c2,p2) (c1,11)
(027293) (Chpz)
(C.1+627p1) (014-6271:2)

Figure 2.5: An (g, R)—square of leaves in Z H.
In [GT24al], it is then proved that, for such a structure in a large-scale commutative halo
product, if a point (x, p) is close to both P, and (); and a point (y, ¢) is close to both P} and
1, then p and ¢ must be close in H:
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Theorem 2.3.20 ([GT24a, Theorem 6.3]). Let £ H be a finitely generated large-scale com-
mutative halo product. Let D > 0 be the corresponding constant. For all ¢, > 0 and
R > D+4¢+2r, forevery (¢, R)—ladder of leaves Py, Q1 . . ., Py, Qp, if (z,p) € P nQ{"
and (y,q) € P/" 0 Q}", thend(p,q) < 6n + ¢.

A halo product .Z H over a finitely generated group H = (Sy ) is large-scale commuta-
tive if there is a constant D > 0 such that, for any R, S < H with dg,, (R, S) = D, the sub-
groups L(R) and L(S) commute. Moreover, if > 0 and if two points (z, p), (y,q) € LH
are as in the statement, we say that (x,p) and (y, q) are —connected. Thus, the previ-
ous theorem is saying that, in a large-scale commutative halo group, if two points are
n—connected by a ladder whose squares have big enough angles, then the projections of
our two points must be close in the base group.

(y,9)
< N
P (ot e - Q,
: I <e I
P4 é}z\/_‘ < > Qi1
' s
. >R . .

:Q

Figure 2.6: Configuration from Theorem 2.3.20

The last terminology we need is that of the altitude of a halo product. Intuitively, it
corresponds to the minimal number of ladders we need to connect any point of £ H to a
point of the coset H ¢ ¥ H.

Definition 2.3.21. Let £ H be a finitely generated halo product. Given ¢,n, R > 0, the
(e,7n, R)—altitude of .Z is the minimal number N € N u {0} such that, for any a € £ H,
there exist N + 1 points 2y = a, x1, . ..,z successively n—connected by an (&, R)—ladder
with xy € H.
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The main result of [GT24a, Section 6] states then that, between large-scale commuta-
tive halo products having finite altitude, leaf-preserving quasi-isometries are at bounded
distance from aptolic quasi-isometries.

Theorem 2.3.22 ([GT24a, Corollary 6.11]). Let M A, N'B be two finitely generated large-
scale commutative halo groups. For all C, K, e,&’ > 0, there exists () > 0 such that, if M has
finite (¢,¢', QQ)—altitude, then every leaf-preserving (C, K )—quasi-isometry MA — N B
lies at bounded distance from an aptolic quasi-isometry.

Proof. Let L, S,n > 0 be the constants given by Proposition 2.3.18, and let D be the large-
scale commutativity constant for V. Fix any ) > 0 such that Q > L(D + 4n + 2ry + S).
Let ¢: M A —> N B be a leaf-preserving (C, K')—quasi-isometry, and write it as

p(e,p) = (ale), Be(p))

for some bijection a: M(A) — N(B) and (C, K)—quasi-isometries J.: A — B, ¢ €
M(A).

Let (¢, p) € MA. Since M has finite (¢, €', Q) —altitude IV, there exist k < N+1 points zy =
(¢,p),z1,...,2K := (1,q) € A such that z; and z;,; are &’—connected by an (&, Q) —ladder
of leaves, for every 0 < ¢ < k — 1. Applying Theorem 2.3.20 k times, it follows that

d(p, q) < k(6" + ¢).

Using Proposition 2.3.18, we also know that, for any 0 < i < k — 1, ¢(z;) and ¢(z;,1) are
(Ce’ + K')—connected by a (7, % — S)—ladder of leaves in N'B. Thus, applying once again
Theorem 2.3.20 k times, we deduce that

d(ﬁc(p), 51(61)) < k(6Ce" + 6K + n)
and thus it follows that

d(Be(p), B1(p)) < d(Be(p), B1(q)) + d(B1(q), Br(p))

<d
< k(6Ce" +6K +n)+C-dp,q) + K
< k(6Ce + 6K +1) +C - k(6 +¢) + K.

Hence any [, lies at bounded distance from f3;, so we conclude that ¢ lies at bounded
distance from the aptolic quasi-isometry (¢, p) — («(c), 51(p)). O

Thus, to apply Theorem 2.3.22 in a concrete example, it is enough to check that the
halo product we consider has finite altitude. This is done in [GT24a, Lemmas 6.12-6.16] for
wreath products, lampjugglers, lampdesigners and lampcloners.

Growth of lamps. From here, we therefore know that any quasi-isometry between two
halo products can be chosen aptolic, under appropriate assumptions on the base groups
and the halos. To derive information and notably scaling properties for quasi-isometries
between the base groups, the idea is, roughly speaking, to look at “how big” a coset of
L(S) in ZH (for S c H) is, and then, to quantify the speed at which L(S) grows when S
gets bigger and bigger. When our halo product .Z H has its subgroup L(H) locally finite, it
suffices to consider cardinalities of cosets of L(S). To introduce the corresponding function,
we require additional terminology.
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Definition 2.3.23. Let H be a group, and let .2 H be a halo product over H. We say
that £ H has finite blocks (resp. finitely generated blocks) if L(.S) is finite for any S ¢ H
L(S)| only depends on |S|, we say that £ H

(resp. finitely generated). If, furthermore,
is consistent.

In practice, consistent halo products encompass all classes we are interested in, namely
lamplighters, lampjugglers and lampcloners.

Definition 2.3.24. Let £’ H be a consistent halo product over H. The lamp growth sequence
of £ H is the function A ¢ : N — N defined by

Agp:n— |L(S)|, where |S| = n.

n
s

For instance, if F' is a finite group, the lamp growth sequence of F1 H is Apyy(n) = |F
while for lampjugglers it is

Ashutier, (1) () = (rn)!.

Other examples are contained in [GT24a, Facts 7.12-7.16].

In our strategy, growth of lamps is relevant because it turns out that, when looking at an
aptolic quasi-isometry M A — N B of the form (¢, p) — (a(c), 5(p)), the map o must
actually send a coset of a subgroup of the form M (S) < M(A) to a coset of a subgroup of
the form N(S) ¢ N(B), where S is constructed from S using (3 and the parameters C, K
of the quasi-isometry. This observation is proved in [GT24b, Lemma 3.5] for lamplighters
and in [GT24a, Lemma 7.4] for general halo products.

This observation then allows to show that the behaviour of the lamp growth sequence is
invariant when applying aptolic quasi-isometries. For the statement, recall that a sequence
u: N — N dominates a sequence v: N — N, written v < w, if there is C' > 0 such that
v(n) <u(Cn),andu ~vifu < vandv < u.

Corollary 2.3.25 ([GT24a, Corollary 7.11]). Let M A, N'B be two finitely generated consis-

tent halo products with M (A), N(B) locally finite. If there exists an aptolic quasi-isometry
MA — N'B, then Apia ~ Anp.

The invariance of the asymptotic behaviour of the lamp growth sequence is already
powerful enough to distinguish geometrically halos of different nature.

Corollary 2.3.26. Let I/, F' be non-trivial finite groups. Let G, H, I, K be finitely generated
groups with the thick bigon property. Let T be a finite field and let s > 1 be an integer. Then:

(i) The lamplighter FXG is not quasi-isometric to Shufflers(H ), Designer (1) or Cloner¢(K).

(ii) The lampjuggler Shuffler,( H) and the lampdesigner Designer (1) are not quasi-isometric
to the lampcloner Cloners(K).

On the other hand, the equivalence class of the lamp growth sequence under the relation
~ does not allow to distinguish halos of the same kind, for instance two lamplighters or
two lampjugglers. We must compare more subtly the behaviour of these two sequences. To
this end, [GT24a] introduces the notion of interlaced sequences.
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Definition 2.3.27. Let A: N — N. Given two sequences u,v: N — N, we say that they
are A—interlaced if there exist C' > 0 and a sequence (z,),en such that z,, = O(n) and
such that

u(n) divides v(x,,), which divides u(n + C - A(n))

forany n > 1.

The function A to consider when working with lamp growth sequences of halo groups
is the boundary growth function A = B.

Definition 2.3.28. If X is alocally finite graph, its boundary growth function is the function
Bx: N — N defined by

Bx(n) := min{|0S]| : S © X connected of size n}.

The presence of an aptolic quasi-isometry between two halo products then forces lamp
growth sequences to be B—interlaced.

Proposition 2.3.29 ([GT24a, Proposition 7.22]). Let M A, N'B be finitely generated consis-
tent halo products with M(A), N(B) locally finite. If there exists an aptolic quasi-isometry
MA — N B, then A4 and Ayp are B y—interlaced.

As an application, this property allows to detect an arithmetic condition on the cardi-
nalities of the lamp groups when two lamplighters are quasi-isometric. The next statement
generalises the one already proved in [GT24b].

Proposition 2.3.30 ([GT24a, Proposition 7.23]). Let E, F' be non-trivial finite groups. Let
G and H be finitely generated groups satisfying the thick bigon property. If E2 G and F'{ H
are quasi-isometric, then |E| and |F'| have the same prime divisors.

Proof. By Theorem 2.3.2, our quasi-isometry ¢ quasi-preserves leaves, hence by Theo-
rem 2.3.22, it lies at bounded distance from an aptolic quasi-isometry. It thus follows from
Proposition 2.3.29 that A g, and A gy are Bg—interlaced. In particular, there is a sequence
(Zn)nen such that Agg(n) = |E|" divides Apyy(x,) = |F|*", and thus any prime divisor
of |E| also divides |F'|. The same reasoning applied to a quasi-inverse of ¢ shows that a
prime divisor of | F'| also divides | E'|. This concludes the proof. O

For lampcloners, one can deduce from Proposition 2.3.29 that the characteristic of the
underlying field is a quasi-isometry invariant.

Proposition 2.3.31 ([GT24a, Proposition 7.24]). Let T, T be two finite fields. Let G and H be
finitely generated groups satisfying the thick bigon property. If Cloner¢(G) and Cloners (H)
are quasi-isometric, then T and ' have the same characteristic.

Amenability adds rigidity. All previous statements hold in a general situation, regard-
less of (non-)amenability of the groups. However, it turns out that, as already highlighted
in [GT24b], stronger rigidity statements hold if we additionally know that our groups are
amenable. Indeed, thanks to aptolicity, we know that a quasi-isometry between halo prod-
ucts implies the existence of a quasi-isometry between the base groups, and thanks to
amenability, this induced quasi-isometry must be measure-scaling. This statement is proved
once again by looking at the asymptotic behaviour of lamp growth sequences.
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Definition 2.3.32. Let u,v: N — N be two non-decreasing sequences. Let r > 0 be a real
number. We write u <, v if there exists ¢t € N such that

u(k) < vo(|rk] +1)
for all sufficiently large k£ € N. We write u >, v if u <, v and v <1 w.

Then, it is proved in [GT24a] that such a relation between lamp growth sequences of
our halo groups provides scaling properties.

Proposition 2.3.33 ([GT24a, Proposition 8.3]). Let M A, N' B be finitely generated consis-
tent halo products, with M (A), N(B) locally finite. Let a: M (A) — N(B) be a bijection
and 3: A — B be a quasi-isometry such that
MA — NB
(e;p) — (ale), B(p))
is a quasi-isometry. If Axrp ™y, Aaqa for some k > 0, then 3 is quasi-k-to-one.
As an illustration, for lamplighters, Theorem 2.2.1 can be strengthened as follows.

Theorem 2.3.34 ([GT24a, Theorem 8.6]). Let F, F' be non-trivial finite groups. Let G and H
be finitely generated amenable groups satisfying the thick bigon property. If E1 G and F'1 H
are quasi-isometric, then there exist a,r,s > 1 such that |E| = a" and |F| = a°, and there
exists a quasi-*-to-one quasi-isometry G — H.

Proof. Fix a quasi-isometry ¢: £ G — F' ! H. By Theorem 2.3.2, ¢ is leaf-preserving,
and by Theorem 2.3.22, it can be taken aptolic, and we write it as

w(e,p) = (a(e), B(p)), (¢,p) € EXG.

Applying Proposition 2.3.29, it follows that there exist sequences (z,)nens (Yn)nen Such
that x, = O(y,) and Apg(z,) = |E|*™ divides Apg(y,) = |F|¥, which itself divides
Apa(yn + o(n)) = |E|¥»+°™) Thus, if p > 2 is prime, we get that

20 val(|E]) < g - val,(|F]) < (g + 0(n)) - val, (| E])

whence val, (| E|) = 0 if and only if val,(|F'|) = 0, i.e. p divides |E| if and only if p divides
valp (| E])

| F|. Additionally, the sequence (3*)nen converges to for every prime p dividing | E|

val, (| F])
and |F'|. Thus, the latter cannot depend on p, and there exist r,s = 1 such that
val,(|E|) 7
val,(F]) ~ s

for any prime p dividing |F| and |F'|. Thus there exists a > 1 such that |[E| = a" and
|F| = a®.

To conclude, it remains to notice that
s S
Apin(n) = |F" = o < @D < A (| ] +1)
r

for any n € N, thus Apzy s A g . Similarly, we prove that A g < App. Thus Apy s

A g, and it follows from Proposition 2.3.33 that 3 is quasi--to-one. [
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The authors of [GT24a] derived similar statements for lampjugglers, lampdesigners and
lampcloners. For instance:

Theorem 2.3.35 ([GT24a, Theorem 8.7]). Let H and K be two finitely generated amenable
groups satisfying the thick bigon property. Let r,s > 1 be two integers. Then Shuffler,.(H)

and Shuffler,(K') are quasi-isometric if and only if there exists a quasi-* -to-one quasi-isometry
H— K.

As a consequence:

Corollary 2.3.36 ([GT24a, Corollary 8.9]). Let H and K be finitely generated amenable
groups satisfying the thick bigon property. Then Shuffler(H) and Shuffler(K') are quasi-
isometric if and only if H and K are biLipschitz equivalent.

2.4 Scaling groups of halo products

From Genevois and Tessera’s results about the quasi-isometric classification of halo prod-
ucts and their method of proof explained above, we can deduce the following:

Corollary 2.4.1. Let H and K be finitely generated amenable groups with the thick bigon
property. If £ is either:

« Z(-) = F () where F is a non-trivial finite group;
« Z(-) = Shufflers(-), where s > 1;
o Z(-) = Designer(-) where I is a non-trivial finite group;
« Z(-) = Cloner¢(-) where f is a finite field;
then any quasi-isometry X H — £ K is measure-scaling. In particular, So(X H) = {1}.

The proof of the corollary relies on the following intermediate observation, proved
in [GT24b, Lemma 3.10] for lamplighters over one-ended groups and mentioned in [GT24a,
Section 9].

Lemma 2.4.2. Let H and K be finitely generated groups, and let £ H and £ K be two halo
products over H and K. Let o«: L(H) — L(K) and 3: H — K be two maps such that

o: ZH— LK
(¢,p) — (alc), B(p))

is a quasi-isometry. If 3 is quasi-k-to-one for some k > 0, then ¢ is quasi-k-to-one.

Proof. Denote by 7y (resp. mx) the projection of £ H (resp. -Z K) onto the second factor
H (resp. K). Fix a finite subset A ¢ £ K. Let C = L(K) be the collection of all elements
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of L(K) appearing as first coordinate of an element of A, and for any c € C, let A. = A be
the subset of all elements of A having c as first coordinate. We then have

A=|_|Ac

ceC

and then |A| = Y . A, |¢7HA)] = Dc I 1 (AL)|- Now, if we set B, := mx(A.) for
any c € C, we have |A.| = |B,| and |p~(A.)| = |87 (B,)| since 7k o p = o my. We then
deduce that

[KIA] = o7 (] < X5 [k A = o7 (A

ceC
=N [k[Be| — 1871(B.)|
ceC
< C- ) |0kB|
ceC

where C' > 0 is the constant coming from the quasi-k-to-one estimate of 3. It now remains
to notice that 04k A contains | | .{c} x 0k B. to conclude that

KAl = ¢ (Al < C - [0zx Al
as was to be proved. Thus ¢ is quasi-k-to-one. [

Proof of Corollary 2.4.1. As explained above, it is proved in [GT24a, Corollary 6.11 and Lem-
mas 6.12-6.16] that any quasi-isometry between . H and .Z K is, under our assumptions, at
bounded distance from an aptolic quasi-isometry p: LH — LK, ¢(c,p) = (a(c), 5(p)).
Since quasi-isometries that are at bounded distance from scaling quasi-isometries are them-
selves scaling by Proposition 1.5.5, and since aptolic quasi-isometries are scaling if their
second components are scaling by Lemma 2.4.2, it only remains to see that 5: H — K is
measure-scaling. This fact is proved in [GT24a, Section 8.1] for lamplighters, in [GT24a,
Section 8.2] for lampshufflers and lampjugglers, in [GT24a, Section 8.3] for lampdesigners
and in [GT24a, Section 8.4] for lampcloners. [
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Chapter 3

On the quasi-isometric classification of
permutational wreath products

This chapter presents the content of [Dum24].

3.1 Imntroduction . . . . . . . . L 109
3.2 Preliminaries on coarse separation and quasi-median geometry . . . ... ... .. 116
3.3 The embedding theorem for permutational wreath products . . . . . ... ... .. 121
3.4 Large-scale geometry of permutational lamplighters . . . . . ... ... ... ... 130
3.5 Constructing quasi-isometries of permutational wreath products . . . .. ... .. 150
3.6 Consequences of Theorem IILA . . . . .. ... ... ... ... . ......... 158
3.7 Concluding remarks and questions . . . . . ... ... ... ... .. 166

3.1 Introduction

In his groundbreaking work in the 80’s and 90’s [Gro81; Gro93], Gromov initiated the pro-
gram of classifying finitely generated groups up to quasi-isometries. The motivation for
this program is that the large-scale geometry of such a group may be in fact deeply related
to its algebraic structure, as shown for instance by Gromov’s celebrated theorem on groups
of polynomial growth [Gro81] or Stallings’ theorem about multi-ended groups [Sta68].

Much progress has been made since then towards understanding the quasi-isometries
of various classes of groups, and some groups are even known to be quasi-isometrically
rigid. Here, a group G is quasi-isometrically rigid if any group which is quasi-isometric
to G is in fact isomorphic to a finite-index subgroup of G, to a quotient of G by a finite
normal subgroup, or contains G as a finite-index subgroup. In this case as well, the connec-
tion between the geometry of the group and its algebraic structure is particularly strong
and explicit. For instance, abelian and non-abelian free groups are quasi-isometrically
rigid [Dun85], as well as mapping class groups [Beh+12], or solvable Baumslag-Solitar
groups BS(1,n),n = 2 [FM98].
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On the other hand, there are also many known invariants that allow to distinguish
groups up to quasi-isometries, including the volume growth, amenability, hyperbolicity,
the number of ends, or being finitely presentable. However, for many groups of interest,
these invariants are insufficient, and other methods must be developed.

One such class, whose quasi-isometries are hard to tackle, consists of permutational
wreath products. Recall that given two groups G, H and an action of H on a set X, the
permutational wreath product G 1x H is defined as

Gix H := (@G) x H

where H acts on the direct sum permuting the coordinates through its initial action on X.
In the particular case X = H and H acts on itself by left-multiplication, we only write
G ! H and we refer to this group as a (standard) wreath product, or a lamplighter group
when G is finite. Such groups are well-known and of interest in group theory for several
reasons, the main one being that on the one hand the explicit definition makes computations
possible, and on the other hand the definition is sufficiently elaborate to reflect unexpected
and interesting behaviours. They have been studied extensively in relation with many
topics of interests in geometric group theory, for instance amenability and isoperimetric
profiles [Ers03; MO10], Haagerup property [CSV08; CSV12], random walks [LPP96; PSC02;
BE17], subgroup distortion [DO11; BLP15; Ril24], bounded cohomology [Mon22], fixed-
point properties [CK11; LS22; LS24] or coarse embeddability into Hilbert spaces and the
related compressions [Li10; Gen22; AT19].

For the large-scale geometric analysis of lamplighter groups, a first question that arises
naturally is then:

Question 3.1.1. Let F}, F5 be finite groups and let Hy, H5 be finitely generated groups.
When are F} ! H; and F; ! Hy quasi-isometric?

An important first piece of answer have been brought by Eskin-Fisher-Whyte in [EFW12;
EFW13], where they prove that if H; is two-ended, then £} ! H; and F5 ! H, are quasi-
isometric if and only if H;, H, are quasi-isometric and | F} |, | F3| are powers of a common
number. However, the proof of this result heavily relies on the two-endedness assumption,
and does not seem to be replicable outside of this field. In a recent work [GT24b], Genevois
and Tessera obtained a complete classification of lamplighters over one-ended finitely pre-
sented groups. More precisely:

Theorem 3.1.2. Let I, F, be non-trivial finite groups and Hy, Hy be two finitely presented
groups. Suppose that H, is one-ended.

« If Hy is amenable, then Fy ! H, and F» ! Hy are quasi-isometric if and only if there
exist k,ny,no = 1 such that |Fy| = k™,
quasi-isometry Hy — Ho.

Fy| = k™ and there exists a quasi-7,2-to-one

« If Hy is not amenable, then Fy ! Hy and F5 ! Hy are quasi-isometric if and only if H,
and Hy are quasi-isometric and | Fy|, | F»| have the same prime divisors.
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We refer the reader to Definition 1.5.1 for the definition of quasi-k-to-one quasi-
isometries and the related scaling groups Sc(+).

The strategy employed for the proof of Theorem 3.1.2 in [GT24b] is completely different
from that of [EFW12; EFW13], and relies crucially on quasi-median geometry and the as-
sumption that groups over which we consider wreath products are finitely presented and
one-ended.

More recently, Genevois and Tessera showed in [GT24a] that their techniques can also
be applied to a wider class of groups generalizing lamplighter groups, and exhibiting a com-
mon halo structure. Such a class encompasses standard wreath products, but also lampshuf-
flers, lampdesigners, nilpotent wreath products and many other variations. This allows to
extend, at least partially, the classification provided by Theorem 3.1.2. In another work with
Bensaid [BGT24], they also extended their methods to some standard lamplighters with in-
finite lamp groups, putting into the picture the notion of “coarse separation” that, roughly
speaking, generalizes (non-)one-endedness.

However, one classical variation of standard wreath products remains out of the field
covered until now, that of permutational wreath products with infinite stabilizers (the fi-
nite stabilizers case is contained in [GT24b] as a consequence of Theorem 3.1.2). Indeed,
methods from [GT24a] do not apply to these groups, according to [GT24a, Corollary 4.26].
Our main result is a complete classification of some of these permutational wreath products
up to quasi-isometry:

Theorem III.A. Let E, F' be two non-trivial finite groups. Let G, H be finitely presented
groups, with finitely generated normal infinite subgroups M < G, N <@ H. Suppose that M
has infinite index in GG, and that G' (resp. H) is not coarsely separable by any collection of

subspaces that uniformly quasi-isometrically embed into M (resp. N). The following claims
hold.

« If M is co-amenable in G, then E gy G and Fly v H are quasi-isometric if and only
if |E| =n",|F| = n® for somen,r,s > 1 and there exists a quasi-isometry of pairs
(G, M) — (H, N) inducing a quasi-®-to-one quasi-isometry G/M — H/N.

« If M is not co-amenable in G, then E iq/y G and F iy n H are quasi-isometric if and
only if |E| and |F| have the same prime divisors and there exists a quasi-isometry of

pairs (G,M) — (H, N).

Here, a quasi-isometry f: G — H is a quasi-isometry of pairs if it sends any M —coset
at finite Hausdorft distance from an N —coset, and we write f: (G, M) — (H, N). More-
over, such a map always induces a quasi-isometry between the quotients G/M and H/N,
unique up to bounded distance. See Definition 1.6.1 and Proposition 1.6.3 for more details.

Recall also that a subgroup M < G is co-amenable in G if the quotient group G/M is
amenable. See Section 1.3.2 for further details.

Next, notice that in this statement, the assumption on the index of M in G is not restric-
tive. Indeed, if M has finite index in G, then E g/ G is quasi-isometric to G, so E g/ G
and F'ly/y H are quasi-isometric if and only if G and H are.

The other assumptions in the statement of Theorem III.A seem to be, at least at first
glance, very restrictive. In particular, the systematic study of coarse separation of spaces,
although the notion already appeared at various places in the literature under different
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formulations (see e.g. [DK18, Section 9.7], [FS96; Mar21]), seems to have been initiated
only very recently in [BGT24]. Moreover, the latter focuses essentially on coarse separation
by subspaces of subexponential growth, and the global picture remains to be established.
We refer to [BGT24, Section 7] for a deeper discussion and several open questions on the
subject, and to [BGT26a; BGT26b] for the relation between coarse separation and splittings
in hyperbolic and right-angled Artin groups.

However, assumptions of Theorem III.A are satisfied in a number of classical cases, and
combining it with results from [GT24a; BGT24] already allows us to derive many applica-
tions. The following example is the one that motivated the search for a general criterion.

Corollary IILB. Let E and F' be two non-trivial finite groups, and let m,m’,n,n’ be four
integers such thatm = n = 2,m’' = n' = 2. Then Elzn Z™ and Flyw Z'™ are quasi-isometric
if and only if m = m/, n = n’ and |E|, |F'| are powers of a common number.

For this result (resp. Corollary IIL.F and Proposition III.H below), we refer to Section 3.7,
more precisely to Question 3.7.6, for a discussion on the assumption n,n’ > 2 (resp. n = 2,
k= 2).

In fact, the proof of this corollary shows that we can reformulate Theorem IIL.A in the
case of permutational wreath products over base groups that are direct products.

Corollary III.C. Let E and F' be two non-trivial finite groups, and let M, K be infinite
finitely presented groups. Suppose that K is amenable, and that G := M x K is not coarsely
separable by any collection of subspaces that uniformly quasi-isometrically embed into M.
Then E i G and F i G are quasi-isometric if and only if there exist n,r,s > 1 such that

|E| =n', |F| =n°and % € Sc(K).

Here also, we refer to Definition 1.5.11 for the definition of scaling groups of finitely
generated groups.

Hence one can classify up to quasi-isometry many permutational wreath products over
a direct product for which the scaling group is known, such as free abelian groups, solvable
Baumslag-Solitar groups or SOL(Z) (see Proposition 1.5.12).

As another consequence of Theorem III.A, we may also classify permutational wreath
products over a group which is not necessarily a direct product, if the quotient has trivial
scaling group:

Corollary IIL.D. Let E and F' be two non-trivial finite groups. Let G be a finitely presented
group with a finitely generated normal infinite subgroup M <G of infinite index. Suppose that
M is co-amenable in G, and that G is not coarsely separable by any collection of subspaces
that uniformly quasi-isometrically embed into M. If Se(G/M) = {1}, then Eq/n G and
F/m G are quasi-isometric if and only if |E| = |F|.

On the other hand, Theorem III.A also applies to many permutational wreath products
built over nilpotent groups. Indeed, such a group G is automatically finitely presented when
finitely generated, has all its subgroups finitely generated, and is not coarsely separated by
collections of subspaces having growth degree < deg(G) — 2 [BGT24, Theorem 1.5], where
deg(G) is the growth degree of G. For instance, if H is the Heisenberg group over the
integers, and Z(H) denotes its centre, then Z,, 1y zmy H and Z,, y/z(uy H are quasi-
isometric if and only if n and m are powers of a common number.
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We also emphasize that assumptions of Theorem III.A are not necessary for proving both
directions of the equivalences. In fact, when constructing quasi-isometries of permutational
wreath products from the data of a quasi-isometry of pairs between the base groups, we
can get rid of the finite generation and coarse separation assumptions on the subgroups,
as well as the finite presentation on the groups. Especially, in the case of non-co-amenable
subgroups, we obtain a wide range of quasi-isometric permutational wreath products:

Proposition IILE. Let n,m > 2 be two integers, and let G and H be finitely generated
groups with normal subgroups M < G, N < H. Assume that M is not co-amenable in G.
If there exists a quasi-isometry of pairs (G, M) — (H, N) and if n and m have the same
prime divisors, then there exists a quasi-isometry

Zy v G —> Lyl H.

In addition, in [GT24b], the authors use Theorem 3.1.2 to deduce a classification of
wreath products over amenable finitely presented one-ended groups up to biLipschitz
equivalences [GT24b, Corollary 1.15]. Precisely, they proved, under the above hypothe-
ses, a strong rigidity statement: Z,, ¢ H and Z,,, ! H are biLipschitz equivalent if and only if
n=m.

For permutational wreath products, we observe more flexibility than in the standard
case. For instance:

Corollary IILF. Let EY and F' be two non-trivial finite groups, and let m,n be two integers
such thatm > n > 2. Then Ezn Z™ and F' 1zn Z™ are biLipschitz equivalent if and only if
|E| and |F| are powers of a common number.

This result can be seen as an extension of [Cor06, Proposition A.2], and provides exam-
ples of biLipschitz equivalent permutational wreath products over non-biLipschitz equiva-
lent lamp groups. It is in fact a particular case of Proposition 3.6.1 below, proved using the
same techniques as for Theorem IIL.A.

Notice also that the assumption of co-amenability of the subgroup in Corollary IILF is not
restrictive at all: if M <G is not co-amenable, one directly deduces from Theorem III.A and
Whyte’s theorem (see Theorem 1.5.2) that Eg/y G and iy v H are biLipschitz equivalent
if and only if | E|, | F'| have the same prime divisors and there exists a quasi-isometry of pairs
(G,M) — (H,N).

Lastly, our classification can also be used to classify wreath products whose base groups
are themselves permutational wreath products. For instance, the non-amenable part of
Theorem III.A together with results from [GT24a] provide:

Corollary III.G. Let n,m,p,q = 2 be four integers. Let H be a one-ended finitely pre-
sented group, and let N <\ H be a normal finitely generated infinite subgroup of infinite index.
Suppose that N is not co-amenable in H, and that H is not coarsely separable by any col-
lection of subspaces that uniformly quasi-isometrically embed into N. Then the lamplighters
Z, 0 (Zytuyn H) and Z,, 1 (Zg tu/n H) are quasi-isometric if and only if n and m have the
same prime divisors, and p and q have the same prime divisors.

The proof of this statement is decomposed into several intermediate statements, that
are themselves of independent interest for the study of rigidity and flexibility properties of
such iterated wreath products.
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On the amenable side, an additional scaling condition is required. We compute then the
scaling groups of some permutational wreath products in Section 3.6, thus proving:

Proposition IILLH. Let n,m,p,q,d,k > 2 be integers such that d > k > 2. Then the
lamplighters Z,, 1 (Z, 1z Z%) and Z,, 2 (Z, 1zx Z%) are quasi-isometric if and only if n and m
are powers of a common number, and p and q are powers of a common number.

More generally, one can establish the classification up to quasi-isometry of many finitely
generated groups built out of different halos structures. For instance, if n,m,d, k > 2 are
four integers with d > k, the combination of Corollary IIL.LF and [GT24a, Corollary 8.9]
shows that Shuffler(Z,,1,+ Z%) and Shuffler(Z,,1,1 Z%) are quasi-isometric if and only if n and
m are powers of a common number, while if d = k, Shuffler(Z,, 1 Z¢) and Shuffler(Z,, 1 Z¢)
are quasi-isometric if and only if n = m.

Outlines of the proof of Theorem III.A. Let us now briefly explain the main steps in
order to deduce Theorem IILA.

The first part of the proof consists in proving that any quasi-isometry between two
permutational wreath products always preserves, up to a finite distance, cosets of the base
groups. This statement follows from a general embedding theorem:

Theorem IILI. Let F' be a finite group. Let H be a finitely generated group and N < H
a normal finitely generated subgroup of infinite index. Let A be a coarsely simply connected
graph, and let p: A — F /N H be a coarse embedding. Assume that p(A) is not coarsely
separable by any collection of subspaces that uniformly quasi-isometrically embed into N.

Then p(A) lies into the neighbourhood of an H — coset. Moreover, the size of this neighbour-
hood depends only on A, F', H and the parameters of p.

The proof strategy consists in factorizing our coarse embedding through a group that
“approximates” our permutational wreath product F' gy H in some suitable sense. For
extracting valuable information from this step, our approximation group needs to be not
equal to our original wreath product I iy y H. This observation follows from the fact
that N is normal and has infinite index in H. Then, our approximation group surjects onto
Fg/n H and sends specific subspaces, called leaves, to H —cosets. Thus we only have to
prove that the image of our graph under the factorization embedding lies close to a leaf.
This is done by noticing that the approximation group has a nice structure, since it splits
as a semi-direct product of H and a graph product of groups. This graph product exhibits
a quasi-median geometry, that we exploit in order to prove the desired claim.

This embedding theorem is similar in spirit to the ones proved in [GT24b] and
in [GT24a]. The main difference is in the construction of a geometric model of the ap-
proximation group. We must construct such a model taking into account the action of
on the quotient H/N.

As already mentioned, the proof of Theorem IILI is the step requiring most of our as-
sumptions, namely the finite presentation of the base groups, their non-coarse separation
by subspaces of the considered subgroups, and the finite generation of the subgroups.

In [GT24a; GT24b], the next step consists in using the property of preserving cosets of
the base group, referred to as leaf-preservingness, to deduce that all quasi-isometries be-
tween two wreath products (with additional assumptions) preserve the lamplighter struc-
ture in a strong way, namely they are all aptolic, in the sense:
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Definition 3.1.3. Let A, B, C, D be four finitely generated groups. A quasi-isometry q: A}
B — C D is of aptolic form if there exist twomaps a: @z A — P, Cand: B — D
such that

V(c,p) € AZB, Q(QP) = ((X(C),ﬂ(p)).

A quasi-isometry q: At B — C D is aptolic if it is of aptolic form and has a quasi-inverse
of aptolic form.

In the permutational case, it turns out that such a rigidity statement does not hold, and
we construct in Proposition 3.4.12 many examples of leaf-preserving non-aptolic quasi-
isometries between permutational wreath products. Loosely speaking, these examples
come from the fact that the lamplighter can control at the same time the color of all lamps
in a single coset.

This lack of aptolicity thus suggests that another strategy than the one followed
in [GT24b] is needed to reach the conclusion. The key observation is that the leaf-
preservingness property implies that the base groups must be quasi-isometric through a
quasi-isometry quasi-preserving the cosets of the subgroups. The proof of this claim uses
in a crucial way the fact that our subgroups are normal and the resulting parallelism be-
tween the cosets of the subgroups in the base groups. Once this claim is established, we
can cone-off cosets of the subgroups in our permutational wreath products and obtain in
this way an induced quasi-isometry between two standard wreath products. This induced
quasi-isometry turns out to be, up to finite distance, aptolic. This phenomenon can be
thought of as a form of relative aptolicity:

PropositionIIL.J. Letn,m > 2. Let G, H be finitely presented groups with finitely generated
normal infinite groups M <1 G, N < H. Suppose that G (resp. H ) is not coarsely separable by
any collection of subspaces that uniformly quasi-isometrically embed into M (resp. N ). Then
any quasi-isometry q: Z, .g/u G — Zm lay/n H induces a quasi-isometry

q": 2, 0G/M — Z,,V H/N
that lies at finite distance from an aptolic quasi-isometry Z,, ! G/M — Z,,  H/N.

Once we are reduced to an aptolic quasi-isometry between standard lamplighters, we
can then deduce our conclusion thanks to results from [GT24b].

Structure of the chapter. In Section 3.2, we fix our notations and we recall many con-
cepts and definitions on coarse and quasi-median geometry that are used throughout the
next parts. We also gather the results of other articles that will be useful for our applica-
tions.

Section 3.3 is devoted to the proof of the embedding theorem (cf. Theorem IILI) and
relies heavily on tools from quasi-median geometry recalled in Section 3.2.

Section 3.4 is the core of the article, and we prove in Theorem 3.4.1, roughly speaking,
the first half of Theorem IIL.A. In subsection 3.4.3, we show that the leaf-preservingness
property guarantees the existence of a quasi-isometry of pairs between the base groups
(Proposition 3.4.14). Subsection 3.4.4 introduces cone-offs of graphs and several results
regarding quasi-isometries between them. In subsection 3.4.5 we combine all these results
to prove Proposition II.J and Theorem 3.4.1.
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In Section 3.5, we prove the other half of Theorem III.A. We begin by proving Propo-
sition IILE in subsection 3.5.1 (cf. Corollary 3.5.4), because the non-amenable case is less
rigid than the amenable one and provides substantially more quasi-isometric permutational
lamplighters, and we treat the amenable case in subsection 3.5.2. We emphasize that these
results require much less assumptions on the subgroups under consideration. We finish the
proof of Theorem IIL.A in subsection 3.5.3.

Section 3.6 is devoted to some consequences of our main theorem. We prove Corollar-
ies II.B and III.C in subsection 3.6.1, Corollary IILF in subsection 3.6.2, and Corollary II1.G
and Proposition IIL.H in subsection 3.6.3.

Lastly, Section 3.7 records various questions related to the results of the article.

3.2 Preliminaries on coarse separation and quasi-

median geometry

3.2.1 Notations

In this text, all considered graphs are unoriented. If I is such a graph, V(I") refers to its
vertex set, and E(I") denotes its edge set.

Given a group GG, we denote 1 its neutral element, and if GG is generated by a finite set .S,
Cay(G, 9) refers to the Cayley graph of G with respect to S, that is the graph with elements
of G as vertices and edges are pairs of the form (g, gs) with g € Gand s € S U S~'\{1g},
while /g denotes the usual length function on G associated to S. If n > 1 is an integer, Z,,
stands for the cyclic group of order n.

If a, b, n are three integers, we write a = b [n] to say that a — b is a multiple of n.

Lastly, recall that, given n > 2 and a graph X, the lamplighter graph over X is the graph
L,(X)

« whose vertex-set is the set of pairs (¢, p) where ¢: V(X) — Z, is finitely supported
(i.e. ¢(x) = 1 for all but finitely many vertices x € V(X)) and p € V(X);

« whose edges connect (c1, p1) to (cz, po) if either ¢; = ¢9 and py, py are adjacent in X,
or if p; = p, and ¢y, o differ only on this vertex.

2—920—0

Figure 3.1: The lamplighter graph £,(edge).
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The set of finitely supported colourings V(X) — Z,, is denoted ZY ) n the special
case where X is a Cayley graph of a finitely generated group GG, we denote zy ) by '\,

3.2.2 Coarse separation

Definition 3.2.1. Let (X, dx) be a metric space, and let Z < P(X) be a collection of
subspaces of X. We say that Z coarsely separates X if there exist £ > 0 and L > 0 such
that for any D > 0, there exists some Z € Z such that X\Z +L contains at least two
k—coarsely connected components with points at distance > D from Z.

Naturally, the property of being coarsely separated is preserved by quasi-isometries:

Proposition 3.2.2. Let X and Y be two graphs. Let p: X — Y be a quasi-isometry. If a
collection of subgraphs Z < P(X) coarsely separates X, then ¢(Z) := {p(Z) : Z € Z} <
P(Y') coarsely separatesY .

Proof. Let p be a quasi-inverse of ¢ and let C' > 1, K > 0 be such that ¢, are
(C, K)—quasi-isometries and such that @ o ¢, ¢ o ¥ are at distance at most K from
the identities. Since Z coarsely separates X, there is some L. > 0 such that, for any
D > 0, one can find a subgraph Z € Z and two vertices u,v € V(X) at distance
> C*(C+ L+ K)+C(D + 3K) + L from Z*% and such that Z separates u and
v. Then one obtains that

dy (p(u), p(2) TN > dy (p(u), p(Z)) = C(L + C + K) — 2K
1
> E'dx<u,Z)—C(L+C+K)—3K
1 L
> — dy(u, Z™) — = — O(L K)—-3K
=D
and likewise dy (p(v), p(Z)HOEHCHROT2) > D, Now, we claim that

0(2)HCULFC+E)+2K) separates p(u) and ¢(v). Indeed, fix a path v < Y connecting

¢(u) to ¢(v). Then B(7) is a path in X, connecting @(yp(u)) to B(p(v)). Fixing paths

[u, B(p(u))], [v,B(p(v))] connecting u to B(y(u)) and v to P(p(v)) respectively, of length
< K, the concatenation

1= [u, P(pw)] v a(y) v v, 2(e(v))]

is a path connecting u and v. This path must therefore intersect Z**, and as
d(u, Z*%),d(v, Z*F) > K, it follows that the intersection point ¢ € n N Z™L must lie
on the subpath ©(y) < 7 (see Figure 3.1 below). The point ¢ is at distance < C' + K from

L+C+K)

a vertex w = @(p) for some p € 7. Then w e n N Z+ , hence

p(w) € p(B(7)) N (ZTEFTH)) @ T A p(Z) HOEFCHRITE)

using Lemma 1.5.6(iv), and p being at distance < K from ¢(®(p)) = ¢(w), we conclude

that

peEYN @(Z)+(C(L+C+K)+2K).
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2

Figure 3.2: Configuration of the proof of Proposition 3.2.2

Hence o(Z)T(C(E+C+K)+2K) separates p(u) and ¢(v). O

In fact, the property of being coarsely separated is also preserved by coarse equivalences.
See [BGT24, Lemma 2.3] for a general statement.

We record here one of the main result from [BGT24] on the coarse separation of groups
of polynomial growth, for our future applications.

Theorem 3.2.3 ([BGT24, Theorem 1.5]). Let G be a finitely generated group with polynomial
growth of degree d > 2. Then GG cannot be coarsely separated by a collection of subspaces
having growth degree < d — 2.

We refer to [BGT24, Theorem 1.5] for the proof of this statement.

3.2.3 Quasi-median geometry

We conclude this section by gathering useful tools for the proof of the embedding theorem.
For a more in-depth introduction on quasi-median geometry, we refer to [Gen17; GM19].

Definition 3.2.4. A connected graph X is quasi-median if it does not contain K35 and
K, (the graph obtained from the complete graph K, by removing an edge) as induced
subgraphs, and if it satisfies the following two conditions:

(i) For all vertices u,v,w € X such that d(v,w) = 1, d(u,v) = d(u,w) = k, there
exists a vertex x € X which is a common neighbour of v and w and which satisfies

d(u,z) =k — 1.
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(i) For all vertices u, v, w, z € X such that d(v, z) = d(w, z) = 1, d(u,v) = d(u,w) = k
and d(u, z) = k + 1, then there exists 2 € X a common neighbour of v and w so that
d(u,z) =k — 1.

These two conditions are usually referred to as the triangle condition and the quadrangle
condition.

Definition 3.2.5. Let X be a quasi-median graph. A hyperplane J is an equivalence class
of edges with respect to the transitive closure of the relation identifying two edges in a
common 3—cycle or two opposite edges in a common 4—cycle. The neighbourhood of .J,
denoted N(.J), is the subgraph generated by the edges of .J. The connected components
of the graph X\\.J obtained from X by removing the interiors of the edges of .J are called
the sectors delimited by J, and the connected components of N(.J)\\.J are the fibers of J.
Two distinct hyperplanes Jy, J; are transverse if .J, contains an edge in N (J;)\\J;.

Recall that in a quasi-median graph X, a subgraph Y < X is gated if for any vertex
x € X, there exists a vertex y € Y so that for any z € Y, there exists a geodesic from z to
z passing through y. Such a vertex is referred to as the projection of x onto Y. Note that a
gated subgraph is convex.

The next statement shows how combinatorics of hyperplanes in a quasi-median graph
encode information about the geometry of the graph. See [Genl17, Theorem 2.15] for a
self-contained proof.

Theorem 3.2.6. Let X be a quasi-median graph. The following claims hold.
(i) For any hyperplane J of X, X\\J has at least two connected components.

(ii) For any hyperplane of X, its sectors, neighbourhood and fibers are gated subgraphs of
X.

(iii) A path in X is a geodesic if and only if it crosses each hyperplane at most once.

(iv) The distance between two vertices of X coincides with the number of hyperplanes sepa-
rating them.

The next statement ensures that the Helly property provided above for finite families
of gated subgraphs actually extends to infinite families of sectors of hyperplanes, under
an additional assumption of finite cubical dimension. Recall that the cubical dimension of
a quasi-median graph X, denoted dim(.X ), is the maximal size of a collection of pairwise
transverse hyperplanes.

Lemma 3.2.7. Let X be a quasi-median graph with dim(X) < co. For every hyperplane J
of X, let J* be a sector. Assume that

(i) For any hyperplanes J,, Jo of X, J;" n J& # &.
(ii) Every non-increasing sequence J;” > J;5 > ... eventually stabilizes.

Then ﬂ J* is non-empty and reduced to a single vertex.
J hyperplane
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Another useful result using the cubical dimension is the following lemma [GT24b,
Lemma 5.8].

Lemma 3.2.8. Let X be a quasi-median graph and let x,y € X be two vertices. If k denotes
the maximal number of pairwise non-transverse hyperplanes separating x and y, then one has

d(z,y) < k- dim(X).

Graph products of groups. Let I" be a simplicial graph and let C = {G,, : u € V(I')} be
a collection of groups indexed by the vertices of I'. The graph product is the group denoted
I'C and defined by

re - < . Gu>/<<[g, h]: g€ Guhe G, {u,v} € BT,

ueV

The groups of the collection C are called the vertex-groups, and embed naturally into the
graph product. If G,, = G for all u € V/(I'), we denote the graph product I'G rather than
I'c.

Graph products of groups have recently attracted much attention since they provide a
unified way to study several classes of groups with a geometric flavour, such as Coxeter
or right-angled Artin groups (see [Gen17; GM19; GV20; Gen24]). They also provide good
examples of quasi-median graphs, as shown by the following theorem, proved in [Gen17,
Proposition 8.2].

Theorem 3.2.9. Let I be a simplicial graph and C = {G,, : u € V(I')} a collection of groups
indexed by the vertices of I'. Then the graph

OM(T',C) == Cay [ TC, | ] G.\{1}

ueV (T")
is a quasi-median graph of cubical dimension clique(T").

Recall here that clique(I") is the cardinality of a maximal clique of T".

Here also, when the collection C consists of a single group G, we will write QM(T", G)
instead of QM(I", C).

Additionally, we can relate cliques, prisms (i.e. maximal complete subgraphs) and neigh-
bourhoods of hyperplanes of this Cayley graph to the structure of the graph I'. The next
two lemmas are the content of [Gen17, Lemma 8.6] and [Gen17, Corollary 8.10].

Lemma 3.2.10. Let I" be a simplicial graph and C be a collection of groups indexed by V' (T").
The cliques of QM(I", C) coincide with the cosets of the vertex-groups.

In particular, for any v € V(I), the subgroup G, is a clique in QM(I'", C), and we denote
Ju the hyperplane dual to the clique G, (i.e. the edges of the clique GG, belong to the class of
edges formed by J,; cf. [Gen17, Definition 2.14]). As a consequence of [Gen17, Lemma 8.5
and Lemma 8.8], any hyperplane of QM(I", C) is a translate of some .J,,:
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Lemma 3.2.11. Let I be a simplicial graph andC = {G, : uw € V(I')} a collection of groups
indexed by the vertices of TI'. Let J be a hyperplane of QM(I", C). Then there exist « € I'C and
u € V(T') such that J = aJ,,.

For the next statement, recall that the star of a vertex u of I', denoted star(u), is the sub-
graph induced by u and its neighbours, while (star(u)) stands for the subgroup generated
by the vertices of star(u), identified with a subset of I.

Lemma 3.2.12. Let " be a simplicial graph and C be a collection of groups indexed by V (I").
Let u € V(I'). The cliques in J, are the cosets gG.,, where g € (star(u)). Consequently,

N(J,) = {star(u)).
An immediate consequence is the following useful fact.

Lemma 3.2.13. Let I be a simplicial graph and C be a collection of groups indexed by V (T").
Let J < QM(T',C) be a hyperplane, x € N(J), and C1,Cy < N(J) two distinct cliques
containing x. If Cy < J, then Cy and C5 span a prism.

Proof. Up to right-multiplying x by its inverse, we may assume that x = 1. Hence there
exist u,v € V(I') so that J = J,, C} = G, Cy = G,. By Lemma 3.2.12, v € star(u). Since
Cy # Cs, v must be adjacent to u, so that C'; and C span the prism G, ® G,. O

Definition 3.2.14. Let I" be a simplicial graph and C be a collection of groups indexed by
V(I'). Denote by
ETC — C—B Gy

ueV(T")

the canonical projection. For z € I'C, let 2¢ denote its image under &.

3.3 The embedding theorem for permutational wreath

products

This section is the central part of the article, dedicated to the proof of the embedding the-
orem. We first recall the statement from the introduction, before outlining the strategy of
the proof.

Theorem 3.3.1. Let F' be a finite group, H be a finitely generated group and N < H a normal
finitely generated subgroup of infinite index. Let A be a coarsely simply connected graph, and
letp: A — F /v H be a coarse embedding. Assume that p(A) is not coarsely separable by
any collection of subspaces that uniformly quasi-isometrically embed into N.

Then p(A) lies in a neighbourhood of an H— coset. Moreover, the size of this neighbourhood
depends only on A, F', H and the parameters of p.

The strategy towards the proof of Theorem 3.3.1 is as follows. First of all, we make use
of a well-known approximation theorem to factor our coarse embedding p into a group
obtained as a truncation of our initial permutational lamplighter " 1 /y H. In order to
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get a relevant factorization, the approximation needs to be non-trivial, i.e. not equal to the
whole F1y /v H, so we start to check that such permutational wreath products are infinitely
presented.

In a second step, we observe that these truncations are in fact semi-direct products of
H with graph products of copies of F', that are supported on Cayley graphs of H/N. Next,
we construct a geometric model of the Cayley graph of the approximation that, moreover,
captures the fact that H —~ H/N has a non-trivial stabilizer. Then, this approximation,
that we denote I op H naturally surjects onto /" /v H and this projection sends leaves,
i.e. natural copies of H inside F' or H, to H—cosets. Therefore, to conclude the proof
of the theorem, it is enough to prove that the image of the factorization of p lies into a
neighbourhood of a leaf of F' o H. We show this claim exploiting the median structure of
the Cayley graph of this graph product (cf. Theorem 3.2.9) and the non-coarse separation
assumption on the image p(A).

3.3.1 The approximation group

Here is the first ingredient towards the proof of Theorem 3.3.1. The idea is that a group
G having a presentation of the form (S | r1,73,...) can be coarsely approximated by its
finitely presented truncations G, = (S | 71,72,...,7,), p = 1 (see [GT25, Fact A.2], as
well as [BGT24, Lemma 6.21] and the references therein for more details on this strategy).
Denote 7,: G, = G the canonical morphism.

Theorem 3.3.2. Let A be a coarsely simply connected graph. For any coarse embedding
p: A — G, there exists p > 1 and a coarse embedding n: A — G, such that 7, on = p.

In our setting, to ensure that this theorem provides a non-trivial factorization of our
coarse embedding, we must check that our permutational wreath product F' y/n H is
infinitely presented. This is the content of the next lemma:

Lemma 3.3.3. Let I, H be non-trivial finitely presented groups, and let N < H be a normal
finitely generated subgroup of H of infinite index. Then Ity H is not finitely presented.

Proof. To get our conclusion, it is enough to show that at least one of the three conditions
of [Cor06, Theorem 1.1] does not hold. The first and second conditions are contained in
our assumptions, thus we show that the third condition does not hold, i.e. we must check
that the product action of H on H/N x H/N has infinitely many orbits. This follows from
the next claim:

Claim 3.3.4. Let (X, dx) be a metric space of infinite diameter, and let G be a group acting
isometrically on X. Then the product action G — X? has infinitely many orbits.

Proof of Claim 3.3.4. As X has infinite diameter, fix two sequences (ax)ren, (b )ken © X
such that dx (ag, b,) = k for any k € N. Towards a contradiction, suppose that G — X?
has finitely many orbits O, ..., O,. Then there exists i € {1,...,r} such that (ax, bs) € O;
for infinitely many k € N and thus we pick &, &’ € N such that dx (ax, bx) < k' and such that
(ax, by), (ap, ber) € O;. Hence, there is g € G such that (ay, by ) = g-(ax, by) = (g-ax, g-bx,),
and it follows that

dx (ar, br) < k' < dx(aw,bi) = dx(g - ag, g - by) = dx(ax, by)
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using in the last step that G — X is isometric. This contradiction proves that G —~ X? has
infinitely many orbits. u

In our case, assumptions of Claim 3.3.4 are satisfied, because the action of H on H/N is
isometric (when H /N is equipped with a word metric induced by a finite generating set)
and H/N has infinite diameter since N has infinite index. Thus F' ¢y v H is not finitely
presented. ]

We now give an explicit description of the truncations of our wreath product F'1y,x H.
The latter admits

(H,Fy (g H/N) | [Fi,n, Fy] (g€ H/N), hEgh™" = Fyy (he H,ge H/N))

as a presentation, where F} is a copy of I, for any g € H/N. Fixing S a finite subset of
H/N, we see that the truncation

(H,Fy(9ge H/N) | [Fiyn, Fy] (g €5), thh_l = Fy(he H,ge H/N))
of F'iy/n H can be rewritten as
(H,F, (g HIN) | [Fy F] (6 h e S), hEyh~™ = Fog (he H, g H/N)).

This is a presentation of a semi-direct product between H and a graph product of infinitely
many copies of F, the latter being supported on the graph I' = Cay(H /N, S). Denoting

ms: TF x H— Flgn H, (z,h) — (2%, h)
the natural projection, we deduce from Theorem 3.3.2 the following statement:

Corollary 3.3.5. Let A be a coarsely simply connected graph. For any coarse embedding
p: A— Flg/n H, there exists a locally finite Cayley graph I of H/N and a coarse embed-
dingn: A — I'F x H such thatwon = p.

3.3.2 A geometric model

We present now a geometric description of the group I'F' x H, where I is the graph given
by Corollary 3.3.5. Fix 7" a finite generating set of N, S a finite generating set of H/N.
Then U := «(T') U s(S5) is a finite generating set of H, where s: H/N — H is a section of
the natural surjection 7: H — H/N, and ¢: N — H is the natural inclusion.

Let F' or H be the graph of pointed-marked cliques of QM(I', F'), whose vertices are
triples of the form (C, z,u) where C' < QM(T', F') is a clique, x € C is the point, u € N is
the mark, and whose edges have one of the following forms:

« (Slide) (C,xz,u) — (C,xs,u), where C' = QM(I", F') is a clique labelled by g € V(I") =
H/N (ie. C = xF,, by Lemma 3.2.10), « € F, and u € N;

o (Jump) (xF,,x,u) — (xF, x,us(g)ts(g)~"'), where x € QM(T'", F), g € H/N,t € T,
u € N;

« (Rotation) (v F,, x,u) — (vF,q, x,ud,,) where x € QM(I', F'),ge H/N,qe S,ue N
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and where, for any a,b € H/N, 0, := s(a)s(b)s(ab)~* is the defect of s to be a morphism.
Note that 6, € N for any a,b € H/N: indeed one has

7(da) = m(s(a)s(b)s(ab) ") = m(s(a))m(s(b))m(s(ab) ") = ab(ab) ™" = 1an

since 7 is a morphism and m o s = Idy/y. In particular, the third type of edges is well-
defined, as well as the second since NV is normal in H.

As we will see below, these three types of edges are in one-to-one correspondence with
the elementary moves in the Cayley graph of '/’ x H endowed with its natural generating
set. The geometric picture to keep in mind is the following. Let (C, z,u) < QM(I', F') be
a pointed-marked clique. By Lemma 3.2.10, C' = zF, for some g € V(I') = H/N and
z € QM(I', F). Given a generator s € F,, we go from (C,z,u) to one of its neighbours
in F' or H by “sliding” the vertex x through the edge between x and xs in QM(T', F'). To
understand better the third type of edges, observe that cliques of QM(I", F') are labelled by
V(') = H/N, and that two such cliques span a prism if and only if their labels in I" are
adjacent (see Lemma 3.2.13). Given a neighbour ¢’ = gq of g in I, we go from (zF}, z,u)
to one of its neighbours by “rotating” the clique C' = zF} around z from C' = zF} to
xF,,. Such a rotation is “elementary”, as it corresponds to an elementary move in I, or
equivalently it corresponds to replacing C' by a clique C” such that C' U C” span a prism.
Lastly, flexibility of the marks has to be taken into account, because our subgroup N is
finitely generated and contributes to the generating set of ['F' x . As we shall see, this
contribution results in a conjugation of the marks, that we record as “jumps”, leaving the
clique and the point unchanged.

For x € QM(T', F') a fixed vertex, we denote L, the subgraph given by

L, :={(xFy,x,u):ge H/N, ue N}.

We refer to such a subgraph as a leaf in ' op H.
Then we define the map

W: Cay(TF x H,Fi, x UU) — Fop H
(37, h’) — (.flfFﬂ-(h),Z', hS(’]T(h))_1>

as well as

¢: For H— Cay(I'F x H, Fy,,y v U)
(xFy, z,u) — (z,0(u)s(g)).

The fact that /' o H is a suitable geometric model for the semi-direct product I'F" x H is
expressed as follows:

Lemma 3.3.6. The maps @, 1) are graph isomorphisms, that are inverses of each other. More-
over, p sends leaves to H—cosets.

Proof. First of all, we fix a vertex (zF,, z,u) € F o H, and we compute that

Yo p(xFy,x,u) = (2, 0(u)s(9)) = (2Frwwys(e, = t(w)s(g)s(r(u(u)s(g))) )
= (zF,, z,u)

- 124 -



On the quasi-isometric classification of permutational wreath products

since 7(t(u)s(g)) = m(s(g)) = g, as o s = Idy/n. The other way around, if (x,h) is a
vertex of the Cayley graph of I'F" x H, then

pot(x,h) = gp(xFﬂ(h),x, hs(w(h))_l) = (:L’,L(hs(ﬂ'(h))_l)s(ﬂ'(h))) = (x,h)

so that ¢, 1) are bijections on the vertices, inverses of each other. It remains to prove they
both preserve adjacency.

Let then @ and b be adjacent vertices in Cay(I'F'x H, F ,, y uU). Assume first thata = (z, h)
and that there is r € Fy, v so that b = (z,h)(r,1y) = (xhrh™!, h). Then

W(a) = (xFeny, x, hs(m(h)) ™)

and

Y(b) = (zhrh™ Fry, whrh™ hs(n(h))™").

Ashrh™' € hFy, yh™' = Fy ), the latter reduces to ¢(b) = (xFxqy, zhrh™', hs(m(h))™),
so that ¥)(a) and 1)(b) are adjacent in F or H.
Next, assume that a = (z, h) and b = (x, ht) for some ¢ € T. Then one has

$(B) = (vFruy, . hts(w(ht) ™) = (xFoiny, @, hts(r(h) ™)
and since
hts(m(h))™" = hs(m(h)) ™ s(m(h))ts(m(R) ™

we conclude that ¢)(a) and ¢ (b) are adjacent in F' or H.
Lastly, ifa = (2, h) and b = (x, hs(q)) for some g € S, then¢)(a) = (xFy ), z, hs(w(h)) ™)

and

V() = (¢ Frsa, @ hs(q)s(m(hs(a))) ™)
= (2 Frmym(s(a, T, hs(q)s(m
= (¢ Fr(nyg 7, hs(q)s(m(h)q

|
~—

and the mark of ¢/(b) can in fact be written as

hs(@)s(m(h)q)~" = hs(n(h)) ™" s(n(h))s(@)s(m(h)g) ™" = hs(m(h)) ™ Oan).q-

It follows that ¢/(a) and ¢(b) are adjacent in this case as well, so 1) preserves adjacency.
Conversely, let a and b be adjacent vertices in F' op H. Again, we distinguish three cases.
Assume first that a = (¢ F}, z,u) and b = (xF}, zov, u). Then

pla) = p(xFy, z,u) = (7,0(u)s(g)), ¢(b) = p(raky, ra,u) = (v, (u)s(g))

are adjacent in Cay(I'F' x H, Fy,, v v U).
Assume now that a = (2F,,z,u) and b = (2F,, z,us(g)ts(g)"), where t € T. Then

¢(a) = (z,1(u)s(g)) and
p(b) = (x,c(us(g)ts(g)")s(g)) = (z,c(u)s(g)t)
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so ¢(a) and ¢(b) are adjacent in Cay(I'F' x H, ',y v U).

For the last case, write a = (zFy, z,u) and b = (v F,, x,ud, ) for some ¢ € S. Then

p(b) = (2, 1(udgq)s(99)) = (2. 1(u)s(g)s(q))

with s(q) € s(5), so ¢(a), ¢(b) are adjacent in Cay(I'F' x H, F}, y v U).
For the last claim of the statement, let z € QM(I", F), and notice that

p(Le) = {(z,1(u)s(g)) : g€ V(I') = H/N,ue N} = (z,1u)H
as desired. This concludes the proof. ]

As a consequence, there is a natural projection pr: ' or H — F )y, H, given by
pr = T 0, i.e.

pr(zF,, z,u) = (2%, 1(u)s(g)), ve TF, ue N, ge H/N.

Now, since a finitely generated group is quasi-isometric to any of its Cayley graphs, and
since composition of coarse embeddings are coarse embeddings, we combine Corollary 3.3.5
and Lemma 3.3.6 to get the following result:

Corollary 3.3.7. Let A be a coarsely simply connected graph. For any coarse embedding
p: A— Flyn H, there exists a locally finite Cayley graph I' of H/N and a coarse embed-
dingn: A — F op H such that pr on = p.

We conclude this part with an easy observation on the projection pr.
Lemma 3.3.8. The projection pr: I'op H — F iy n H sends leaves to H—cosets.

Proof. If x € QM(I', F') and £, = {(zF,,z,u) : g € V(I'),u € N} is such a leaf, then

pr(Ls) = {(2°, t(u)s(g)) : g€ V(I),u e N}
= (a* 1H>{(Ovb( )s(g)) 1 g€ H/N,ue N}
= (2%, 1m)H

and the lemma follows. O]

3.3.3 Proof of the embedding theorem

We are now ready to prove our embedding theorem, using tools from quasi-median geom-
etry recalled in the previous section.

Proof of Theorem 3.3.1. Let A be a coarsely simply connected graph, F, H be as in the state-
ment, and let p: A — Fy/n H be a coarse embedding. Without loss of generality, we may
assume that p is continuous. By Corollary 3.3.7, there exists a locally finite Cayley graph I
of H/N and a continuous coarse embedding 1: A — F or H such that pr o n = p:
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A > Fugv H
O

n br

For H
pron=p

Figure 3.3: Configuration from the proof of Theorem 3.3.1.

By Lemma 3.3.8, pr sends leaves to H —cosets. It is therefore enough to show that 7(A)
lies in the neighbourhood of a leaf in F' or H to conclude that pr(n(A)) = p(A) lies in the
neighbourhood of an H —coset in F' i,y H.

Claim 3.3.9. Let J be a hyperplane of QM(T", F'), and let
Hy:={(C,z,u)en(A):Cc JxeN(J)}

There exist a sector W and a constant R > 0, depending only on A, 1" and the parameters
of n and p such that n(A)w contains points arbitrarily far away from H; and any vertex of
n(A)w- is at distance at most R from H ;, for any sector W' # W delimited by J.

Here, the notation 7(A)y (resp. n(A)w~) is used as a shortcut to denote the subset of
vertices of /' o H having their first coordinate being cliques lying in W (resp. in W’).

Proof of Claim 3.3.9. By Lemma 3.2.11, we may write J = «.J, for some g € V(I') and
a € I'F. Given (C,z,u) € H;, Lemma 3.2.12 tells us that C' = ayF), for y € (star(g)),
sox = ayf, for some f, € F,, whence 2¢ = agysfg. Since ¢ := y5f§ is an element of
Dy /v I whose non-trivial coordinates can only be the ones indexed by vertices of star(g),
it follows that

pr(Hs) = {(z% (u)s(g)) € p(A) : 2 € N(J), ue N}

= {(a‘c,1(u)s(g)) € p(A) : supp(c) < star(g), ue N}

=p(A)n |_| {(afc,u(u)s(g)) rue N}

ce®p /N F, supp(c)cstar(g)

— p(4) N | | (afe, 1) {(1, 1(u)s(g)) : u € N}

ce®p/nF, supp(c)Cstar(g)

where we denote supp(c) := {g € H/N : ¢(g) # 1r} the support of an element c €
@Dy F- Since I'is locally finite, star(g) is finite, so pr(#./) is a subspace of p(A) whichisa
translate of a subspace which is quasi-isometric to V. Indeed, setting Z,, := {(1, ¢(u)s(g)) :
u € N}, the natural map

Zg— N
(1, (u)s(g)) — u
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is a quasi-isometry (actually even a bijective quasi-isometry), when Z, is endowed with
the induced metric from F' gy H and N is endowed with the word metric coming from
its generating set I" (that we fixed once and for all at the beginning of Section 3.3.2). By
assumption, p(A) cannot be coarsely separated by the collection of its subspaces that uni-
formly quasi-isometrically embed into /V, which implies that there exists a constant D > 0
so that p(A)\pr(H ;) contains one coarsely connected component with points at arbitrarily
large distance from pr(H ), and any point in another component is at distance < D from
pr(H.s). The claim follows. |

For any hyperplane J of QM(I", F'), denote J™ the sector given by Claim 3.3.9.

Claim 3.3.10. The intersection ﬂ J ¥ is reduced to a single vertex.
J hyperplane

Proof of Claim 3.3.10. We check the assumptions of Lemma 3.2.7. First, if J; and J, are
transverse, then J;" and J; clearly intersect. If .J;, J, are not transverse and J;" contains
Jo, then J;" and J; intersect. Lastly, if J; and J, are not transverse and J;" does not
contain J, then J;” must be the sector delimited by .J; that contains J; as a consequence
of Claim 3.3.9. Hence J;” and J5" intersect.

Now, towards a contradiction, assume there exists a decreasing sequence Jfr ) J2+ DL
that does not stabilize. Fix a vertex (C, z,u) € For H with C' < J;". Since any two vertices
of QM(I', F') are separated by only finitely many hyperplanes, there is 7 > 1 so that C'is
disjoint from J;". Given an s > r, we then know that C'is disjoint from J (since J," > J),
so it follows from Claim 3.3.9 that (C, z, u) is at distance at most R from # ;.. Hence

R = d((c,l’,U),HJS) = d(iL’, Js) =S8

where the second inequality comes from the definition of the metric on F' op H, and the
last inequality comes from Theorem 3.2.6(iv), since .J,, . .., Js_; separate z from J,. We get
a contradiction if s is chosen sufficiently large, namely s > r + R. |

Let thus z € QM(T", F') be the vertex given by Claim 3.3.10, and consider the leaf
L:={(zF,z,u):geV(I'),ue N}

in F' op H. We show that the image of 7 lies in a neighbourhood of L.

Let (@, z,w) be a vertex in n(A). Fix a geodesic v from z to z in QM(T', F'), and let K be
the clique containing the last edge of . Hence the hyperplane J of QM(I", F') containing
K separates z and z. Since moreover ) ¢ J*, it follows from the definition of J* that J
separates z from a pointed-marked clique corresponding to a vertex in 77(A), in the sense
that the point of this vertex is separated from x by J. Since 77(A) is connected, there must
exist (C,y,u) € n(A) so that C' < J. Denoting 2z’ € C the unique vertex of C'in the same
sector delimited by .J as z (uniqueness coming from the fact that, since J separates the
vertices of C, there cannot be two vertices of C' lying in the same sector delimited by .J as
z), and applying the triangle inequality to the triple of vertices (Q, z, w), (C, 2, u), (C, y,u),
one has

d(Q, z,w), (C,y,u)) < R+ 2. (3.3.1)
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Claim 3.3.11. There exists a mark b € N such that d((C,y,u), (K, z,b)) < 3d(y,z) + 1.

Proof of Claim 3.3.11. Let x( be the unique vertex of C' that belongs to J*, as z. Fix a
geodesic x, . .., Tx_1, Tx = & from xy to  in QM(T', F'). By Theorem 3.2.6(ii), this geodesic
lies in a fiber of J, so for any ¢ € {0, ..., k}, z; belongs to a clique C; — J. By construction,
Co=Cand Cy = K. Foralli € {0,...,k — 1}, denote K the clique containing the edge
[z, x;11]. By Lemma 3.2.13, C; spans a prism with both K;_; and K. We can therefore use
slides and rotations in F' o H to construct a path from (C,y, u) to some (K, z,b) € L as
follows:

« Start from (C,y,u) = (Cy, y, u), and slide to (Cy, zg, u).

« Use a rotation (that will modify the mark) to go from (Cp, xg,u) to some vertex
(Ko, xg, ug). Then slide to (Ko, z1, ug).

Rotate the clique K to Cy to go to some vertex (C', x1, u;), and then rotate again to
go to (Ky, x1, 7). Then slide to (K7, xa, U7).

« Rotate now to go to (Cy, z2, us).

« More generally, being at (C}, z;, u;) for some u; € N, make a rotation-slide-rotation
to go to (Ciy1, Tit1, Uir1) for some u; 1 € N.

At the end, we reach the vertex (Cy, zg, ug) = (K, z,u). Set b := uy. Counting each step
in the above path, it follows that

as claimed. ]

It thus remains to estimate d(y, ). Let Ji, . . ., J; be a maximal collection of pairwise non-
transverse hyperplanes separating z and x. Without restrictions, we may assume that J;
separates J;_1 from J; . forany i € {2,...,¢ — 1}, and that J; separates z from J;. As C
is disjoint from J;" and that 7(A) is connected, we find a vertex (M, p,e) € n(A) so that
M < Ji. Exactly as above, we have

d(z,p) < d((Q, z,w),(M,p,e)) < R+2 (3.3.2)

and on the other hand, since z and p are separated by J1, ..., J,_1, we also have d(z,p) >
¢ — 1. Thus

d(y,z) < clique(T") - £ < clique(T") - (d(z,p) + 1) < clique(T") - (R + 3)

using Lemma 3.2.8 for the first inequality and (3.3.2) for the last inequality. Asalso d(y, z) <
d((Cyy,u),(Q, z,w)) < R+ 2by (3.3.1), we conclude that

d(y,z) < d(y,z) +d(z,z) < R+ 2+ clique(I')(R + 3). (3.3.3)
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Combining inequality (3.3.1) and Claim 3.3.11, we deduce

d((Q, z,w), (K,z,b)) <d((Q, z,w), (C,y,u)) + d((C,y,u), (K, z,b))
< R+2+3d(y,z) +1

< R+2+3(R+2+clique(T)(R +3)) + 1

= 4R + 9 + clique(I") (3R + 9).

Hence it follows that d((Q, z,w), L) < 4R + 9 + clique(I") (3R + 9), and we conclude that
n(A) lies in a neighbourhood of a leaf in F' o H, as was to be shown. N

3.4 Large-scale geometry of permutational lamp-
lighters

In this section, we use our embedding theorem and several additional tools on cone-offs of
graphs in order to prove:

Theorem 3.4.1. Let £/ and F' be non-trivial finite groups. Let G, H be finitely presented
groups with normal finitely generated infinite subgroups M <G, N <\ H. Assume that M has
infinite index in G' and that G (resp. H ) is not coarsely separable by any collection of subspaces
that uniformly quasi-isometrically embed into M (resp. N). If Eiq/m G and F 1y H are
quasi-isometric, then

(i) |E| and |F| have the same prime divisors;

(ii) There exists a quasi-isometry of pairs (G, M) — (H, N). In particular, M and N are
quasi-isometric, and G/M and H/N are quasi-isometric.

Moreover, if M is co-amenable in G, then N is co-amenable in H and there existn,r,s > 1

o s . : oy s
such that |E| = n", |F| = n®, and the quasi-isometry of pairs from (ii) induces a quasi->-to-
one quasi-isometry G/M — H/N.

3.4.1 An alternative description of permutational lamplighters

Let us first introduce some notations and a convenient description of permutational wreath
products.

Definition 3.4.2. Let n > 2, and let X be a connected graph together with a partition C of
V(X). The lamplighter graph over X with respect to C is the graph £,,(X,C)

« whose vertices are pairs (¢, p), where ¢: X — Z, is a colouring of X such that c is
constant on the pieces of C and all but finitely many pieces have a trivial color (the
neutral element of Z,,)), and p € V(X);

« whose edges connect (¢q,p1), (¢c2, p2) either if ¢; = ¢, and py, po are adjacent in X,
or if p; = py and ¢y, ¢ only differ on the piece containing p;.
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The set of colourings as in the first point above is denoted z0),

Hence we think of the vertex (¢,p) € L£,(X,C) as being a colouring of the pieces of
X (these pieces also being referred to as zones), with all but finitely many pieces having
a trivial color, together with an arrow pointing at p € V(X). The two types of edges
correspond then to:

« either the arrow changes its position from p to a neighbour of p, and the colouring
stays unchanged,;

« or the arrow stays on the vertex where it stands, but changes the color of the zone
containing this vertex.

We define the support of a colouring ¢ € Z550 as being the collection of pieces of C

where ¢ is non-trivial, i.e.
supp(c) := {C € C: ¢(C) # 0}.
In the graph £,,(X,C), the distance between (c;, p;) and (¢, p2) is thus given by

d((cl,pl), (CQ,pQ)) = length(a) + ‘supp(cl_l@)‘

where « is the shortest path in X starting from p,, visiting all zones where ¢, and ¢, differ,
and ending at ps.
Lastly, we define also leaves of L,,(X,C) as subgraphs of the form

L(e) = {(c.p) € Lu(X.C) : pe V(X))

where ¢ € Z5°% is a fixed colouring and where (¢, p1) and (¢, p2) are connected by an edge

if p; and p, are connected by an edge in X.

Hence, we can think of edges contained in a single leaf as “horizontal” edges, along
which the arrow moves, while “vertical” edges are those connecting different leaves in the
lamplighter graph, changing only the colouring and keeping the arrow on the same vertex.

An elementary but crucial fact about leaves is that they are convex.

Lemma 3.4.3. Letn > 2. Let X be a connected graph together with a partition C of V(X).
In L, (X,C), leaves are convex. In particular, they are isometrically embedded in L,,(X,C).

Proof. Let P = L(c) bealeafin £, (X,C). Fixa = (¢,p) € P,b = (¢,q) € P and a geodesic
v connecting a and b. Towards a contradiction, suppose that some subpath ¢ < + stays
outside of P. Let vy = (¢,po) and v, = (¢, p,) denote the starting point and the ending
point of 0. Consider the subpaths of o consisting of horizontal edges, and denote ¢1, .. ., g,
the second components of the vertices along those subpaths. Then the concatenation

"

’7/ o [(C,po), (Cv ql)] o [(C7 ql): (C7 QQ)] U Y [(Ca (_M_1), (C7 qﬁ)] Uy

where 7/ (resp. 7") denotes the subpath of v connecting a (resp. v,.) and v (resp. b), is a path
connecting a and b which is shorter than ~. This contradicts the fact that 7 is a geodesic.
Thus P is convex, as claimed. O]
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Figure 3.4: The situation of Lemma 3.4.3

Now, observe that given a non-trivial finite group F', a finitely generated group H with
a finite generating set S and a subgroup N < H, one has a graph isomorphism

Cay (Flyv H,F U S) = L (Cay(H, S),Cy)

where Cyy denotes the collection of left N —cosets. Note that, in £z (Cay(H, S),Cn), leaves
are simply H —cosets, since

L(c) ={(¢,p):pe H} = (¢,1y)H.

Hence, following our previous description of lamplighters over partitioned graphs, we
can see an element (c,p) € F' {y/y H as a pair made of a colouring of the left N —cosets,
supported on finitely many cosets, together with an arrow pointing at some p € H. More
precisely, there is a canonical identification between P, /v " and the set

FUHCN) . — {c: H — F'| ¢ constant on each N —coset and

¢ = 1p for all but finitely many N —cosets}

where Cy denotes the collection of left N —cosets (i.e. the pieces of the partition). We will
denote 1 the trivial colouring, defined by 1(p/N) = 1y forany p e H.

The set F(#:N) has an obvious group structure (written multiplicatively), when identi-
fied with @ F. Givennow any S < H/N, the subgroup (D4 F of (D, I is identified
to the subgroup F':5) of F(CN) consisting of colourings supported only on zones from
S.

Therefore, the two elementary moves we can do in Cay (F vayN H, F o S) to go from
(¢, p) to a neighbour are:

« either the colouring stays the same, and the arrow moves from p to a neighbour in
CaY(H7 S);

« or the arrow stays where it stands, and changes the color of the coset p/NV.
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Figure 3.5: Two neighbours in Cay(Z/2Z 1z Z*,Z/2Z U {£(1,0), £(0,1)}).

Additionally, if g/V, h N are two zones in H, the distance between them is defined by

dy(gN,hN) := min dgy(a,b)

aegN, behN

and given z € H, R > 0, we let {x}, r = Cy denote the subset of zones at distance at most
R from z, i.e.

{$}+R = {S € CN . dH(Qf,S) < R}

In the sequel, to shorten notations, we will often denote the leaf L(c) as cH. Also, if
n > 1 and if H is a finitely generated group with a subgroup N < H, we write merely
L, (H,Cy) for the graph L, (Cay(H, S),Cy), where S is a finite generating set of H. Note
that the large-scale geometry of £, (Cay(H, S),Cy) is in fact independent of the choice of
the generating set S, since:

Fact 3.4.4. If X and Y are biLipschitz equivalent graphs through ¢: X — Y andifCisa
partition of X, then £,,(X,C) and L, (Y, ¢(C)) are biLipschitz equivalent.

Proof. Since ¢ is bijective and C is a partition of V' (X)), ¢(C) is a partition of V' (Y"). Using
that  and its inverse ¢~ !: Y — X are Lipschitz, it is not hard to prove with Lemma 1.2.25
that the map

i £alX.0) — LalY.0(C)
(e;p) = (covp !, ¢(p))
is Lipschitz, as well as its inverse
f7h La(Y,9(C)) — Lu(X,C)
(c;p) = (cop, o~ (D).
0

To conclude this part, we observe that some lamplighters over partitioned graphs may
coincide with standard lamplighter graphs. The next criterion will be crucial in our future
purposes:
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Proposition 3.4.5. Letn > 2 and let X be a graph with a partition C. Assume that there
exists () = 0 such that diam(C) < Q for any C' € C. Then there exists a graph Y, which is
quasi-isometric to X, such that L,,(X,C) is quasi-isometric to L,,(Y).

Proof. For any C € C, choose a vertex x¢ € C. Define Y as the graph

« whose vertex set is {z¢ : C' € C};

« whose edges connect x¢ to z¢ whenever C' # C’ € C contain adjacent vertices in

X.
Define then the map
p: X —Y
x — x¢c, where C € C contains x.

Notice first that ¢ is surjective, in particular coarsely surjective. Next, let z,y € X be
adjacent vertices. There are two possible cases:

« Either z,y € C are in a same piece of the partition, in which case p(z) = ¢(y), so
dy (#(x), ¢(y)) = 0;
e OrzeC,ye ', C # (' Then xc, xc are adjacent in Y, so
dY(@('r)a go(y)) = dy(l’c,l’cl) =1
In both cases, we have dy (p(z), o(y)) < 1, so we conclude from Lemma 1.2.25 that ¢ is
1—Lipschitz. The other way around, define
b Y — X
To—> Zc

and note that, since any vertex = € X lies at distance at most () from a vertex of Y, ¢ is
coarsely surjective. Additionally, if z¢,xc» € Y are adjacent, then C, C’ contain adjacent
vertices in X, say u € C and v € (’, and thus

dx(V(ze), V(o)) = dx (o, xer) < dx(ze,u) + dx(u,v) + dx (v, xc) < 2Q + 1.

It follows from Lemma 1.2.25 that ¢ is (2¢Q) + 1)—Lipschitz. Lastly, ¢ 0 ¢ = Idy and for any
x € X one has

dx (2, 9(p(x))) = dx (v, 2¢) < Q
where C' € C is the piece containing z. Hence 1 o ¢ is at distance < () from Idx, and we
deduce that

dx(z,y) = dy(p(z), ¢(y))

> 5y (Wleta) vlelu)

> 557 (dx(e.) = dx(@(ela)). ) = dx(y. v(e(0)
1 2Q

Z 51 T ag
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forany x,y € X,s0 ¢: X — Y is a quasi-isometry, with v as a quasi-inverse. This shows
the first part of the proposition.
To prove the second part, we consider the map

[ Lu(X,C) — L,(Y)
(¢,z) —> (", z¢), where C € C contains
and where ¢’ is the colouring of Y naturally defined by ¢’(xp) := ¢(P), for any P € C. The
other way around, define
g: L,(Y) — L,(X,C)
(¢,xc) — (¢, 20)
where ¢ is the colouring of X naturally defined by ¢(z) := c(x¢) where C € C is the piece
containing . Obviously, one has ¢” = ¢ (resp. @ = c) for any c € z0 (resp. c € Z%Y)),

so this already tells us that f o g = Id;, (v). Also, for (¢, z) € £,(X,C) and C € C the zone
containing x, one has

dz:n(X,C)((Q x),g(f(c, x))) = dcn(X,C)((Q x), (c, :vc)) =dx(zr,zc) < Q

so g o f is at distance < () from Id., x,¢c). We now show that both f and g are Lipschitz.
Let a,b e L,,(X,C) be two adjacent vertices. As usual, two cases can occur:

« Eithera = (¢,z) and b = (¢, x), where ¢, ¢ only differ on the zone C € C with z € C.
Then

de,v)(f(a), F(0) = de, o) (€ e), ((¢),2c)) = 1

since ’, (¢')” only differ on the vertex x¢ € Y.

« Either a = (¢, z) and b = (¢, y) where x,y are adjacent in X. If 2 and y are in the
same piece of the partition one has d., v)(f(a), f(b)) = 0, whereas if z € C and
y € C' for C' # (', then

dﬁn(Y)<f<a)7 f(b)) = dﬁn(Y)((cbv l‘c), (Cb>$c’)) = dY($C>$C’) =1

In both cases we conclude that d., (v)(f(a), f(b)) < 1, so f is 1-Lipschitz according to
Lemma 1.2.25.
Let now a,b € L,(Y) be adjacent vertices. We treat two cases:

 Assume thata = (¢, z¢) and b = (¢, x¢) where ¢, ¢ only differ on ¢ € Y. Then one

has
de,xo)(9(a), g(b) = dz,xe) ((E,20), (¢, zc)) =1

since ¢, ¢’ only differ on the zone C containing x¢.
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« Assume now a = (¢, z¢) and that b = (¢, x¢) with x¢, z¢ adjacent in Y. Then C, C’
contain adjacent vertices in X, say u € C' and v € C’, so that

de,x0)(9(a),9(b) = dz,x.0)((¢ z0), (¢ zcr))

= dx(zc,zcr)

<dx(zo,u) + dx(u,v) + dx(v,zcr)
<20+ 1.

In both cases, we conclude that g sends adjacent vertices in £,,(Y') to vertices at distance
at most 2QQ + 1 in £,(X,C). Applying one last time Lemma 1.2.25 it follows that g is
(2Q + 1)—Lipschitz. We have then

de,(xc)(a,b) = de,vy(f(a), f(b)) = 2Q1+ 1d£n(X,C) (9(f(a)),g(f(b)))

| 20
20+ 1d.cn(x,(,’)(a>b) T20+1

=

for any a,b € L£,,(X,C). Thus f is a quasi-isometry with g as a quasi-inverse. O

3.4.2 Leaf-preserving, aptolic and non-aptolic quasi-isometries

In [GT24b], Genevois and Tessera established a strong rigidity result for quasi-isometries
between standard wreath products and, later, for more general halo products [GT24a, Corol-
lary 6.11]. More precisely, they proved that a quasi-isometry between two halo prod-
ucts (satisfying additional properties) always lies at finite distance from an aptolic quasi-
isometry. Perhaps surprisingly, we will show in this section that such a rigidity does not
hold in the permutational case (see Proposition 3.4.12). This will motivate the strategy
developed in subsequent sections.

We begin by defining the leaf-preservingness property for permutational wreath prod-
ucts.

Definition 3.4.6. A quasi-isometry q: Elg/y G — F gy H is leaf-preserving if it sends
(GG—cosets to H—cosets and admits a quasi-inverse that sends H —cosets to G—cosets.

From our embedding theorem we deduce that:

Corollary 3.4.7. Let I/ and F' be non-trivial finite groups. Let G, H be finitely presented
groups with normal finitely generated infinite subgroups M <G, N <t H. Suppose that M has
infinite index in G and that G (resp. H ) is not coarsely separable by any collection of subspaces
that uniformly quasi-isometrically embed into M (resp. N ). If q: ENgyn G — F gy H is
a quasi-isometry, then q is (up to finite distance) leaf-preserving.

The proof of this corollary requires, in addition to the embedding theorem, to understand
better the coarse intersection of two leaves in a permutational wreath product. This is the
goal of the next two lemmas.
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Lemma 3.4.8. Let GG be a finitely generated group with an infinite normal subgroup M <1 H.
Endow G with a word metric dg coming from a finite generating set S. Then we have

Abaus(gM, h M) < de(gM, hM)
forany g, h e G.
Proof. Without restrictions, we assume that S is symmetric. Let x € gM, y € hM be such

that dg(z,y) = dg(gM, hM), and let y be a geodesic in Cay (G, S) from x to y. Letu € gM,
and consider in Cay(G, S) the path uz—':

Figure 3.6: Configuration from the proof of Lemma 3.4.8

1

It connects uz~'x = u to uz 'y, and we claim that the latter belongs to h M. Indeed,

ur 'y e hM — uz'y e yM
— uzx e yMy!

e urteM

and this last assertion is true since uM = xM. Thus any element of g is connected to
an element of A M by a path of length length() = dg(gM, hM). A symmetric reasoning
shows that any element of hM can be connected to an element of gM by a path of length
length(v) = dg(gM, hM). We then conclude that

dHaus(.gM’ hM) < dG’(gM7 hM)
and the proof is complete. [

Lemma 3.4.9. Let E be a non-trivial finite group, and let G be a finitely generated group with
a normal finitely generated subgroup M <1 G. For every distinct colourings c, d € E\Cm), for
every R > 0, there is a constant () = 0 such that

(cG) N (dG)*F < {(c,p) e Etgiu G :pe MT9}.
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Proof. Fix S a finite generating set of GG, two distinct colourings ¢, d € E(@¢M) and R > 0.
Let (¢,p) € (¢G)n(dG)*". Thus there exists (d, ¢) € dG such that dp,, ,,a ((c, p), (d,q)) <
R, which implies that ¢~'d is supported on M —cosets at distance < R from p. In other
words, if we write explicitly supp(c~'d) = {¢:M,...,g. M}, then p € (g;M)™ % for any
1 <7 < r. Now, using Lemma 3.4.8, one has

ditaus(M, M) < da(M, ;M) = da(M, Mg;) < £s(g;:)

for any 1 < i < r, and thus p € M*T+0)) for any 1 < i < r. Taking Q = R +
maxi ;< {s(¢g;), the conclusion follows. O

Proof of Corollary 3.4.7. Fix q: E /iy G — F lg/ny H an (A, B)—quasi-isometry and g
one of its quasi-inverses such that ¢og and go ¢ are within distance < B from the identities.
Notice that, since M has infinite index, g/ G is infinitely presented by Lemma 3.3.3, so
Fy/n H is also infinitely presented, and thus V also has infinite index in H (otherwise, as
Fisfinite, Fly,yH = F¥ /N s H would be quasi-isometric to H, and thus would be finitely
presented). By Theorem 3.3.1, ¢(G) lies in a neighbourhood of an H—coset, say H itself.
Conversely, g(H) lies in a neighbourhood of a G—coset, say aG. It follows that G(¢(G))
lies in a neighbourhood of aG. Since the Hausdorff distance between G and G(¢(G)) is at
most B, this in turn implies that G lies in a neighbourhood of aG, say (aG)™%. We now
claim that this implies aG = G. Indeed, suppose for a contradiction that these two leaves
are distinct. Then, by Lemma 3.4.9, there is a constant () > 0 such that

G=Gn (@)™ <{(1,p)e Ergu G:pe M9}

In other words, M is quasi-dense in (&, which implies that M has finite index in GG, contrary
to our assumption. We thus deduce that aG = G. The same reasoning shows that any other
leaf ¢G is sent close to a leaf a(c)H by ¢, which is sent back close to ¢G by g. It follows
that ¢ is leaf-preserving. O]

Here is an example that shows that the corollary does not hold anymore if one drops the
assumption on the coarse separation of the base groups.

Example 3.4.10. Consider F = {—1, 1} the cyclic group of order 2 and G = Z*, M = Z.
Let S = {£(1,0), £(0, 1)} denote the standard generating set of GG. Clearly G is coarsely
separated by M, so Corollary 3.4.7 does not apply. Consider the map

¢ Blgm G — Egm G

(e,p) ifpe([0,+0)nZ)xZ
(c,p) — .
(cdo,p) otherwise

where 0, denotes the colouring having only coloured the Z—coset containing (0,0). By
construction, ¢ is not leaf-preserving (even up to finite distance), and we show it is indeed
a quasi-isometry.

Indeed, let a and b be adjacent vertices in Cay(E g/ G, E'U S). We consider two cases.
Assume first that a = (¢, p) and b = (co, p) where ¢y, ¢ only differ on the coset containing

- 138 -



On the quasi-isometric classification of permutational wreath products

p.Ifp e ([0, +0) N Z) x Z then p(a) and ¢(b) are adjacent in Cay(E g/ G, E U S); and
otherwise p(a) = (¢1d0,p), ¢(b) = (200, p) are adjacent as well since ¢; g, c20 only differ
on the coset containing p.

Assume now a = (¢,p) and b = (¢,p + s) for some s € S. If p € {—1} x Z and
p+ s € {0} x Z, then p(a) = (cdy, p) while p(b) = (¢,p + s), so

d(p(a), p(b)) = 2.

One gets the same value in the symmetric situation p € {0} x Z, p + s € {—1} x Z. In the
other cases, one easily checks that ¢ sends adjacent vertices to adjacent vertices.

Hence we conclude from Lemma 1.2.25 that ¢ is 2—Lipschitz. Now, observe that ¢ is a
bijection, whose inverse is

V: Eigu G — Elgu G
oy (@D e 040 02) 2
7 cot , otherwise
( 0o D

and a similar computation shows that v is 2—Lipschitz. Thus it follows that

% “d(a,b) < d(e(a), o(b) < 2 - d(a,b)

for any a,b € K/ G, so  is a biLipschitz equivalence.

We now turn to (non-)aptolic quasi-isometries. Let us first adapt the terminology
from [GT24a; GT24b] in our case.

Definition 3.4.11. A quasi-isometry ¢: E g/ G — F gy H is of aptolic form if there
exist two maps a: B(@Cn) — FHCN) 3. G — H such that g(c,p) = (a(c), B(p)) for
any (c,p) € Elq/m G. Moreover, g is aptolic if it is of aptolic form and it has a quasi-inverse
of aptolic form.

The following proposition indicates that a strategy similar to the one followed in [GT24a]
cannot be replicated in the context of permutational wreath products.

Proposition 3.4.12. Let I’ be a finite group. Let H be a finitely generated group, N < H an
infinite index subgroup containing an element z € N of infinite order which is central in H.
Then the map

@ FZH/NH—>F2H/NH
(c,p) — (ijz\supp(c)\)

is a leaf-preserving quasi-isometry which is not at finite distance from an aptolic quasi-
isometry.

Proof. Denote S a finite symmetric generating set of [, and let G := F {y/n H. We first
show that ¢ is Lipschitz. Fix a and b two adjacent vertices in Cay(G, F' U S). There are two
cases to consider:
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« Assume first that a = (¢, p) and b = (¢, ps) for some s € S. Then

I
Q
5

S
:_/
5
=

|

— dG((sz\supp(C)l), (C’pszlsupp(C)\))

H(pzlsupp(C)I 7 pz\supp(C)IS)

using Lemma 3.4.3 and the fact that z (or any of its power) is central for the second
equality.

+ Assume now that a = (¢,p) and b = (¢, p) where ¢, ¢ only differ on the N —coset
containing p. Then

da(p(a), o(b)) = dg((c, pz!"PPl), (¢, pzlsep(@ly)
— 1+ dy (pzp@l pzlsup(l)
= 1+ dp (PPl leupp(C’)\)

using in the last equality that [supp(c’)| € {|supp(c)| — 1, |supp(c)|, |supp(c)| + 1}.

We conclude from Lemma 1.2.25 that ¢ is (1 + /4 H(z)) —Lipschitz. Now, notice that ¢ is a
bijection, whose inverse is

v G— G
(c,p) — (¢, pz71suepl@l),

In particular, ¢ is coarsely surjective, and a similar computation as the one above shows
that 1 is also (1 + ¢(z))—Lipschitz. Therefore

da(x,y) = da(P(e(2)), ¥(e(¥)) < (1 +Lu(2)) - da(e(z), o(y))
for any x,y € GG, whence

1

Tty de@y) <dalple) o) < (1+ Lu(2) - da(z)

for all z,y € G. Thus ¢: G — G is a biLipschitz equivalence.
Next, ¢ is leaf-preserving by construction, so we are only left to prove that ¢ is not aptolic,
up to finite distance. Towards a contradiction, assume there is R > 0 and

. G— G
(¢;p) = (alc), B(p))
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an aptolic self-quasi-isometry of GG such that d(q, ¢) < R. Then, for any (¢, p) € G, denot-
ing B.: H — H, p—> pzI***()l one gets

drr(Be(p), B(p)) < da((c, B(p)), (elc), B(p)))
= da(q(c,p), (e, p))
< d(q, ¢)
<R
and it follows that d(S., 3) < R. In particular, all (. lie at distance at most 2R from (; =
Idy. On the other hand, since z has infinite order and balls in Cay(H, S) are finite, there

is an integer m € N such that dy (2™, 1) > 2R, and thus, fixing an arbitrary colouring ¢
supported on m cosets of NV, we see that

dH(BC(p>7p) = dH(p’pZ|Supp(C)|) = dH<]'H7Zm) > 2R

for any p € H, whence d(f.,1dy) > 2R. This contradiction proves that ¢ is not at finite
distance from an aptolic quasi-isometry, concluding the proof. O]

Remark 3.4.13. In this proof, the fact that F' is finite plays no role, and one can show
the same result for F' an arbitrary finitely generated group, as soon as one modifies the
definition of lamplighter graphs over partitioned graphs as follows: declare now that the
colourings take values in another graph Y, and that two pairs (¢, p), (¢, p) are adjacent if
¢, ¢ only differ on the zone C' containing p and that ¢(C'), ¢/(C) are adjacent in Y.

Based on the same idea, one can exhibit plenty of leaf-preserving non-aptolic quasi-
isometries of various permutational halo products, showing that the general rigidity result
proved in [GT24a, Corollary 6.11] fails in the permutational case.

3.4.3 Preserving zones

The goal of this subsection is now to deduce from the property of preserving the leaves that
in fact any quasi-isometry between two permutational wreath products must also quasi-
preserve zones inside a single leaf. More formally:

Proposition 3.4.14. Let E, F' be non-trivial finite groups, and G, H be finitely generated
groups, with normal infinite subgroups M <1 G, N <1 H. Suppose that M has infinite index in
G. Ifa quasi-isometry q: Elg/n G — Flg/n H is leaf-preserving, then it is a quasi-isometry

of pairs
(B G, M) — (F v H,N).

Proof. Fix A > 1, B > 0 such that ¢ and a quasi-inverse ¢': F gy H — Eg/m G are
both (A, B)—quasi-isometries. As ¢, ¢’ are leaf-preserving we may write

q(c,p) = (a(c), Be(p)), (c,p) € Eeym G

for some maps a: E(@Cv) — FHCN) and B.: G — H, c € E(@C); as well as
q(c,p) = ((c), B(p), (¢,p) € Flaw H
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for some o : FUHCN) s F(GCv) and B H — G, c e FUCN) Let us record the following

observation for future use:

Claim 3.4.15. The maps o, o are bijections, inverses of each other, and for any c € E(Gm),
Be: G — H is an (A, B)—quasi-isometry, with ﬁ;(c): H — G as a quasi-inverse.

Proof of Claim 3.4.15. Fix a finitely supported colouring c € E(¢M)_ Then, for any p € G,
we have

d((c,p), (@' o ale), Bl © Be(p))) = d((c, p), (¢ © q)(c,p)) < B (3.4.1)

which implies that ¢ and o/ o a(c) may only differ on zones at distance at most B from p,
for any p € G. As M has infinite index in G, it follows that o/ o a(c¢) = c. Similarly, using
that go ¢ is at distance < B from Idr,,, i, we deduce also coa’(c) = cforall c € FHCN),
Thus « is a bijection, whose inverse is o’

Now let p1, ps € G. Then

dH(ﬁc(P1)7 e (pz))

d((@(1), Be(pr)), (a(1), Be(p2)))
d( (1,p1),q(1,p2 )

A- d(( 7291) ( 7p2>)
A-dg(pr,p2) + B

N

and similarly one gets

A Belp). Belp2) > 5 - delor,p2) — B.

Thus f, is an (A, B)—quasi-isometric embedding, and additionally for any h € H there
exists (¢, p) € Elg/u G such that d(q(c,p), (0, h)) < B, whence

dH(/BC(p)7 h) < d((@<c)7ﬁc(p))7 (17 h)) = d(q(C,p), (17 h)) < B.

Hence [, is coarsely surjective as well, and it is then an (A, B)—quasi-isometry G — H.
Likewise, we prove that 3,,,: H — G is an (A, B)—quasi-isometry, and from (3.4.1) it
follows that 5’ (¢) © Pe Is at distance < B from Id¢. Using similarly that g o ¢ is at distance

< B from the identity, we deduce that /3. o 5&(@ is at distance < B from Idy. We conclude
that (3. and B&(C) are quasi-inverses of each other. [ |

To prove the statement, it is enough to prove that each 8.: G — H is a quasi-isometry of
pairs (G, M) — (H, N) (here we identify geometrically the leaf L(c) (resp. L(a(c))) in
Eq/m G (resp. in F' gy H) with G (resp. H)).

Fix then a colouring ¢ € E(@¢™) a zone gM < L(c), and let ¢ € E(@Cm) be a colouring
that differs from c only on the zone gM. Let p € gM. One has then

d((alc), Be(p)), (alc), Be(p))) = d(a(e,p), a(¢.p)) < A-d((e.p). (¢,p)) + B=A+B
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since d((c,p), (¢,p)) = 1. This inequality implies that

supp (a(c) () < {Be(p)}+(asn)
so if we write explicitly supp (a(c)ta(c)) = {h{N,..., h, N} where r > 1, we get

dy(hiN,B.(p)) < A+ B (3.4.2)

forany 1 < i < r. Thus 5.(p) € ﬂ(h N)*(A+B)_Since this holds for any p € gM, we have
=1

)

proved that

r

Be(gM) < | (h;N)™* (A+B)

H

Now, for any 1 < ¢ < r, it also follows from (3.4.2) and from Lemma 3.4.8 that
dHaus(hiN, ﬁc(g)N) <A+ B

for any 1 <@ < 7, so that

T T

BelgM) = (YN 2 < () ((Bulg) V) 2) 2 < (B(g)N) 4P

i=1 i=1
using Lemma 1.2.26(ii). Similarly, one shows that given any zone hN < L(«(c)), we have
By (hN) = (Boo ()M

In particular, when h = .(g), this gives

By (Be(9)N) & (B (Belg)) )

and applying f3, to this inclusion and using Lemma 1.2.26(iii), and that 3.0 3, (o) Is at distance
< B from Idy, it follows that

Be(g)N < (B0 Bre)(Belg N))
c 5, << M)+2A+B>+B

+A(2(A+B) +B) +B

)+%A+BX

)JrB

= <Bc< a(e) ﬁc M
- ﬁc (ﬁ © (ﬁc( )) )+(2A(A+B)+2B) .

It just remains to notice that, since 3, ,(5:(g)) and g are at distance at most B in G,
Lemma 3.4.8 ensures that the Hausdorff distance between 5(’1(0) (Be(g))M and gM is at most
B as well, and we finally get

N - Bc (6 (c)(ﬁc g

< Be((gM)*P)*
c 5c(gM)+ A(A+B)+2B)+AB+B)

) +(2A(A+B)+2B)

(2A(A+B)+2B)
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We conclude that
ditaus (Be(9M), Be(9)N) < 2A(A+ B) + (A +3)B
showing that /. is indeed a quasi-isometry of pairs (G, M) — (H, N). O

Corollary 3.4.16. Let E and F' be non-trivial finite groups. Let G, H be finitely presented
groups with normal finitely generated infinite subgroups M <G, N <t H. Suppose that M has
infinite index in G and that G (resp. H ) is not coarsely separable by any collection of subspaces
that uniformly quasi-isometrically embed into M (resp. N ). Then any quasi-isometry E 3G/
G — F gy H is a quasi-isometry of pairs

(E om G, M) — (F L /N H,N).

Proof. By Corollary 3.4.7, such a quasi-isometry can be assumed to be leaf-preserving, so
the conclusion follows from Proposition 3.4.14. [

Figure 3.7: The behaviour of an arbitrary quasi-isometry £ ig/n G — F ly/n H.

Remark 3.4.17. In the realm of quasi-isometric rigidity, an interesting and challenging
question, already raised in [HMPSS25, Question 2.3], is the following: given finitely gener-
ated groups GG, H and a collection P of subgroups of (G, under which conditions does there
exist a collection Q of subgroups of H such that any quasi-isometry G — H extends to
a quasi-isometry of pairs (G, P) — (H, Q)? Corollary 3.4.16 shows that permutational
wreath products of the form E g/ G, with our running assumptions, provide a class of
groups answering positively to this question.

3.4.4 Coning-off graphs

In this part, we introduce our main tool that will help us to deduce some valuable informa-
tion from the existence of a quasi-isometry between two permutational wreath products,
even if the latter is not aptolic.
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Definition 3.4.18. Let X be a graph with a partition C of V' (.X). The cone-off of X overC,
denoted CO(X,C), is the graph obtained from X by adding an edge between two vertices
whenever they belong to a common piece C € C.

CO(Z?,7Z — cosets) Z

O
_____ NN
T

Figure 3.8: A quasi-isometry between the cone-off of Z? with respect to its Z—cosets and
Z

As a graph, CO(X, C) carries a natural metric. Moreover, since now any two vertices in
the same piece are adjacent, we have dco(x,c)(7,y) < dx(z,y) for any z,y € X.

We record some basic facts about cone-offs of quasi-isometric graphs. These are probably
well known by the experts, but we include the proofs for completeness.

Lemma 3.4.19. Let X,Y be two graphs, f: X — Y be a quasi-isometry, and C be a
partition of X. Then f induces a quasi-isometry f: CO(X,C) —> CO(Y, f(C)), where
f(C):={f(C):CecC}.

Proof. Fix constants A > 1, B > 0 such that f and one of its quasi-inverse f’ are both
(A, B)—quasi-isometric embeddings with f o ') f’ o f at distance < B from the identities.
As f(X) is quasi-dense in Y, so is f(CO(X,C)) in CO(Y, f(C)). Now let =,y € X, and let
T = xg,Ty,...,T, = Yy be the vertices of a geodesic connecting = and y in CO(X,C). For
any 0 < @ < n — 1, there are then two possibilities: either z; and z;,, belong to a common
piece C' € C, so dcoy,r(cy) (f (i), f(%i41)) <1 < A+ B;or x; and x;, are adjacent in X,
in which case

deogy,pe)) (f (i), f(wig1)) < dy (f(@3), f(2i41)) < A-dx (i, v01) + B= A+ B,

Therefore one deduces that

n—1
deorv,pcy (f (), f(y)) < Z deoy,r))(f (i), f(xis1))
i=0

<(A+B)-n
= (A+ B) -dcoxc)(z,y).
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For the other inequality, let now f(z) = zg,21,...,2, = f(y) denote the vertices of a
geodesic connecting f(x) and f(y) in CO(Y, f(C)). Here also there are two cases: if for
some 0 < i < n— 1, x; and ;1 are in the same piece f(C) for some C' € C, then

deox,o)(f' (@), f'(xiv1)) < deoxe)(f'(x:),C) + deoxc)(f'(2i41),C) +1 < 2B + 1

where the second inequality follows from

Claim 3.4.20. Ifa € f(C) for some C € C, then dx(f'(a),C) < B.

Proof of Claim 3.4.20. Write a = f(b) with b € C, so that

dx(f'(a),C) < dx(f'(a),0) < dx(f'(a), f'(f(b)) + dx(f'(f()),b) < B
since f’ o f is at distance < B from Idy. [ |

In the case where x; and x; 1 are adjacent in Y, then

dco(X,C)(f,(%‘),f/($i+1)) < dX(f/(%),f/(%H)) < A-dy(v,2i41) + B=A+B.

Hence it follows that

deox.c)(x,y) < 2B + deocx o) (f/(f@))v f/(f(x)))

n—1

< 2B+ Z deocx,o)(f' (i), f'(@iv1))

=0
<2B+max(A+ B,2B+1)-n
= 2B + max(A + B,2B + 1) - deogy.scy) (f(2), f(y))-

We conclude that f induces a quasi-isometry CO(X,C) — CO(Y, f(C)), as desired. [

Our second observation ensures that the cone-offs of the same graph over two different
partitions are quasi-isometric if the two partitions coarsely coincide.

Lemma 3.4.21. Let X be a graph, and C,,Cy two partitions of X. Assume there exists () > 0
such that, for any C € Cy (resp. Cy € C3), there exists Cy € Cy (resp. Cy € Cy) such that the
Hausdorff distance between C and Cs is at most (). Then the identity map X — X induces
a quasi-isometry CO(X,C;) — CO(X, Cy).

Proof. Let z,y € X, and fix a geodesic + = xy,71,...,2, = y connecting x and y
in CO(X,Cy). For every 0 < i < n — 1, either x; and x;,; are adjacent in X, so
deo(x,co) (@i, 1) = 1 < 2Q + 1, or z; and ;41 belong to a common piece of C;, so
that dco(x,co) (T4, Tiv1) < 2Q + 1. Thus we get

n—1
dco(x,@)(% y) < Z dco(x,@)(%',xiﬂ) < (2Q + 1) n = (2Q + 1) ) dCO(X,C1)<~T7y)'
i=0
By symmetry, one also has ﬁ “deo(x,c,) < deo(x,c,)> which concludes. l
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The following claim is then a direct consequence of Lemmas 3.4.19 and 3.4.21.

Corollary 3.4.22. Let X (resp. Y ) be a graph with a partition C (resp. D), and let
f: (X,C) — (Y,D) be an (A, B,Q)—quasi-isometry of pairs. Then f induces an
(A’, B')—quasi-isometry f™: CO(X,C) —> CO(Y,D), where

2B
max(A+ B,2B + 1)

A":=(2Q +1) max(A+ B,2B+1), B :=(2Q + 1) -

Observe that, given a graph X and a partition C, leaves form a partition of £, (X,C).
Moreover, each leaf is itself a copy of X and thus carries its own partition C. Hence the
collection of all pieces constituting all the leaves form a partition C of £, (X,C), and one

can consider the cone-oft CO (Ln(X ,C), @ A crucial observation about this cone-off is the
following:

Lemma 3.4.23. Letn > 2. Let X be a graph with a partition C, and let C be the induced
partition of L,,(X,C). Then there is a graph isomorphism
CO(L(X,C),C) = L£,(CO(X,C),C).
Proof. Define the map
p: CO(L,(X,C),C) — L£,(CO(X,C),C)
(¢;p) — (¢, p)

where, in the target space, c is seen as a colouring of the partition C of the graph CO(X, C).
Clearly, ¢ sends bijectively vertices of CO(L,(X,C), @ to vertices of £,(CO(X,C),C),
so we only need to check that it sends adjacent vertices to adjacent vertices. Thus, let
a = (¢1,p1),b = (¢, p2) be adjacent vertices in CO (En(X, C), (/,’) There are three cases to
consider.

« Assume first that ¢; = ¢y and that p;, ps are in the same zone. Then p(a) = (¢1,p1),
©(b) = (c1,p2) are in the same leaf and they are adjacent in £,,(CO(X,C),C) since
p1, p2 are adjacent in CO(X, C);

« Assume next that ¢; = ¢ and that pq, p, are in different zones. Then dx (p;,p2) = 1,
so p(a), p(b) are adjacent in L,,(CO(X,C),C);

« Lastly, suppose that ¢; # ¢ and p; = ps. Then ¢; and ¢, differ only on the zone
containing p;, and this remains true in £,,(CO(X,C),C), so that p(a) and ¢(b) are
adjacent in this case as well.

Conversely, consider the map
11 £,(CO(X,€),€) — CO(L,(X,C).C)
(¢,p) — (¢, p)

where, in the target space, c is seen as a finitely supported colouring of the vertices of
X, constant on each piece of C. Let a = (c1,p1), b = (c2,p2) be adjacent vertices in

£,(CO(X,C),C).
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« Assume first that ¢; = ¢, and py, py are in the same zone. Then a = (¢,p1) and b =
(¢, p2) are in the same piece of C, so ¢(a) and (b) are adjacent in CO(L,, (X, C), @;

« Assume next that ¢; = ¢; but p; and p, are in different zones. Then dx (p1,p2) = 1,
so a and b are adjacent in £, (X, C), and thus also in CO(L,(X,C), é);

« Lastly, suppose that ¢; # ¢ and p; = ps. Then ¢; and ¢, differ only on the zone
containing p;, and this stays true when coning-off £, (X, C) with respect to C. Thus
Y(a) and 1 () are adjacent as well.

We conclude that ¢ is a graph isomorphism, with ¢ as its inverse. O]

3.4.5 Proof of Theorem 3.4.1

We are finally ready to exploit our work in the above parts to deduce the main theorem of
this section.

Proof of Theorem 3.4.1. Let T' (resp. S) be a finite generating set of GG (resp. H), and denote
7e (resp. mp) the natural projection of G (resp. H) onto G/M (resp. H/N).

Fix ¢: Elg/y G — F ly/ny H such an (A, B)—quasi-isometry. By Corollary 3.4.7, we
know that, up to finite distance, ¢ can be taken to be leaf-preserving, so we can write

q(¢,p) = (a(c), Be(p)), (¢;p) € Bl G

for some bijection av: E(@¢m) — [UHCN) and some quasi-isometries 3,.: G — H, ¢ €
E(G€m)  Using Proposition 3.4.14, we also fix ) > 0 such that

q: (EZG/MG,M) — (FZH/NH,N>

is an (A, B, Q) —quasi-isometry of pairs.
Now, the image under ¢ of the partition Cy; of Elg//G coarsely coincide with Cyy, according
to Corollary 3.4.16. Thus, from Corollary 3.4.22, we deduce that ¢ induces a quasi-isometry

¢": CO(E s G, Chr) — CO(F tg/n H,Cy)
or equivalently, by Lemma 3.4.23, a quasi-isometry
q": L5 (CO(Cay(G,T),Cu),Crn) — L7 (CO(Cay(H,S),Cn),Cn).

Now, pieces of CO(Cay(G,T'),Cys) (resp. CO(Cay(H, S),Cy)) are uniformly bounded, so
we may apply Proposition 3.4.5 to deduce that there are graphs Y), and Yy, quasi-isometric
to CO(Cay(G,T),Cyr) and CO(Cay(H, S), Cy) respectively, and a quasi-isometry

£|E\ (YM) — ['\F\ (YN)

Additionally, it follows from the proof of Proposition 3.4.5 that Y}, (resp. Yy ) is isomorphic
to Cay(G/M,ng(T)) (resp. Cay(H /N, 7y (S))), so that there is a quasi-isometry

¢: L) (Cay(G/M,n(T))) — Lyp|(Cay(H/N,7u(5)))
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given by (c, pM) — («(é), Bz(pM)) (here the notations are the ones introduced in the
proof of Proposition 3.4.5). In such a situation, the proof of [GT24a, Corollary 6.11] shows
thatall 8,: G/M — H/N lie at a uniform bounded distance from 3, : indeed, the source and
target spaces of ¢ are in fact quasi-isometric to Cayley graphs of Z g1 G/M and Zjp| 0t H/N
respectively. These groups are finitely generated halo groups in the sense of [GT24a], and
they have finite altitude [GT24a, Lemma 6.12]. Hence ¢ is at bounded distance from the
aptolic quasi-isometry

L g (Cay(G/M,7c(T))) — Ly (Cay(H/N,mx(5)))
(c.pM) — (a(€)’, B1(pM)).

(E aym G {M — cosets}) > (F tayn H{N — cosets})

CO CO

v . v
CcO (E am G {M — cosets}) » CO (F v H {N — cosets})

A\ A\
E1G/M > FUH/N

Figure 3.9: The situation in the proof of Theorem 3.4.1

We deduce from [GT24b, Proposition 3.4] that |F| and | F'| must have the same prime divi-
sors, which proves (i) and, moreover, if M is co-amenable in GG, we conclude from [GT24b,
Theorem 3.9] that |E| = n', |F| = n® for some n,7,s > 1, and that 3;: G/M — H/N is
quasi->-to-one.

To conclude, we have proved in Proposition 3.4.14 that (3; is a quasi-isometry of pairs, and
the existence of such a quasi-isometry implies that G/M is quasi-isometric to H/N by
Proposition 1.6.3. Lastly, the restriction of a quasi-isometry of pairs (G, M) — (H,N)
to M provides a quasi-isometry ¢g: (M,dy) — (N,dg). If we fix a finite generating
set R (resp. U) for M (resp. for N), we know that Idy;: (M,dg) — (M,dr) and
Idy: (N,dy) — (N, dg) are coarse equivalences, and thus

IdNOgOIdMZ (M,dR) I (N,dU)

is a coarse equivalence. Such a coarse equivalence is in fact a quasi-isometry (Proposi-
tion 1.2.24(ii)), concluding the proof. [
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3.5 Constructing quasi-isometries of permutational

wreath products

In this part, we focus on the converse of Theorem 3.4.1, and show how to construct quasi-
isometries between permutational wreath products, given various assumptions on the car-
dinalities of lamp groups or on the geometry of the base groups.

3.5.1 Non-amenable quotients

We start with the non-amenable case, by showing that, if the subgroup under consideration
is not co-amenable into the ambient group, then two permutational wreath products are
quasi-isometric as soon as the cardinalities of the lamp groups have the same prime divisors,
namely:

Proposition 3.5.1. Letn,m > 2. Let H be a finitely generated group, and let N < H be a
normal subgroup of H. If N is not co-amenable in H and if n and m have the same prime
divisors, then there exists an aptolic quasi-isometry

L,(H,Cx) —> Ly(H,Cy).

Recall that £,,(H,Cy) stands for £,,(Cay(H, S),Cx) where S is a finite generating set
of H.

We emphasize that, in this statement as well as in the other ones in this section, the
subgroup /N need not be finitely generated.

Proof. Fix a finite generating set S of H. Denote 7y : H — H /N the canonical projection.
As a first reduction, we fix integers m > 1, n > 2 and a prime number p, and we show that
there exists an aptolic quasi-isometry

Lop(H,Cn) —> Lppn (H,Cn).

This is sufficient to deduce the proposition.

First of all, since /N is not amenable, there exists an n-to-one map f: H/N — H/N
lying at bounded distance from the identity Idy,y. Indeed, as H /N is not amenable, the
embedding ¢: H/N — H/N @ Z, lies at finite distance, say () > 0, from a bijection
g: H/IN — H/N®Z,.Ifp: H/N ®Z,, — H/N denotes the natural projection, then
f :=pogisn-to-one and

dv (@, f () = duyn (p(e()), p(g(2))) < di(u(z), 9(x)) < Q

forany x € H/N, so 7 is at distance < () from Idg /.

Fix an enumeration of H /N and identify Z,,,, (resp. Z,,,») with Z,,, ® Z,, (resp. Z,,, ® Z},).
We denote by 7, and 7 the projections on the first and second coordinates in both Z,, ®Z,
and Z,, ® VA

Given a colouring c: H/N — Z,,®Z,, we define a new colouring ¢: H/N — Z,,®Z}
as follows. Given a point x € H/N, set
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« m(é(x)) == m(c());
« enumerate f ({x}) as {z1,...,x,} following the order of our enumeration, and set
ma(E(z)) = (ma(c(1)), .. ., m2(c(wa)))
We can then define
12 ﬁmp(HycN) - Cmp”(HacN)
(c;p) — (¢,p)
and we claim that ¢ is a quasi-isometry. To prove this claim, fix two vertices a = (¢, p),b =
(d,q) of Lp(H,Cy). )
Notice that if ¢(p/N) # d(pN) for some pN € H/N, then either 71 (¢(pN)) # m (d(pN)),
ie. m(c(pN)) # 7w (d(pN)), hence pN € supp(c~td); or m(¢(pN)) # mo(d(pN)), i.e

there exists some p'N € 771(19]\7) such that mo(c(p'N)) # ma(d(p'N)), whence p’N €
supp(c'd). We deduce that

supp(é’laz) < supp(c'd) U f(supp(c~'d)) (3.5.1)
Next, if ¢(pN) # d(pN), then either m(c(pN)) # m(d(pN)) hence m(¢(pN)) +#
m(d(pN)); or m(c(pN)) # my(d(pN)), in which case ¢(f(pN)) # J(T(pN)) Thus it
follows that
supp(c~'d) < supp(¢é ld) uf (supp( d)) (3.5.2)
Now, fix a path « in Cay(H, S) starting from p, visiting all zones in supp(c~'d) and ending
at ¢, such that
length(av) + |supp(c™'d)| = d(a, b).
We write explicitly supp(c¢™'d) = {p1N,...,p,N}. For any 1 < i < r, denote by x; € p; N
the point where the color of the zone is modified. Since

dn (PN, f(piN)) < Q

there is a loop 7; in Cay(H /N, 71(S)) based at p; N and passing through f(p; N), of length
< 2Q). Thus there is in Cay(H, S) a loop 7; based at x; and passing through the zone
f(piN), of length < 2@Q). We concatenate this loop to . Doing this for any 1 < i < r, we
get a path o in Cay(H, S) startmg at p, visiting all zones in supp(c~'d) U f(supp(c~'d))
and ending at ¢. A fortiori, o' visits all zones in supp( d) according to (3.5.1). Observe
also that

length(a’) < length(a) + 2Q - |supp(c'd)| < (2Q + 1) - length(a)

and thus it follows that

d(p(a), (b)) = d((¢,p). (d,q)) < length(a’) + [supp(¢~"d)|
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Conversely, fix a path § in Cay(H, S) starting from p, visiting all zones in supp (6‘%?),
ending at ¢, such that

length(3) + |supp (¢ 1d)’ = d(p(a),(b)).

Here also, we write supp( d) {;1N,...,qsN} and for any 1 < i < s, we lety; € ¢; N
be the point where the color of the zone is changed. For any 1 < z' < s, and for any
¢N e ?_1 ({¢:IV}), there isaloop 7; in Cay(H /N, m (S)) based at ¢; N and passing through
¢ N, of length < 60, since

di/n (@GN, ¢ N) < dun (N, f(@:N))+dan (F(@N), F(dN))+dun (F(dN),dN) < 3Q.

Thus there is a loop 7; in Cay(H,S) based at y; and passing through the zone ¢’ N, of
length < 6(). We concatenate this loop to 8. Doing this for any 1 < ¢ < s and for any pre-
image of ¢; IV under f, we get a path 3’ in Cay(H, S) starting from p, visiting all zones in
supp (¢ 1d) uf (supp( d)) and ending at ¢. A fortiori, 3’ visits all zones in supp(c'd)
according to (3.5.2). Moreover, one has

length(8') < length(8) + 6nQ - [supp(¢d)| < (6nQ + 1) - length(B).

Hence we deduce that

d(a,b) = d((c,p), (d, q)) < length(8') + |supp(c"d)|
< 2 -length(f3)
< 2(6nQ@ + 1) - length(p)
< 2(6nQ + 1) - d(¢(a), p(b)).

This concludes the proof that ¢ is a quasi-isometry. [

Remark 3.5.2. More generally, and as already noticed in [BGT24] for the standard case,
the same strategy proves that if A, B and H are finitely generated groups and that N <1 H
is not co-amenable in /1, then there is a quasi-isometry

(A X B) ZH/N H— (A X Bn) ZH/N H

forany n > 1.

Next, we show that a quasi-isometry of pairs inducing a quasi-one-to-one quasi-isometry
between the quotients allows us to construct aptolic quasi-isometries between permuta-
tional wreath products.

Proposition 3.5.3. Letn > 2. Let G, H be finitely generated groups with normal subgroups
M<G,N<1H. Letf: (G, M) —> (H, N) be a quasi-isometry of pairs such that f : G/M —
H/N is quasi-one-to-one. Then there exists an aptolic quasi-isometry

L, (G,Cy) — L,(H,Cy).

- 152 -



On the quasi-isometric classification of permutational wreath products

Note that, according to Remark 1.6.6, the assumption made on f does not depend on a
specific choice of the induced quasi-isometry.

Proof. Since f is quasi-one-to-one, we know from Theorem 1.5.2 that it lies at finite dis-
tance, say () = 0, from a bijection g: G/M — H/N. Given now p € G, define h(p) € H as
being a point of the coset g(pM ) that minimizes the distance to f(p). Such a point exists,
and as

dun (9(pM), f(pM)) < Q

it is at distance at most () in H from f(p). The map h: G — H thus defined lies at distance
< @ from f, so it is itself a quasi-isometry, and by construction it sends an M —coset into
an N —coset. Moreover, still by construction, one can take h = g. We thus have a quasi-
isometry of pairs h: (G, M) — (H, N) inducing a bijection at the level of quotients. We
now claim that

@ En(G,CM> I En(H, CN)
(¢,p) — (coh ', h(p))

is the quasi-isometry we are looking for.

Denote 7' (resp. S) a finite generating set for G (resp. H). Let C' > 1, K > 0 be such that
h: G — H and a quasi-inverse h': H — G are (C, K)—quasi-isometries, with h o b’ and
h' o h at distance < K from the identities. Moreover, in this situation we may assume that
W=n"

Notice first that ¢ is (C' + K)—Lipschitz. Indeed, if a, b € L,,(G, Cys) are adjacent vertices,
then

« either a = (¢,p) and b = (¢, ps) for some s € T, so

d(p(a), p(b)) = du(h(p), h(ps)) < C'- da(p,ps) + K = C'+ K;

«ora=(c,p) and b = (¢, p), where ¢, ¢ only differ on pM. In this case, we get
—1 —_1 =
coh (h(p)N)=coh (h(pM)) = c(pM)

and likewise ¢/ ofy ' (h(p)N) = (pM), so COE_l, ol " differ on the coset contain-
ing h(p); and if yN # h(p)N is another coset on which these two colourings differ,
then we may write yN = h(zM) for some zM € G//M, and we get

coh {(yN)=c(zM), d oh (yN) = c(:M)

so ¢, ¢ differ also on zM # pM, a contradiction. Thus c o Eil, ¢ oh " differ only on
h(p)N, and we conclude that ¢(a), ¢(b) are adjacent in L,,(H,Cy).

In both cases, we conclude that d(¢(a), ¢(b)) < C + K, and Lemma 1.2.25 now ensures
that ¢ is (C' + K)—Lipschitz.
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Next, consider the map

77/}1 En(H, CN) — ,Cn(G,CM)
(¢,p) — (coh, ' (p))

and note that

d(¢ o p(c,p), (c,p)) = da (W' (h(p)),p) < K
for any (c,p) € L,(G,Chr), so ¢ o is at distance < K fromId,, (¢ c,,); and similarly ¢ o)
is at distance < K from Id.,(mcy)-

Finally, let us prove that ¢ is also (C' + K')—Lipschitz. Fix a and b two adjacent vertices in
L, (H,Cy), and consider two cases:

« ifa = (¢,p) and b = (¢, ps) for some s € S, then
d(¥(a),¥(b)) = da (W' (p), B (ps)) < C - du(p,ps) + K = C + K;

« andifa = (c,p), b = (¢, p) where ¢, ¢ differ only on pN, then c o h, ¢ o h differ on
k' (p)N, since

coh(W(p)M) = coh(l'(pN)) = c(pN), ¢ oh(h (p)M) = ¢ oh(I'(pN)) = ¢'(pN)

and since c, ¢ differ on pN by assumption (here we use also that i/ = E_l); and if by
contradiction ¢ o h, ¢ o h differ on another coset yM # h'(p)M, then we write this
coset as yM = Eil(zN) = h/(zN) to get that ¢, ¢ differ on the coset zN # pN, a
contradiction. Thus co h and ¢ o h differ only on the coset 2/ (p) M, so 1(a) and (b)
are adjacent in £,,(G, Cy).

Hence we conclude that d(¢(a),? (b)) < C + K, so 1 is (C + K)—Lipschitz by
Lemma 1.2.25. Thus we conclude that
A(p(a), (8) > 5z - d(V(p(a)), (o))
> e (A(e(@), @) — d(ab) — b, v(#(0)))

1 2K
crr MR

=

for any a,b € L,(G,Cyy), so ¢ is indeed a quasi-isometry, with 1 as a quasi-inverse. [

We can then deduce that:

Corollary 3.5.4. Letn,m > 2. Let G, H be finitely generated groups with normal subgroups
M <G, N < H. Assume that M is not co-amenable in G. If there exists a quasi-isometry of
pairs [: (G,M) — (H, N) and if n and m have the same prime divisors, then there exists
an aptolic quasi-isometry

L, (G,Cy) — L, (H,Cn).
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Proof. As the quotient groups G/M, H/N are not amenable, the induced quasi-isometry
f: G/M — H/N is quasi-one-to-one, and Proposition 3.5.3 then shows that there is an
aptolic quasi-isometry £,,(G,Cy) — L, (H,Cy). Additionally, we know that n and m
have the same prime divisors, so we deduce from Proposition 3.5.1 the existence of an
aptolic quasi-isometry

L,(H,Cn) — L,,(H,Cx).

Composing these two quasi-isometries yields the desired conclusion. O

3.5.2 Amenable quotients

We now shift our attention to the amenable case. We start with a statement giving sufficient
conditions to construct aptolic quasi-isometries in a general situation.

Proposition 3.5.5. Let n,m > 2. Let G, H be finitely generated groups with normal sub-

groups M <G, N <1 H. Suppose that o Z\GD __, Z(HN) B: G — H are two maps such

that:
(i) « is a bijection;
(ii) 5: (G,M) — (H, N) is a quasi-isometry of pairs;
(iii) there exists a choice of 3 for which there exists a constant ) > 0 such that,

for any ci1,¢0 € Z\M | the Hausdorff distance between B(supp(c;'cs)) and
supp(a(ci) " a(ca)) is at most Q.

Then the map

q: L,(G,Cyr) — L,,(H,Cy)
(¢;p) — (a(c), B(p))

is an aptolic quasi-isometry.

Notice that, as in the non-amenable case above (cf. subsection 3.5.1), we treat colourings
here as colourings of the quotient groups.

Proof. Let T (resp. S) denote a finite generating set of GG (resp. H), and let 7 (resp. m) be
the canonical projection of G (resp. H) onto G/M (resp. H/N). Up to finite distance, we
assume that 3 sends M —cosets into N —cosets, and that a quasi-inverse 3%: H — G sends
N —cosets into M —cosets. Fix also constants C'; K > 0 such that 3, 4% are (C, K')—quasi-
isometries, with 3 o 3%, 39 o 3 within distance < K from the identities. Up to increasing
those constants, we also assume that /3, % are (C, K )—quasi-isometries. Lastly, recall from
Lemma 1.6.2(iii) that a quasi-inverse of (3 is precisely given by 54, i.e. B = pd.

To start, we prove that ¢ is Lipschitz. Fix a,b € L, (G, Cys) two adjacent vertices. We treat
two cases:

« Assume first that a = (¢, p) and b = (¢, ps) for some s € T. Then one gets
d(q(a), q(b)) = d((a(c), B(p)), (a(c), B(ps))) = du(B(p), Bps)) < C + K;
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« Assume now that a = (¢,p) and b = (¢, p), where ¢, ¢ only differ on pM. Then

B(supp(c_lc’ )) is reduced to a point, and it follows from assumption (iii) that

supp(a(c)~'a(¢)) < Buyn (B(pM), Q) = Bun(B(p)N, Q).
the ball centered at 3(p)N of radius @) in H/N. We deduce from this inclusion that
d(g(a), q(0)) < 2Q - [supp(a(c)~"a(c))| + |supp(a(c) " a(d))]
<(2Q +1)- D

where D > 1 is an integer larger than the maximal degree of a vertex in

Cay(H/N,mg(9)).

We conclude from Lemma 1.2.25 that ¢ is max(C' + K, (2Q) + 1) - D?)—Lipschitz.
Next, consider the map

q': ﬁm(H, CN> — En(G, CM)
(e,;p) — (a"(c), B%(p))-

Then we have

d((c,p),q ©qle,p)) = d((c,p), (¢, ¥ 0 B(p)) = du(p, ¥ o B(p)) < K

for any (c,p) € L,(G,Cyr), as well as

d((c,p),q o (c,p)) = d((c,p), (c, B0 B%(p))) = da(p, Bo B%(p)) < K

for any (c¢,p) € L,,(H,Cy).

Notice that the map ¢’ satisfies also points (i)-(iii) of the statement. Points (i), (ii) are clearly

satisfied. To prove (iii), fix two colourings ¢y, c2 € yA Sl

igaus (B(supp(ail(Cl)il(Xil(Cg))), supp(cflcg)) S Q

which, by Lemma 1.2.26(iv), implies

ditaus (B* 0 B(supp(a ™ (e1) "o (), B* (supp(ci'e2))) < C-Q + K.

On the other hand, the Hausdorff distance between 8* o B(supp(a~(c;)'a~(cz))) and
supp(a*(c1) o (ep)) is at most K, so we conclude that the Hausdorff distance between
supp(a~(c1)"ta"(cz)) and B (supp(c; 'cp)) is at most C'- @ + 2K Recalling that 5 =
P4 shows (iii) for ¢'. Henceforth, we can reproduce the argument we did for ¢ to conclude
that ¢’ is max (C’ + K, (2Q' +1) - D’Q/)—Lipschitz, where (' := C - @ + 2K and where
D’ > 1 is an integer larger than the maximal degree of a vertex of Cay(G/M, g (T)). It
follows that

. We know by assumption that

1 / /
d(Q(Cl7p1)7q(627p2)) = maX(C+ K, (2Q/ + 1) ] D/Ql) d(q OQ(Chpl)?q OQ(CQap2)>

- 1 J 2K
" max(C + K, (2Q' + 1) - D'Q) ~d((cr, p1), (e2,p2)) = max(C + K, (2Q" + 1) - D'?")
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for any (c1,p1), (c2,p2) € L,(G, Car); and that

/ / 1 / /
d(q'(c1,p1),q (c2,p2)) = max(C 1 K. 20 7 1) D9) d(qoq (c1,p1), 00 ¢ (c2,p2))

> : d((er, ), (e2,p2) 2
Z max(C + K, (2Q + 1) - DQ) WP P T (O + K, (2Q + 1) - DR)

for any (c1,p1), (c2,p2) € L, (H,Cy). Thus ¢ is an aptolic quasi-isometry, with ¢’ as a
quasi-inverse. ]

We can therefore deduce the following consequence.

Proposition 3.5.6. Let n,m > 2. Let G and H be finitely generated groups with normal
subgroups M <1 G, N <0 H. Supposen = k", m = k*® for some k,r,s > 1. If there exists a
quasi-isometry of pairs f: (G, M) — (H, N) such that f: G/M — H/N is quasi--to-one,

then there exists an aptolic quasi-isometry
L, (G,Cy) — L, (H,Cn).

We emphasize that, in this statement as well, the subgroups N and M need not be finitely
generated.

Proof. As usual, fix T (resp. 5) a finite generating set for GG (resp. for H) and let 7 (resp.
7g) be the canonical projection onto G/M (resp. H/N). Up to finite distance, we may
assume that f(pM) < f(p)N forany p € G.

As f: G/M — H/N is quasi-?-to-one, we know from Theorem 1.5.10 that there exists
a partition P (resp. Q) of Cay(G/M,n(T)) (resp. Cay(H/N,ny(S))) with uniformly
bounded pieces of size s (resp. of size ), a bijection): P — Qandamap 5: G/M — H/N
at finite distance, say C' > 0, from f such that 3(P) < +(P) for any P € P.

Now, given p € G, define h(p) € H as a point of the coset 5(pM) < H minimizing the
distance to f(p). Such a point exists, and it is at distance < C from f(p): indeed, as

du/n (B(pM), f(pM)) < C

any point of f(pM) = f(p)N is at distance < C in H from a point in 3(pM) < H.
In particular, the map h: G — H thus defined is itself a quasi-isometry of pairs, and by
construction it satisfies h = .

Next, fix abijection o: Z; — Z! such that ¢(0) = 0, and define a bijection «: Z&G/ M __,
ZHN) such that o sends L, (P) (recall that the latter stands for colourings supported ex-
clusively on elements of P) to £,,(¢(P)) through o, for any P € P. Namely, given a

M), its values on a piece P € P form a vector v with

finitely supported colouring c yas
s components and with entries in Z,,, i.e. an element of Z%. Then o(v) is a vector with
r components and with entries in Z,,,. These entries are then the values of the colouring
a(c) on the piece 1(P). This way, L, (P) is sent to L,,(¢(P)) for any P € P, and the
condition ¢(0) = 0 ensures that finitely supported colourings are sent to finitely supported

colourings.
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Define then

q: ,Cn(G,CM) — ,Cm(H, CN)
(¢,p) — (a(c), h(p)).

We show that ¢ is an aptolic quasi-isometry by checking points (i)-(iii) of Proposition 3.5.5.
Points (i) and (ii) are satisfied by construction. For (iii), let ¢;,co € Z%G’CM), and de-
note Py,..., P, the pieces of P containing points of supp(c;'cy). Then the pieces
Y(P1), ..., (P,) are the pieces of Q containing the points of supp(a(ci)~'a(cs)). Be-
cause the pieces of Q are uniformly bounded, we deduce that there is D > 0 (independent
of ¢1, ¢) such that

drtaus (supp(a(c1) 'a(ea)), ¥(P1) U -~ U (P,)) < D.

Also, since 3 sends each piece P of P into ¢(P), we see that

R (supp(cytez)) = B(supp(cytez))

liesin ¢ (P;) U --- U (P,) and has a point in each of these pieces. Once again, we deduce
that

dHaus (B(Supp(CIICQD,dJ(Pl) UV ¢<Pn)) < D'

for some D’ > 0 independent of ¢; and ¢,. We conclude that the Hausdorff distance between
h(supp(c; 'c2)) and supp(a(ci)~'a(cs)) is bounded above by a constant, independently
of ¢y, co. Thus (iii) of Proposition 3.5.5 holds as well, and we deduce from the latter that
q: L,(G,Cpr) — L,,(H,Cy) is an aptolic quasi-isometry, as desired. O

3.5.3 Proof of Theorem III.A

We can now deduce our main theorem from the introduction.

Proof of Theorem IIL.A. Assume that ' ¢/ G and F' iy n H are quasi-isometric. By The-
orem 3.4.1, we know that |E| and |F| have the same prime divisors and that there is a
quasi-isometry of pairs 5: (G, M) — (H, N), which is the desired conclusion in the case
where M is not co-amenable in G. If M is co-amenable in G, we know from Theorem 3.4.1
that |[E| = n" and |F| = n® are powers of a common number and that 3: G/M — H/N
must be quasi-?-to-one.

Conversely, in the case where M is co-amenable, the conclusion follows from Proposi-
tion 3.5.6, while if M is not co-amenable, the conclusion follows from Corollary 3.5.4. [

3.6 Consequences of Theorem IIL.A

3.6.1 Proof of Corollaries II1.B and II1.C

We start this part with some concrete applications of our criterion.
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Proof of Corollary IILB. The subgroup M = Z™ ™ (resp. N = Z™ ") has growth degree
m—n < m— 2 (resp. m' —n' < m’ — 2), so that its coarsely embedded subspaces do not
coarsely separate G = Z"™ (resp. H = Z™) by Theorem 3.2.3. Additionally, notice that
given any k > 0, there is a quasi-isometry of pairs (Z",Z™ ") — (Z™,Z™") inducing
a quasi-k-to-one quasi-isometry Z" — Z". Indeed, since Sc(Z") = R., fix any quasi-k-to-
one quasi-isometry f: Z" — Z", and extend it to Z™ by setting

g ZM =72 x ZN s ZMT 7 = 7
(z,y) — (z, f(y)).

Then g is a quasi-isometry of pairs and g = f. Hence the conclusion follows from Theo-
rem ILA. —

As highlighted in the introduction, since Sc(Z") = R for any n > 1, this result is a
particular case of Corollary III.C, that we prove now using the same argument.

Proof of Corollary IIL.C. The left to right direction is the first point of Theorem IIL.A.
Conversely, assume that |F| = n",

F| = n® for some integers n,7,s > 1, and that * €
Sc(K). Fix then f: K — K a quasi-?-to-one quasi-isometry, and extend it to G = M x K
via

g MxK— MxK
(m, k) — (m, f(k)).

Then g is a quasi-isometry of pairs (G, M) — (G, M), and by construction § = f. Thus
we deduce from Theorem IIL.A that F i G and F' i G are quasi-isometric. OJ

3.6.2 BiLipschitz equivalences of permutational wreath products

Let us now shift our attention to Corollary IILF. It will be a straightforward consequence
of the next result:

Proposition 3.6.1. Let E, F' be two non-trivial finite groups. Let G, H be finitely generated
groups, with normal subgroups M <1 G, N <@ H. Suppose that M is co-amenable in G. If
there existn,r,s = 1 such that |E| = n", |F| = n® and there exists a quasi-one-to-one quasi-
isometry of pairs f: (G, M) — (H,N) such that f: G/M — H/N is quasi-%-to-one, then
Elg/m G and F gy H are biLipschitz equivalent.

This proposition is proved using the same techniques as Theorem III.A, with the follow-
ing additional observation:

Proposition 3.6.2. Letn,m > 2. Let G, H be finitely generated groups with normal sub-
groups M < G, N < H of infinite index. Suppose that o: Z\emn _, Z N g:G— H
are two maps such that
q: £n(G7CM) - 'Cm(H7CN)
(Cv p) - (Oé(C), B(p>)

is an aptolic quasi-isometry. If § is quasi-k-to-one for some k > 0, then so is q.
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Proof. Fix a finite set A < L,,(H,Cy). Let S < FWCN) denote the set of colourings
appearing as first coordinates of elements of A, and for any ¢ € S, let A. © A denote the
subset of elements of A having c as first coordinate. Then

Al = 2 1AL a7 (A = Xl (A

ceS ceS
and letting B, := 7wy (A.), where 7y : L,,,(H,Cy) — H is the canonical projection, we
have |¢"!(A.)| = |87(B.)| for any c € S. Since f3 is quasi-k-to-one, there exists a constant

C' > 0 such that

[EIA] = g (A)]] < D |kIA = a7 (Ad)|

ceS

= Z ‘k|BC| - |5_1(BC)H
ceS

<> .C-|0uB.|.
ceS

It remains to notice that | | _s{c} x 0y B, < JA to deduce that
K| Al =g (A)l] < C - |0A]

for some constant C' > 0 independent of A. Thus ¢ is quasi-k-to-one and the proof is
complete. ]

Proof of Proposition 3.6.1. Assume that M is co-amenable in G, that |E| = n",
some n,7, s > 1 and that there is a quasi-one-to-one quasi-isometry of pairs

F| = n® for

f:(G, M) — (H,N)

such that f: G/M — H/N is quasi-2-to-one. Up to finite distance, we may assume that
f(pM) < f(p)N for any p € G. We proceed exactly as in the proof of Proposition 3.5.6:
we use Theorem 1.5.10 to get partitions P, Q of G/M and H/N respectively, a bijection
Y: P — Qandamap f: G/M — H/N, sending any piece P € P into ¢)(P), that lies at
finite distance from f. Then, we can construct a map h: G — H at finite distance from f
such that h = 3, and this map allows us to define an aptolic quasi-isometry

qEZG/MG—’FZH/NH

as in the proof of Proposition 3.5.6. Since now h is at finite distance from f, it is quasi-
one-to-one, so ¢ is also quasi-one-to-one according to Proposition 3.6.2. We conclude from
Theorem 1.5.2 that this quasi-isometry lies at finite distance from a bijection

which is the desired biLipschitz equivalence. [
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We are in position to deduce Corollary IILF. We emphasize here that, even though the
conclusion is the same as Corollary III.B, the same proof does not work: indeed, given
|E| = n" and |F| = n®, we do not only need a quasi-isometry of pairs inducing a quasi-
“-to-one at the level of quotients, but we must require this quasi-isometry of pairs to be
quasi-one-to-one. Proceeding as in the proof of Corollary III.B would only give us a quasi-
®-to-one quasi-isometry of the base groups.

We must then explicitly construct such a quasi-isometry of pairs, in such a way that the
induced map satisfies the required scaling condition. Let us first explain the proof below on
a simple example. Consider Z2 with its Z—cosets seen as vertical lines. Given a vertical line
¢ = (k,0)Z < Z2, the idea is to “split” it into two vertical lines (2k,0)Z and (2k + 1,0)Z,
sending bijectively the “even part” of ¢ to (2k,0)Z and the “odd part” of ¢ to (2k + 1,0)Z.

2k, 0)Z 2k +1,0)Z
(= (k,0)Z (2%, 0) (2k+1,0)
) ((wouA part) (odd part)
(k,3) (2k,3) (2k +1,3)
“Even part” of ¢
(k,2) . (2k,2) (2k +1,2)
(even j)

(k,1) sent to (2k,0)Z (2k, 1) (2k+1,1)
(k,0) “Odd part” of ¢ (2k,0) (2k +1,0)
(h—1) (odd j) (2k, 1) (2k+1,-1)

sent to (2k + 1,0)Z
(k, —2) (2k, —2) (2k+1,-2)
(k,—3) (2k, —3) (2k+1,-3)

Figure 3.10: Splitting cosets of Z2.

More formally, we define the bijection

v 2% — 72
(i, f) — (21, %) ‘ if 7 is even
’ (2i +1,2%)  if jis odd

that sends the coset (k,0)Z at Hausdorff distance at most one from the coset (2k,0)Z, so
that the induced map 7 (k) = 2k is quasi—%—to—one. Thus there is a biLipschitz equivalence

220,72° — Zy1, 2%

In higher dimensions, the idea is the same, except that we must split a coset into more
cosets if we have a bigger lamp group.

Proof of Corollary IILF. If E'izn Z™ and F'izn Z™ are biLipschitz equivalent, they are quasi-
isometric and we know from Corollary IILB that | E|, | F'| are powers of a common number.
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Conversely, suppose that |[E| = k" and |F| = k°. Without loss of generality, we may
assume that &/ = Z] and F' = Z;. As afirst reduction, notice that it is enough to prove that
there is a biLipschitz equivalence

ZZ Zzn Zm — Zk Zzn Zm.
To prove this claim, following Proposition 3.6.1, it is enough to exhibit a quasi-one-to-one

quasi-isometry v: Z™ — Z™ quasi-preserving the cosets of Z™~", such that the induced
quasi-isometry 7: Z" — Z" is quasi—%—to—one. Consider the map

v LM — Z™
f(rxl,xg,...,xm_l,sz) if z,, =0 [r]
<7’x1 +1,29,..., T, w> if z,, =1 [r]
(:El,...,xm)r—> <
\(m:1+(r—l),xg,...,xm,l,"‘"mT“) ifz,=r—1][r]
and its inverse
n: 2" —2Z"
r .
(%7])27 s 7pm—17rpm) lfpl =0 [T]

(plr—l’p% ey D1, TPm — (1 — 1)) if pp=11r]

(p17"'7pm> — 4

\(va%-“apm—brpm - 1) ifpr=r—1][r]|

One directly checks with Lemma 1.2.25 that v and 7 are both Lipschitz maps, inverses of
each other, and thus are biLipschitz equivalences. In particular, they are quasi-one-to-one,
and they induce two maps given by

y:Z" — Z"
(X1, .. ) — (ray, 29, ..., Tp)
and
n:Z" — Z"
((%,pg,...,pn) if p; =0 [r]
(plr_l,pg,...,pn) ifp; =11[r]
(P1s-- -5 Pn) — S : .
L(M,pg,...,po ifpr=r—1[r]
We know from Lemma 1.6.5(ii) that 7] is a quasi-inverse of 7, and given any (p1,...,p,) €

Z", we see that 7' ({(p1, ..., pn)}) equals

{(Tpla cee >pn)7 (7']91 + 1ap27 cee 7pn)7 ) (Tpl + (7“ - 1)71027 s 7pn)}

In particular, 7 is r-to-one, a fortiori quasi-r-to-one, and it follows from Proposition 1.5.5(iii)
that 7y is quasi—%—to—one, as desired. This concludes the proof. [
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3.6.3 More wreath products

Let us now focus on Corollary IIL.G. As indicated in the introduction, we decompose its
proof into several intermediate steps, which individually use less assumptions than in the
statement. We start with the flexibility part:

Proposition 3.6.3. Let n,m,p,q > 2. Let H be a finitely generated group with a normal
subgroup N < H of infinite index. Suppose that N is not co-amenable in H. If n and m
have the same prime divisors, and p and q have the same prime divisors, then there exists a
quasi-isometry

Z, 0 (Zytuyn H) — Zyy 1 (Zg tuyn H).

Proof. Assume that n and m have the same prime divisors, and p and ¢ have the same prime
divisors. The latter implies that there is a quasi-isometry

Zylyyn H— Z,lyyn H

using the second point of Theorem III.LA. As N is not co-amenable in H, H cannot be
amenable (otherwise H /N would be), hence Z,, ¢ /Ny H and Z, g v H are not amenable.
We can then use Theorem 3.1.2 to deduce that there is an aptolic quasi-isometry

as claimed. O

Proposition 3.6.4. Let n,m,p,q > 2. Let H be a one-ended finitely presented group with
a finitely generated infinite normal subgroup N < H of infinite index. Suppose that H is not
coarsely separable by any collection of subspaces that uniformly quasi-isometrically embed
into N. Suppose that 2,0 (Z, /Ny H) and Z,,, 0 (240 /v H) are quasi-isometric. The following
claims hold.

(i) If H is amenable, then n and m are powers of a common number, p = k" and q = k*
are powers of a common number and there exists a quasi-isometry of pairs (H, N) —
(H, N) inducing a quasi-*-to-one quasi-isometry H/N — H/N;

(ii) If N is not co-amenable in H, then n and m have the same prime divisors, and p and q
have the same prime divisors.

Proof. (i) By Theorem 2.3.34, which applies since Z,,1y;/n H, Z, /v H have the thick bigon
property (see Corollary 2.3.10) and are both amenable, we deduce that n and m are powers
of a common number and that there exists a (measure-scaling) quasi-isometry

Zp ZH/N H— Zq 2H/N H.

Hence the conclusion follows from the first point of Theorem IILA.
(ii) Assume that there is a quasi-isometry

Z,U(Zy tuyn H) — Zy W (Zg by H). (3.6.1)
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In this case, we start rather with Proposition 2.3.30, which applies since Z,, /v H, Z 0/ n H
have the thick bigon property (see Corollary 2.3.10), to deduce that n and m have the same
prime divisors. Additionally, as explained in the proof of Proposition 2.3.30, the quasi-
isometry (3.6.1) can be assumed to be aptolic (in the sense of Definition 3.1.3), and thus
provides a quasi-isometry Z,, /vy H — Z,/n H. Now Theorem IIL A implies that p and
¢ have the same prime divisors, and the proof is complete. O]

Proof of Corollary IIL.G. Combine Proposition 3.6.3 and point (ii) of Proposition 3.6.4. [

In the situation of an amenable permutational wreath product, Theorem III.A imposes
an additional scaling condition, so we must determine scaling groups of such permutational
wreath products in order to prove Proposition III.LH. We can compute some of them thanks
to the next observation:

Lemma 3.6.5. Let G and H be finitely generated groups. Then Sc(G) and Sc(H ) are sub-
groups of Se(G x H).

Proof. The claim is symmetric in G and H so we do the proof for GG only.
Let k € Sc(G) and let f: G — G be a (C, K)—quasi-isometry which is quasi-k-to-one. We
define then

f:GxH—GxH
(9,h) — (f(9). h).

One directly checks that fisa quasi-isometry, and we claim it is also quasi-k-to-one. In-
deed, fix a finite subset A — G x H. Then A intersects finitely many (say » > 1) G—cosets

A:m&
=1

where, for any 1 < i < r, A, is contained in a single G—coset. Moreover, denoting 7 : G X
H — G the projection on the first factor, one has

in G x H, and we can decompose

4| = |ma(A)] and f7H(A) = [~ (ma(A:)

for any 1 < 7 < r. Hence it follows that
KA = 111 < Y|kl = 140l
i=1
< ) [klma(A)] = 1 (ma(A))]|
i=1

< C ) |oemal(Ay))|
=1

< C - |0gxu4|
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for some constant C' > 0, using that f is quasi-k-to-one and the inclusion
T
| |éama(As) < dgxnA
i=1

for the last inequality. This proves that k € Sc(G x H) as claimed. O]

Corollary 3.6.6. Let F', N and K be finitely generated groups. Then Sc(N) is a subgroup of
Se(F ik (N x K)).

Proof. This follows from Lemma 3.6.5 and the fact that F' ) (N x K) = N x (FQK). O

Thus, for instance, if F' is finite and m > n > 1, Sc(F 1z» Z™) = R as it contains
Sc(Z™~™) = R~. This leads us to a proof of the next statement:

Proposition 3.6.7. Let n,m,p > 2. Let N and K be finitely presented infinite amenable
groups, and let G := N x K. IfS¢(N) = R, then Z,, 0 (Z,\x G) and Z,, 1 (Z,, i G) are

quasi-isometric if and only if n and m are powers of a common number.

Proof. By Theorem 2.3.34, our two groups are quasi-isometric if and only if there exist
k,r,s = 1suchthatn = k", m = k® and ? € Sc(Z, ix ). By Corollary 3.6.6, Sc(Z,, ix G)
contains Sc(/N) = R, so that Sc(Z,, \x G)) = R~(. Hence we conclude that Z,, ¢ (Z,, 1x G)
and Z,, ¢ (Z, lx G) are quasi-isometric if and only if n and m are powers of a common
number. O

With the same techniques, we may now deduce a proof of Proposition IIL.H.

Proof of Proposition IILH. Suppose first that Z,, ! (Z, 1z« Z%) and Z,,, 2 (Z, 1z+ Z%) are quasi-
isometric. Then Theorem 2.3.34 implies that n = a”, m = a° for some a, 7, s > 1 and there
exists a quasi--to-one quasi-isometry Z, iz« Z? — Z,1zx Z°. Then Corollary IILB shows
that p and ¢ must be powers of a common number, as claimed.

Conversely, suppose that n = a” and m = a® are powers of a common number, and like-
wise that p and g are powers of a common number. This assumption implies, according to
Corollary IILF, that there is a biLipschitz equivalence

Z, gk 2% — Z, 10 Z°

We also know that Sc(Z, 1z« Z%) = R.q, s0 2 € Sc(Z, 1z Z%), and thus there exists a quasi-
®-to-one quasi-isometry Z, iz« Z¢ — Z,1z+ Z%. Composing this quasi-isometry with the
above biLipschitz equivalence provides a quasi-?-to-one quasi-isometry

2, 28— Z, 1 Z°

Since we know that n = a” and m = a®, [GT24b, Proposition 3.12] implies that Z,, 2 (Z,, iz«
Z%) and Z,, 1 (Z, 1zx Z%) are quasi-isometric. The proof is complete. ]
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In [GT24b, Corollary 1.16] are also recorded the first examples of amenable groups hav-
ing all their self-quasi-isometries at a bounded distance from a bijection, namely F' ! H
where F' is finite and H is amenable finitely presented and one-ended. In particular, the
scaling group of such wreath products is always trivial. In contrast, permutational wreath
products have many measure-scaling quasi-isometries that do not lie within bounded dis-
tance from a bijection. An explicit example is the following: let G := Zj 12 Z3, and let
7: G — Z3 be the natural surjection. Then K := 7~ !(Z x Z x 2Z) is a proper subgroup of
G, of index 2. Thus the natural inclusion ¢: Ky — G'is quasi—%—to—one, and since G = K>,
composing this isomorphism with ¢ provides a quasi-%-to-one quasi-isometry G — G.

This example also allows us to exclude the natural analog of [GT24b, Corollary 1.17] in
the permutational case: K5 and K3 := 7 !(Z x Z x 3Z) are biLipschitz equivalent (even
isomorphic) finite index subgroups of G = Z, 72 Z3, but they do not have the same index
in G.

3.7 Concluding remarks and questions

We conclude the article with a list of questions related to the coarse geometry of permuta-
tional wreath products.

First of all, the proof of Theorem IIL. A requires strong assumptions, and it is natural to
ask what happens if we drop some of these assumptions. For instance:

Question 3.7.1. Let n,m > 2. Let G (resp. H) be a finitely presented group with a finitely
generated subgroup M < G (resp. N < H) of infinite index. Assume that G (resp. H)
is not coarsely separable by any collection of subspaces that uniformly quasi-isometrically
embed into M (resp. N). When are Z,, \q/n G and Z,,, {/n H quasi-isometric? biLipschitz
equivalent?

In the same vein, notice that in [GT24a] the authors extended their embedding theo-
rem from [GT24b] to include some standard lamplighters with infinitely presented base
groups. Namely, they introduced a new quasi-isometry invariant, referred to as the thick
bigon property (see Chapter 2), and proved a version of the embedding theorem for geodesic
metric spaces satisfying this property (see Theorem 2.3.2). Therefore, one might wonder
whether there is a version of this embedding theorem for permutational halo products. As
an application, this could provide an answer to:

Question 3.7.2. Letn, m, p,q > 2, and let H be a finitely generated group with N a normal
subgroup of infinite index. Letting Z, ¢/ H (resp. Z, 1/ H) act on its quotient H, when
are Z,, lg (Zp tuyn H) and Z,, iy (Zg /v H) quasi-isometric?

Some partial answers can be deduced from our previous results. For instance, in the
case where N is not co-amenable in H, if p and ¢ have the same prime divisors, then by
Proposition 3.5.1 there exists a quasi-isometry of pairs

(Zp ta/N H, @ Zp) - (Zq tiyn H, @ Zq)

H/N H/N
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and if additionally n and m have the same prime divisors, there exists a quasi-isometry
still by Proposition 3.5.1. A possible refinement of the previous question is then:

Question 3.7.3. Let n, m, p,q > 2, and let H be a finitely generated group with N a normal
subgroup of infinite index. Assume that IV is not co-amenable in H. If Z,, g (Z, /v H)
and Z,, tg (Z4 /N H) are quasi-isometric, must n and m (resp. p and ¢) have the same
prime divisors?

In the context of iterated wreath products, it is worth to notice that the assumption of N
being infinite in Corollary II.G is crucial to apply results from [GT24a]. Indeed, as explained
in the latter, permutational wreath products of the form E /), G with M infinite satisfy
the thick bigon property, which allows to use the embedding theorem from [GT24a] to get
information on the quasi-isometries between wreath products of the form Z,, 1 (E ¢/ G).
On the other hand, standard wreath products of the form (finite) ! G usually do not have
the thick bigon property, even if GG has it. Hence, the following question remains:

Question 3.7.4. Let n,m,p,q > 2 be four integers. Let G and H be one-ended finitely
presented groups. If Z,, (Z,!G) and Z,, 1 (Z, 1 H) are quasi-isometric, must n and m (resp.
p and ¢) have the same prime divisors? Must G and H be quasi-isometric?

In another direction, it is natural to wonder what happens when the lamp groups are
infinite, in the same spirit as [BGT24, Theorem 6.33 and Corollary 6.36]. For instance:

Question 3.7.5. Let A;, A, be two nilpotent groups, and H;, Hy two finitely presented
groups, with normal infinite finitely generated subgroups Ny <t H;, Ny <t H,. When are
Ay, Hy and As g, N, Ho quasi-isometric?

The case of free abelian groups would be interesting already. For instance, if Z" 1z» Z¢
and Z" 1, Z? are quasi-isometric, does it follow that d = d’ and k = &’? Or does one have
more flexibility? Note that when the subgroup is not co-amenable into the ambient group,
Remark 3.5.2 provides some flexibility in the lamp groups.

Note that, as explained below in Remark 4.5.2, a quasi-isometry between Z" 17+ Z% and
Z" 10 Z% does not necessarily imply that n = n’.

Lastly, Theorem III.A requires a strong assumption of non-coarse separation, and it is
natural to ask what happens in the remaining cases. For instance:

Question 3.7.6. If £/ and F' are two non-trivial finite groups and m > 2, and if £/ 1z Z™
and F' {7 Z™ are quasi-isometric, must | E'| and | F'| be powers of a common number?

We conjecture a positive answer. Note that Example 3.4.10 provides an example of a non-
leaf-preserving quasi-isometry Zy iz Z> — Z, 1z Z?, hence the need of another strategy.
When looking at quasi-isometries between spaces that are direct products, such as

EzZ"=Z"" % (E12),

another natural form of rigidity that can occur is the one of “product quasi-isometries” (see
for instance [KL97; EFW12; EFW13]), namely those quasi-isometries that are given by a
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quasi-isometry of the first factor in the first component and a quasi-isometry of the second
factor in the second component. Moreover, in our case, such a rigidity would allow us to
deduce a positive answer to Question 3.7.6, thanks to [EFW13, Theorem 1.2].

However, it is not hard to construct automorphisms (and thus quasi-isometries) of such
products that do not lie at bounded distance from a product quasi-isometry. One such
example is given by Z x (E1Z) — Z x (E12), (k,(c,p)) — (k + p, (¢, p)). Hence,
for now, the quasi-isometric classification of direct products of Z with lamplighters over Z
stays out of reach.

Next, regarding biLipschitz equivalences between permutational wreath products, it is
natural to ask whether the sufficient condition given by Proposition 3.6.1 is also necessary,
at least under the assumptions of Theorem IIL.A.

Question 3.7.7. Let n,m > 2 and let GG, H be finitely presented groups with finitely gen-
erated infinite normal subgroups M <G, N <1 H of infinite index. Suppose that G (resp. H)
is not coarsely separable by any collection of subspaces that uniformly quasi-isometrically
embed into M (resp. N). If Z,,1¢/n G and Z,,, 0y /v H are biLipschitz equivalent, does there
exist k,7,s = 1 such that n = k", m = k* and a quasi-one-to-one quasi-isometry of pairs
(G, M) — (H, N) inducing a quasi-*-to-one quasi-isometry G/M — H/N?

We showed in Corollary 3.6.6 that Sc(F i¢/n () always contains Sc(V) if G splits as a
direct product N x K. It is therefore natural to ask:

Question 3.7.8. Let F' and G be finitely generated groups, and let N < G be finitely
generated. Is it true that Sc(NV) injects into Sc(F (/v G)?

In fact, we showed in Lemma 3.6.5 that the scaling group of a direct product always
contains scaling groups of the factors. More generally:

Question 3.7.9. Let G and H be finitely generated groups, and let ¢: H — Aut(G) be a
group morphism. Is it true that Sc(G x,, H) contains Sc(G)?

On the other hand, the scaling group of G x,, H usually does not contain Sc(H). For
instance, Sc(Z, ! Z%) = {1} by [GT24b, Corollary 1.16], while Sc(Z?) = R~.
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Chapter 4

Quasi-isometric rigidity of
lamplighters with lamps of
polynomial growth

This chapter presents the content of the paper [Dum25], that explains a rigidity phe-
nomenon for quasi-isometries between wreath products with infinite lamp groups having
polynomial growth.

41 Introduction . . . . . . . . . 169
4.2 Notations and preliminaries . . . . . . . . . ... ... ... 174
43  Aptolic quasi-isometries between wreath products . . . . ... ... ... ... .. 175
44 Proofof TheoremIV.A . . . . . . .. . . . . . 180
45 Applications . . . . . ... 182
4.6 Comments and questions . . . . . . ... ... 186

4.1 Introduction

In geometric group theory, a challenging question is to understand the collection of all
maps between two given metric spaces that are compatible with the large-scale geometry
of our spaces. Such collections encompass for instance quasi-isometries, coarse and quasi-
isometric embeddings, or regular maps. The motivation behind this program is that, on
the one hand finitely generated groups are naturally metric spaces and can thus be studied
from a geometric point of view, and on the other hand their geometric properties are closely
related to their algebraic structure.

Several milestones have been achieved in the study of the quasi-isometric rigidity of
many classes of groups, among which abelian and non-abelian free groups [Dun85], map-
ping class groups [Beh+12], non-uniform lattices of Isom(H") [Sch96], n > 3, lamplighters
over Z and others SOL—like groups [EFW12; EFW13], or Baumslag-Solitar groups [FM98;
FM99; Why01].
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In a recent work [GT24b], Genevois and Tessera established a complete classification up
to quasi-isometry of lamplighters over finitely presented one-ended groups. Precisely, they
showed that the existence of a quasi-isometry between £ H and F'{ K is parametrized by
the existence of a quasi-isometry between H and K which is compatible in a certain way
with the lamp groups F and F', in the sense that it must be measure-scaling for some scaling
factor that depends on the cardinalities of £ and F'. Roughly speaking, a quasi-isometry
X — Y between two metric spaces is quasi-k-to-one if the size of the pre-image of a finite
subset A of Y is k | A|, up to an error controlled uniformly over A Y (a precise definition is
given in Definition 1.5.1). This quantification is also motivated by a famous result of Whyte
(see Theorem 1.5.2), which says that being quasi-one-to-one is the same as lying within
bounded distance from a bijection. Furthermore, the property of being measure-scaling is
well-behaved under composition and quasi-inverses (see Proposition 1.5.5), which yields to
define the scaling group of an amenable space X as

Sc(X) := {k > 0 : 3 a quasi-k-to-one quasi-isometry X — X}.

In this way, Sc(X) is a subgroup of (R.q, ). Given an amenable space X, its scaling
group is an object of independent interest, that encodes many possible behaviours for its
self-quasi-isometries. In the case of X = ( a finitely generated group, identifying its scal-
ing group can give access to informations on its algebraic structure. For instance, it is not
hard to check that, given a finite-index subgroup H of G, the natural inclusion H — G is
quasi—ﬁ-to-one. Thus, if G has trivial scaling group, it cannot contain proper finite index
subgroups isomorphic to itself. We refer to Section 1.5 for more details and explanations
on scaling quasi-isometries and scaling groups.

Scaling groups of several classes of amenable groups, among which Carnot groups
and Baumslag-Solitar groups, have been computed in [GT22, Corollary 6.6]. Additionally,
as an important consequence of the classification established in [GT24b, Corollary 1.6],
Sc(F ! K) = {1} if F is finite and K is amenable, finitely presented and one-ended. As
explained in Section 2.4, this computation heavily relies on the aptolicity (in the sense of
Definition 2.2.9) rigidity phenomenon of quasi-isometries between lamplighters.

Here we show that, for lamplighters with lamps of polynomial growth, if all quasi-
isometries are aptolic (up to bounded distances), then they are also all measure-scaling,

with a scaling factor depending on the involved growth degrees.

Theorem IV.A. Let N and M be finitely generated groups of polynomial growth, with growth
degrees n and m respectively. Let G and H be finitely generated amenable groups such that
any quasi-isometry between N G and M H is (up to bounded distance) aptolic. Then any
quasi-isometry N1 G — M U H is quasi-""-to-one.

Explicit examples of groups G and H for which any quasi-isometry N1 G — M H is
aptolic, up to a finite distance change, are provided in [BGT24]. Thus:

Theorem IV.B. Let N and M be finitely generated groups of polynomial growth, with growth
degrees n and m respectively. Let G and H be finitely presented amenable groups from M .
Then any quasi-isometry N G — M H is quasi-"" -to-one.

We refer to Section 4.2 for the precise definition of the class M.y,. For now, let us
simply mention that it contains many amenable groups: solvable Baumslag-Solitar groups
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BS(1,n), n = 2, SOL(Z), lamplighter groups, as well as any direct product of one of these
groups with an arbitrary finitely generated amenable group.

We also emphasize that, in these theorems, the amenability condition is necessary to
avoid an empty statement: between non-amenable spaces, a quasi-isometry is measure-
scaling for all possible scaling factors; see Remark 1.5.3.

Quasi-isometries and biLipschitz equivalences. Refining our understanding of quasi-
isometries, another interesting problem is to understand to what extent being quasi-
isometric and being biLipschitz equivalent differ. Whyte’s theorem mentioned above (see
Theorem 1.5.2) ensures that, for non-amenable spaces, a quasi-isometry can always be
turned into a biLipschitz equivalence by a finite distance change. For amenable spaces,
the question is much more subtle, and no analog of Whyte’s theorem can hold: indeed, for
a proper finite-index subgroup H of an amenable finitely generated group G, the inclusion
H — Gis quasi-ﬁ—to—one and thus does not lie at bounded distance from a bijection.
The first example of a pair of amenable quasi-isometric groups that are not biLipschitz
equivalent appears in [Dym10] and involves lamplighters over Z.

Concerning biLipschitz equivalences between lamplighters with infinite lamp groups,
we can deduce from our main result the next consequence:

Corollary IV.C. Let N and M be finitely generated groups with polynomial growth. Let G
and H be finitely presented amenable groups from M,,. If N2 G and M H are biLips-
chitz equivalent, then N and M have the same growth degree and G and H are biLipschitz
equivalent.

It is worth noticing that the converse statement is not true: according to [BGT24, Corol-
lary 6.36], if N and M are nilpotent and NG and M H are quasi-isometric, then /N and M
must have the same nilpotent step. Thus, for instance, Z* ! BS(1,n) and Heis(Z) ¢ BS(1, n)
are not quasi-isometric, even though Z* and Heis(Z) have equal growth degrees. Restrict-
ing to virtually abelian groups, we can completely describe the quasi-isometry class of our
wreath products.

Theorem IV.D. Let A; and A, be infinite virtually abelian finitely generated groups, with
growth degrees d; and dy respectively. Let G and H be finitely presented amenable groups
from M y,,. Then:

(i) A11G and Ay H are quasi-isometric if and only if there exists a quasi-j—f -to-one quasi-
isometry G — H;

(i) A1V G and Ay H are biLipschitz equivalent if and only if di = dy and there exists a
biLipschitz equivalence G — H.

We thus get additional examples of pairs of quasi-isometric groups that are not biLips-
chitz equivalent: for instance, as Sc(BS(1, k)) = R (see Proposition 1.5.12), Z" ¢ BS(1, k)
and Z™BS(1, k) are quasi-isometric for all n,m > 1 and k > 2, while they are biLipschitz
equivalent if and only if n = m.

In the opposite direction, as mentioned above, Genevois and Tessera showed in [GT24b]
that a lamplighter group F'{ K, where F'is finite and K is amenable, one-ended and finitely
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presented, has all its self-quasi-isometries at bounded distance from bijections. As a con-
sequence of Theorem IV.B, the same phenomenon occurs for lamplighters with lamps of
polynomial growth:

Corollary IV.E. Let N and M be finitely generated groups with polynomial growth. Let G
and H be finitely presented amenable groups from M,,. If N and M have equal growth
degrees, then any quasi-isometry N 1 G — M ! H lies within bounded distance from a
bijection.

In particular, any quasi-isometry N1G — NG lies at bounded distance from a bijection,
and thus Se(N 1 G) = {1}.

As explained in Section 1.5.3, the fact that IV { G has a trivial scaling group allows us to
deduce some algebraic facts on its subgroups of finite index. For instance, two biLipschitz
equivalent finite-index subgroups of N ! GG must have the same index (Corollary 1.5.15),
and, in particular, NG does not have any proper finite-index subgroup isomorphic to itself
(Corollary 1.5.14), a fact that is not obvious to prove from a purely algebraic point of view.
In turn, this has the consequence that any non-surjective monomorphism N1 G — N1 G
has an image of infinite index (such morphisms exist as soon as IV or G is not co-Hopfian,
eg. N =Z"or G = BS(1,n) for n > 1; see [BFF24, Theorem 6.1]).

Application to lamplighter-rigidity. So far, related to the quasi-isometric classification
of wreath products of the form (finite) ! (finitely generated), all results recorded in the
literature exhibit a flexibility part, namely given a finitely generated group H and integers
n,m > 2 satisfying some arithmetic condition, it is often possible to construct a quasi-
isometry between Z,, ! H and Z,,, ! H. This observation then suggests the next question:

Question 4.1.1. Does there exist a finitely generated group H such that Z,,! H and Z,,,1 H
are never quasi-isometric if n # m?

We know the answer when H belongs to various classes of groups: for instance, if H is
non-amenable, Z,,? H and Z,,, ! H are quasi-isometric as soon as n and m have the same
prime divisors, by Theorem 2.2.12. Hence an example of a group H must necessarily come
from the class of amenable groups.

But, further, if H is amenable, it has finitely many ends, and thus it has either zero, one or
two ends. The zero end case is trivial, as then both Z,,0 H and Z,,,0 H are finite and thus quasi-
isometric, for any choice of n and m. The two-ended case is also completely understood by
the work of Eskin-Fisher-Whyte [EFW12; EFW13], and in this case it suffices to take n and
m to be powers of a common number to construct a quasi-isometry Z, ' H — Z,, ! H.
Therefore, for a positive answer to Question 4.1.1, one has to look into amenable one-ended
groups. In this class, the case of finitely presented groups is also completely understood, and
here as well it suffices to take n = a® and m = a" powers of a common number to deduce
that Z,, ¢ H and Z,, ! H are quasi-isometric if * € Sc(H) [GT24b, Theorem 3.12]. Hence,
within this class, an example of a group H answering positively Question 4.1.1 should have
trivial scaling group. However, we do not know a single example of a finitely presented
one-ended group with trivial scaling group.

On the other hand, despite the fact that our wreath products N ¢ G are not finitely pre-
sented, they do have trivial scaling group, and we show that they indeed provide examples
of groups answering positively Question 4.1.1:
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Proposition IV.F. Let n,m > 2 be two integers. Let N be a finitely generated group with
polynomial growth, and let G be a finitely presented amenable group from M,,,. Then the
lamplighters Z,, . (N1 G) and Z,, ! (N2 G) are quasi-isometric if and only if n = m.

More generally, we know from [GT24b] that the existence of a quasi-isometry
Z, G —> Z,, ! H provides a measure-scaling quasi-isometry G — H, where the scal-
ing factor depends on n and m. Thus, when GG and H are themselves lamplighters with
lamps of polynomial growth, the existence of such a quasi-isometry imposes a compatibil-
ity condition between n, m and the growth degrees of lamp groups. This is the content of
the next statement.

Proposition IV.G. Let n,m > 2 be two integers. Let N1 and N, be finitely generated groups
of polynomial growth, with growth degrees n; and no respectively. Let G and H be finitely
presented amenable groups from M. If Z,,0(N11G) and Z,,,1 (N2 U H) are quasi-isometric,
then there exist a,r,s > 1 such thatn = a”, m = a°, andf = Z—f
Iterated wreath products. In the light of Proposition IV.G, it is also natural to try to
fully classify iterated wreath products. For such groups, most of the technology developed
in [GT24a; GT24b] does not apply, because lamplighter groups F' ¢ K with F finite do
not have the thick bigon property, a key quasi-isometry invariant introduced in [GT24a].
Roughly speaking, a finitely generated group G has the thick bigon property if given any
two points x, y € G connected by a path ; and any point p € 7y, far enough from x and v, it
is always possible to connect x and y by a path v, which is coarsely homotopic to 7, and that
avoids arbitrary large balls centered at p (see Definition 2.3.4 for a more precise definition).
It turns out that, as soon as F is infinite, wreath products F'{ K have this property [GT24a,
Proposition 1.3], and building on Theorem IV.D, we get a complete classification of wreath
products of the form

(finite) ? ((infinite virtually abelian) ! (finitely presented from M.y,)).

Corollary IV.H. Let n,m > 2 be two integers. Let A; and A, be infinite virtually abelian
finitely generated groups, with growth degrees d, and d respectively. Let G and H be finitely
presented amenable groups from M,,,. Then:

(i) Z, 1 (A1 G) and Z,,) (A2 L H) are quasi-isometric if and only if there exist a,r, s > 1

da

such thatn = a", m = a®, 7% = 2,

G — H;

and there exists a quasi—g—f -to-one quasi-isometry

(ii) Z,(A11G) and Z,, 1 (A2 H) are biLipschitz equivalent if and only if n = m, d; = dy

and there exists a biLipschitz equivalence G — H.

For instance, this corollary rules out the existence of a quasi-isometry
Z, 1 (Z21BS(1,n)) —> Z4 2 (Z* 1 BS(1,n))

where n > 2.

It is worth noticing that, if the amenability assumption on G and H is removed, a classi-
fication can also be easily deduced from [BGT24] and Proposition 4.5.1 below: Z,,2 (A1 G)
and Z,, ! (As ! H) are quasi-isometric if and only if n and m have the same prime divisors
and G and H are quasi-isometric.
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More wreath products. Observe that, when comparing two wreath products over the
same bases, many quasi-isometry invariants (such as the volume growth, the number of
ends, Folner functions, divergence, asymptotic dimension to name a few) fail to distin-
guish them. In general, much more involved methods, as the ones developed in [EFW12;
EFW13; GT24a; GT24b], appear necessary to exhibit a significant geometric difference be-
tween our groups. Those strategies require additional assumptions, relying on notions such
as the thick bigon property in [GT24a] or coarse separation in [BGT24]. We conclude the
article by noticing that our construction of quasi-isometries, combined with results of Er-
schler [Dyu00; Ers03], also provides classification results in situations where techniques
from [GT24a; BGT24] cannot be applied.

Corollary IV.I. Let Ay, Ay, By, By be infinite virtually abelian finitely generated groups.
Then Ay ! By and Ay ! By are quasi-isometric if and only if By and By have same growth
degrees.

For instance, Z%? Z* and Z% | Z¥' are quasi-isometric if and only if k = &’

Plan of the chapter. Section 4.2 introduces notations and the necessary background
on the class M.y,, and Section 4.3 the necessary results on aptolic quasi-isometries be-
tween wreath products. Section 4.4 is dedicated to the proof of our main result. Section 4.5
presents the various mentioned applications, and Section 4.6 records several questions re-
lated to the article.

4.2 Notations and preliminaries

4.2.1 Notations

For an integer n > 1, Z,, denotes the cyclic group of order n. Given a metric space (X, dy),
we denote

Bx(z,r):={ye X :dx(z,y) <r}

the closed ball centered at x € X of radius > 0.

Any graph in this text is unoriented and simplicial, that is without loops nor multiple
edges. For such a graph I, V(I") refers to its set of vertices, while E(I") stands for the set
of edges. Given any subset A — I, its boundary in I" is denoted dr A and is defined as

orA:={yeT\A:3dxe A (x,y) e EI)}.

4.2.2 Coarse separation

We now define coarse separation of spaces, as in [BGT24]. For this, recall that a metric
space (X, dx) is k—coarsely connected, with k > 0, if for any x,y € X, there is a sequence
of points © = x¢, 21, ...,Tn 1,2, = y such that dx(z;_1,2;) < kforanyi=1,... n.

Definition 4.2.1. Let (X, dx) be a metric space, and let WV be a family of subsets of X. We
say that W coarsely separates X if there exist & > 0 and L > 0 such that for any D > 0,
there exists W € W such that X\ W7 has at least two k—coarsely connected components
with points at distance > D from W.
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Given a family W of subsets of X, we define its growth function as

Viw(r) = oS WIWﬂB(w,r)I, r=0
EW, we

and we say that W has subexponential growth if limsup,_,, £ In(Vjy(r)) = 0. We denote
My the class of bounded degree graphs such that any coarsely separating family of subsets
must have exponential growth. Note that this class is invariant under quasi-isometries.

The following theorem is one of the main results of [BGT24].

Theorem 4.2.2 ((BGT24, Theorem 1.4]). Fori = 1,2, let X; be either a (k + 1)—regular tree
with k = 2 or a rank one symmetric space of non-compact type. Then the horocyclic product
X Xy belongs to My, as well as any direct product of X; = X, with an arbitrary
bounded degree graph.

As already mentioned, this theorem provides many examples of amenable groups that
belong to M.,, among which solvable Baumslag-Solitar groups BS(1,7), n > 2, lamp-
lighter groups and SOL(Z).

4.3 Aptolic quasi-isometries between wreath products

As explained earlier, a quasi-isometry between wreath products is aptolic if it preserves
the lamplighter structure. In [GT24b], Genevois and Tessera proved that when N and M
are finite and G and H are both finitely presented and one-ended, then any quasi-isometry
N 1G — M H is at bounded distance from an aptolic quasi-isometry. Later, with Ben-
said, they proved that the same phenomenon occurs when N and M are infinite and of
subexponential growth, provided that the base groups G and H belong to My,:

Theorem 4.3.1 ([BGT24, Theorem 6.30]). Let Ay, Ay be two finitely generated groups of
subexponential growth, and let By, By be two finitely presented groups from M. Then any
quasi-isometry A1 By — A3 By is within bounded distance from an aptolic quasi-isometry.

Similarly to the strategy for lamplighters over finitely presented one-ended groups
from [GT24b], it is proved in [BGT24] that any quasi-isometry A; ! B; — Ay ! By, with
the assumptions of Theorem 4.3.1, has the property of being leaf-preserving, i.e. it sends
any B;—coset of A;! B; at a uniform bounded distance from a By—coset of A5 B and has
a quasi-inverse that does the same with roles of B; and B, reversed. This fact is deduced
from another version of the embedding theorem proved in [BGT24, Theorem 6.1] and that
also relies on quasi-median geometry. The second step of the strategy, namely the fact
that leaf-preservingness implies aptolicity (up to finite distance), is mentioned in [BGT24,
Theorem 6.28] and actually follows from [GT24a, Corollary 6.11 and Lemma 6.12].

In [GT24b, Proposition 3.1] is proved a characterisation of aptolic quasi-isometries be-
tween wreath products with finite lamp groups. We will need in our computations a similar
characterisation for wreath products with arbitrary lamp groups.

Proposition 4.3.2. Let M, N,G, H be finitely generated groups, and consider two maps
a: N — MW and 3: G — H. Then the map

0: NUG — M UH, (c,p) — (a(c), B(p))
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is an aptolic quasi-isometry if and only if the following conditions hold:
(i) a: N© — MU s g bijection;
(ii)) B: G — H is a quasi-isometry;

(iii) There exists Q > 0 such that, for any colourings c;, c, € N%), the Hausdor(f distance
between supp(a(ci1) a(ca)) and B(supp(c;'cs)) is at most Q;

(iv) There exists L > 0 such that, for any colourings c,,cy € N9 that differ on a single
point p € G and such that ¢, (p), c2(p) are adjacent in N, one has

du (a(er)(t), ale)(t)) < L
forallt e H;

(v) There exists L' > 0 such that, for any colourings ci,c, € MY that differ on a single
point p € H and such that ¢1(p), c2(p) are adjacent in M, one has

dy(a (1)), a N e)(t)) < L'
forallt e G.

In particular, every aptolic quasi-inverse of ¢ is of the form

(e,p) — (@7'(c), B(p)), (c.p) e MUH
where 3: H — G is a quasi-inverse of 3: G — H.

Proof. Suppose first that ¢: NG — M ! H is a (C, K)—quasi-isometry. The proof
of (i), (ii), (iii) and of the last claim of the statement follow the same lines as the proof of
Proposition 2.2.10.

Let us then turn to (iv). Let ¢;, ¢; € N(@) be two colourings of G that differ only on p € G,
and that take adjacent values on that point. This means that (¢, p) and (cz, p) are neigh-
bours in N ! G, and thus

dMZH((a(q)?ﬁ(p))a (a(CQ)vﬁ(p))) = dMlH(QD(Chp)’ @(c%p))
< Cdng((er,p), (c2,p) + K
—C+K.

This distance being less than C' + K implies that a(c;) and «(c2) can only differ on points
at distance < C' + K from ((p) and, at each point t € H where they effectively differ, one
can go in M from «(c1)(t) to a(c2)(%) in at most C' + K steps. Thus

dy (aler)(t), ale)(t)) < C+ K
forany te H.
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The proof of (v) is analogous, using a quasi-inverse @ of ¢ that takes the form

(e,p) — (a7'(c), B(p)), (c.p) e MUH

where : H — G is a quasi-inverse of /3.

Conversely, assume that (i) — (v) hold. Fix constants C' > 1, K > O such that 8: G — H
and a quasi-inverse 3: H — G are (C, K )—quasi-isometries, and such that 50 3, B0 3 are
at distance < K from Ids, Idy respectively.

We start by showing that ¢ is Lipschitz. Let a = (c1,p1), b = (c2,p2) be two adjacent
vertices in N ! G. We distinguish two cases:

« First, say that ¢; = ¢, and that p; and p, are neighbours in G. Then we have
dana(p(a), (b)) = danm ((a(er), B(p1)), (aler), B(p2)))
= dH(ﬁ(m),ﬁ(m))

< C-dg(pr,p2) + K
=C+ K.

« Now, assume that p; = ps and that ¢y, ¢, differ only on p;, and that ¢;(p;) and c2(p;)
are adjacent in V. From (iii), we know that

supp(a(ci)a(e2)) © Bu(B(p1), Q)

and, from (iv), we know that for any ¢ € supp(a(c1) 'a(c2)), there is a path of length
< Lin M from a(c;)(t) to a(cy)(t). This yields the estimate

danm (@(a), o(b) = danu ((aler), B(pr)), (a(cz), B(p1)))
L- ‘BH(B(pl)aQ)‘

<
< L-D9
where D > 3 is a fixed integer larger than the degree of a vertex in Cay(H,T).

In all cases, we conclude that
dynm(e(a), p(b)) < max(C + K, L - DQ)

so that ¢ is max(C + K, L - D?)—Lipschitz according to Lemma 1.2.25.
Now, consider the map

Y: M H — NG
(e.p) — (a*(c), B(p))-
For any (c,p) € N ! G, one computes that
dne (w © @(c,p), (Cap)) = dne ((QB(B(p)))v (C,p))

= dG (Boﬁ(p)>p)
<K
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50 9 o ¢ is at distance < K from Idy,q, and similarly, using that 3 o 3 is at distance < K
from Idy, one shows that ¢ o %) is at distance < K from Id);,y. Thus it only remains to
prove that v is Lipschitz. For this, note that:

Claim 4.3.3. There exists Q' > 0 such that, for any c1,co € M), the Hausdorff distance
between supp(a(c1) Lo (¢2)) and B(supp(ci'cs)) is at most Q).

Proof of Claim 4.3.3. Fix ¢, c; € M), Applying (iii) to a~'(c;) and a~'(c;), we have

ditaus (Supp(cflcg),ﬁ (Supp(ail(61)71&71(62)))) <@

and applying 3, it follows from Lemma 1.2.26(iv) that

Haus (B(supp(cflcg)),ﬁ (ﬂ (supp(a’l(cl)’lafl(@))))) <C-Q+K.

As the Hausdorff distance between ((3(supp(a'(c;) ' !(cp)))) and
supp(a~'(c1) "t (c2)) is bounded by K, we get the claimwith @’ :=C - Q +2K. N

Using Claim 4.3.3 and (v), computations as the ones above show that 1) sends any two
adjacent vertices of M ! H to vertices that are at distance at most

max <C + K, L D’Q,)

in N2 G, where D’ > 3 is a fixed integer larger than the degree of a vertex in Cay(G, S).
Invoking once again Lemma 1.2.25, we conclude that 1 is max(C + K, L' - D'?")—Lipschitz.
Finally, we get that

(1), £(8) > s (V0 0). (2 (8)

_ 1 dnc(a, ) 2K
= ~ a) - /
max(C + K, L' - D@y "N¢ max(C + K, L' - D'Q)

for any a, b € NG, which concludes the proof that p: NG — M H is a quasi-isometry,
with¢¥: M { H — N G as a quasi-inverse. ]

Here is then the key statement that will provide us with the rigidity we are looking for.

Proposition 4.3.4. Let N, M, G, H be finitely generated groups. Let p: N1G — M H
be an aptolic quasi-isometry, i.e. there are two maps a: N'&) — M) and 3: G — H such
that p(c,p) = (a(c), 5(]92) forany (¢,p) € N1G.

For any quasi-inverse 3 of 3, there exists a constant () = 0 such that, for any finite subset
Ac Gandany Q' = Q, o' (L(B(A)*?)) is a union of cosets of L(A); and conversely, for
any finite subset B = H and any ' > Q, a (L(B(B)*?")) is a union of cosets of L(B).

Recall that, for a subset A = G, L£(A) stands for the subgroup of N© of colourings
supported on A.
The proof of this observation requires two intermediate lemmas.
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Lemma 4.3.5. Let N, M, G, H be finitely generated groups. Consider two maps oc: N(@) —
M) and 3: G — H. Suppose that there exists QQ > 0 such that, for any ci, c; € N@ with

supp(ci L) < {p} for some p € G, we have supp(acr)~a(c2)) < Bu(5(0), Q)
Then, for any finite subset A — G and any colouring c € N, we have

a(cL(A)) < a(c)L(B(A)*9).

Proof. Let c € N'©). We prove the claim by induction on | A|. Suppose to start that |A| = 1
and c e N andlet ¢ € cL(A). Then ¢ and ¢’ differ on at most one point p of G, so our
assumption implies that o(c) and «(c’) can only differ on points from

Bu(B(p), Q) = A({p})*? = B(A)".

This means that a(c’) € a(c)L(B(A)*?), so the claim holds for subsets reduced to a point.
Suppose now that it holds for any colouring and for subsets of cardinality £ > 1, and let
A < G be a set of cardinality k + 1. Let c € N(@) and let ¢ € c£(A). Hence ¢~ € L(A),
and we can write ¢"'¢’ = ¢”d for some colourings ¢’ € L(A\{a}), d € L({a}), where a € A
is an arbitrary point. Thus ¢ = (¢c”)d, and it follows that

a(d) e a(cc”)ﬁ(ﬁ({a})JrQ).

On the other hand, the inductive assumption applied to A\{a} shows that
a(cc”) € a(e)L(B(A\{a})™?), whence

a(c) € a(cd) L(B({a})™?) = ale)L(B(A\{a}) ") L(B({a})?) = a()L(B(A)7?).
Thus we conclude that a(cL£(A)) < a(c)L(B(A)*?), and the induction is complete. [

Proof of Proposition 4.3.4. By Proposition 4.3.2, there exists () > 0 such that the Hausdorft
distance between 3 (supp(ci'c2)) and supp(a(c;)'a(cy)) is at most @, for any ¢y, s €
N(©). In particular, the assumption of Lemma 4.3.5 is satisfied.

Fix now any finite subset A © G and a number ' > Q. Let ¢ € o™ (£(8(4)*?)), and
let d € L(A). Then, applying Lemma 4.3.5, one has

a(dd) e a(d)L(B(A)T9) < a(d)L(B(A)TY)

and since a(c') € L(B(A)*?'), we deduce that a(c'd) € L(B(A)*?), ie.
ddea™! (/l(ﬁ(A)*Q/)> :

Thus o' (L£(B(A)*?")) is stable under multiplication by elements of £(A), which implies
that it is a union of cosets of L(A). O

Let us conclude this section with a sufficient condition for aptolic quasi-isometries to be
scaling.
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Lemma 4.3.6. Let N, M, G, H be finitely generated groups. Consider two maps a: N —
MY and B: G — H such that the map

v: N1G— MH
(¢;p) — (alc), B(p))
is a quasi-isometry. If 3 is quasi-k-to-one for some k > 0, then ¢ is quasi-k-to-one.

Proof. The proof of Lemma 2.4.2 applies word for word. O]

4.4 Proof of Theorem IV.A

We can now combine all these intermediate observations to prove our main result. Fix
then p: N ¢ G — M H an arbitrary quasi-isometry, where N and M have polynomial
growth of degrees n and m respectively. Our goal is to prove that ¢ is quasi-"*-to-one.

LetC' > 1, K > 0be such that ¢ and a quasi-inverse p: M{H —> NG are (C, K')—quasi-
isometries, and such that o ¢, p 0P are within distance K from Idy,q, Idy 5 respectively.

By assumption, up to a bounded distance, ¢ can be chosen aptolic, i.e. there are two maps
a: N© — M) 3. G — H such that

¢(e,p) = (ale), B(p))

for any (c,p) € N 1 G. It follows from Proposition 4.3.2 that « is a bijection, that /3 is a
(C, K)—quasi-isometry, and that i takes the form

@(c,p) = (@ '(¢), B(p))

for any (c,p) € M ! H, where 3: H — G is a quasi-inverse of 3 (with same parameters C
and K). Lastly, by increasing K if needed, we may assume that it is larger than the constant
() = 0 given by Proposition 4.3.2(iii).

Claim 4.4.1. The equality |A| = ™ - |3(A)**| holds for any finite subset A < G.

Proof of Claim 4.4.1. Let A < G be finite.  Notice that, by Proposition 4.3.4,
o (L(B(A)T2K)) is a union of cosets of L(A), say

o (L(B(A)N)) = [ diL(4)

for some k > land dy, ..., d; € N©. Consider then the subset
S:={(d,q)e MVH :de L{BA)TF),qe B(A)T"}.
Notice that S*X < {(d,q) e M1 H : d e L(B(A)T*),q e B(A)**K}, so that
e () c o7 ({(dyg) € MU H s d e L(B(A)T?F), g € BA)TKY)
={(e;p) e NG i cea™ (L(BA)H)) ,pe B (B(A) 1)}

= {(c’p) e NG :ce I_ldlﬁ(A),pE 571 (B(A)+2K)}

=1
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and the latter has growth degree n|A|. Hence ¢ 1(S*¥) has growth degree at most n|A|.
On the other hand, ¢~ (S™%) coarsely coincides with ¢(S) by Lemma 1.5.8, so their growth
degrees coincide, and as moreover the growth degree is preserved by quasi-isometries
(Proposition 1.3.5), it follows that ¢! (S*%) has the same growth degree as S, which is
m |B(A)TX|. We thus get the inequality

m |B(A)M | < n|A| (4.4.1)
for any finite subset A — GG. The same reasoning with ¥ shows that
n|B(B)™"| < m|B| (4.4.2)

for any finite subset B — H. Thus, fixing any finite subset A — G and applying (4.4.2) with
B = B(A)*X and then (4.4.1), it follows that

n|B (8(A) )| < m|8(A)"] <A
Since A = B (B(A)TF) i (any r € A is within distance K from §(3(z)) with 8(z) €

B(A)TE), we get that

+K

nlA] < n[B (B(4) )] < m[8(4) | < n Al

and finally m |3(A)"X| = n|A|, ie. |A] = 2 - |3(A)*¥] for any finite subset A — G. This
proves Claim 4.4.1. [ |

Claim 4.4.2. The quasi-isometry 3: G — H is quasi-""-to-one.

Proof of Claim 4.4.2. Fix any finite subset A < H. Using Claim 4.4.1, we estimate

LAl - 187 (A)| = [ 214l - 2887 (A) |

<| Tl - A + |2 arE - 2
n n n

26057 (4) ]
< T IATAL+ T A (8 AR

Now, we claim that ATM\B(B1(A)*E < (0gA)TPE=D.  Indeed, let y €
ATE\B(B7L(A))* K. We distinguish two cases. If y ¢ A, then y € ATK\A <
(0 A)TE=D < (05 A)TE=1) a5 wanted.

We may therefore assume that y € A. We know that there is z € G with dy (y, 5(z)) < K.
In particular, 3(z) € A™®. On the other hand, since y ¢ B(87'(A))*E, it follows that
x ¢ B (A),ie. B(z) ¢ A. Thus B(z) € ATK\A < (05 A)+E 1. As y is within distance K
from f(x), it follows that y is within distance 2K — 1 from g A, as wanted.

In any case, we get i € (0 A)* (5= which proves that

A+K\B<671(A))+K - (aHA)+(2K71).
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Therefore, it follows from Lemma 1.5.6(i) and (ii) that there exist constants L. > 0, R > 0
(depending only on K and H) such that

|AT\A| < R - |0y Al
and
|AH\B(BH AN < |(0gA)TEED < L oy Al

Hence we finish our estimation above as

214l = 87| < 2 (L + R) - ouAl

m
n

which proves Claim 4.4.2. |

Now, the fact that ¢ is quasi-%-to-one directly follows from Claim 4.4.2 and Lemma 4.3.6,
which proves Theorem IV.A.

4.5 Applications

We can now focus on the consequences mentioned in the introduction.

Proof of Theorem IV.B. By Theorem 4.3.1, any quasi-isometry N { G — M ¢ H is at a
bounded distance from an aptolic quasi-isometry. Thus Theorem IV.A applies and gives
the conclusion. [

Proof of Corollary IV.C. Assume that N { G and M ! H are biLipschitz equivalent. Such a
biLipschitz equivalence is quasi-one-to-one, and up to a finite distance change, it can be
taken aptolic. This new quasi-isometry, that we denote

¢: N1G— MH
(¢, p) — (a(c), B(p))

is still quasi-one-to-one by Proposition 1.5.5(i), and in addition it must be quasi-"*-to-one by
Theorem IV.B. From Lemma 1.5.4, it follows that m = n, and we also deducethat 3: G — H
is quasi-one-to-one. From Theorem 1.5.2, /3 lies at finite distance from a bijection, which is
the desired biLipschitz equivalence G — H. O]

The proofs of Theorem IV.D and Corollary IV.I require, in the flexibility part, to be able
to construct quasi-isometries between wreath products in general situations. This is the
goal of the next criterion.

Proposition 4.5.1. Let N, M, G, H be finitely generated groups. Let n,m > 2. If there exist
a biLipschitz equivalence N™ — M" and a quasi-""-to-one quasi-isometry G — H, then
there exists an aptolic quasi-isometry

N1G— M1 H.
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Proof. Let 0: N™ — M™ be a C'—biLipschitz equivalence, and let 3: G — H be quasi-
“-to-one. From Theorem 1.5.10, there exist a partition P (resp. Q) of G (resp. of H) with
uniformly bounded pieces of size m (resp. of size n) and a bijection ¢): P — Q such that
B(P) < 1(P) for all P € P. Up to postcomposing ¢ with a translation by an element of
M™, we can assume that (1ym) = 137». We can now define a bijection a: N(& — M)
in such a way that o sends £(P) into £(¢)(P)) through o for any P € P, and o' sends
L(Q) into L(1~1(Q)) through 0! for any Q € Q. Set

FiN1G— M1 H
(c,p) — (ale), B(p)).

We show that f is a quasi-isometry by checking the five points of Proposition 4.3.2. Points
(i) and (ii) are satisfied by construction. For (iv), fix two colourings ci,c; € N(@ that
differ on a single point p € GG and such that dy(c1(p), c2(p)) = 1. Let P € P be the piece
containing p. Let u € N™ (resp. v € N™) be the vector formed by colours of ¢; (resp. of c2)
on the piece P. Then dym(u,v) = 1, and since o is C'—Lipschitz, it follows that

dy(o(u),o(v)) < C. (4.5.1)

By construction, the components of o(u) € M™ (resp. of o(v) € M") are the colors of a(cy)
(resp. of a(cy)) on the piece ©(P). Thus, from (4.5.1), it follows that

du (a(cr)(t), ae)(t)) < C

for any t € ¢)(P). Additionally, if t € H\1(P), then it belongs to another piece ) € Q, that
we may write () = ¢)(P’) for some P’ # P. By assumption, ¢; and ¢, agree on P’, so a(cq)
and a(cy) agree on ¢ (P’), in particular on ¢ € ¥)(P’). Thus we have proved

du (a(er)(t), ale)(t) < C

for any ¢ € H, which is exactly (iv) of Proposition 4.3.2. Point (v) is checked in a similar
manner.

Finally, let us focus on (iii). Fix two colourings c¢;,c; € N andlet P,,..., P, € P be
the pieces of P containing points of supp(c; 'cy). Then ¢(P),...,%(P,) are the pieces
of Q containing points of /3 (supp(cl_lcg)). Since those pieces are uniformly bounded, we
deduce that there is a constant D > 0 such that

drtaus (supp(a(ci) ta(c2)), W(Pr) U -+ U (Pr)) < D.

Additionally, since 3 (supp(c; ') < ¢(P1) U - - - U ¥ (Py) and has a point in each of these
pieces, there is some D’ > 0 such that

Aitaus (6 (supp(chCQ)) (P ueu @/)(Pk)) <D
We conclude that

drass (B (supp(cy '¢2))  supp(afer) 'ale2))) < D + D'

where D and D’ are independent of ¢y, co. This shows (iii) of Proposition 4.3.2 and com-
pletes the proof that f is a quasi-isometry. [
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We already know from [BGT24, Fact 6.35] that the converse statement is not true; namely
a quasi-isometry between N { G and M ! H does not necessarily provide a quasi-isometry
between a power of N and a power of M.

Remark 4.5.2. Proposition 4.5.1 can be adapted to construct quasi-isometries between per-
mutational wreath products with infinite lamp groups, thus providing amenable analogs of
the flexibility already observed in Remark 3.5.2. For instance, combining the above method
with the one of Proposition 3.5.6 shows that Z" 1z« Z¢ and Z" 171 Z¢ are quasi-isometric
foranyn,n’ > landd > k > 1.

We can now deduce Theorem IV.D from these observations and our main theorem.

Proof of Theorem IV.D. We start proving (i). First, if there is a quasi-isometry ¢: A1 G —
As ! H, then up to finite distance, ¢ can be chosen aptolic, so we write

¢(e,p) = (alc), B(p))

for any (¢, p) € A1 ! G. From (the proof of) Theorem IV.A, we know then that 5: G — H
is quasi—g—f—to—one.

Conversely, assume that there exists a quasi—g—f—to—one quasi-isometry G — H. Since there
exists a biLipschitz equivalence (Z% )% — (Z92)41, Proposition 4.5.1 shows that there is a
quasi-isometry

0: 2% G — 2% H.
We therefore have our conclusion once we have proved the following:

Claim 4.5.3. An infinite virtually abelian group of growth degree d > 1 is biLipschitz equiv-
alent to Z°.

Proof of Claim 4.5.3. If A is virtually abelian and has growth degree d, it contains Z¢ as a
finite-index subgroup, and thus there is a quasi-[A : Z¢]-to-one quasi-isometry f: A — Z¢
(any quasi-inverse of the inclusion Z¢ < A). Since Sc(Z?) = R.(, we may fix an arbitrary
quasi—[A—lzd]—to—one quasi-isometry g: Z¢ — Z¢, and the composition go f: A — Z%is
therefore quasi-one-to-one according to Proposition 1.5.5(ii). Thus, from Theorem 1.5.2,
we deduce that it lies at finite distance from a bijection, which is the desired biLipschitz

equivalence A — Z%. [

Now, Claim 4.5.3 shows that A, is biLipschitz equivalent to Z%!, so Proposition 2.1.2 implies
that there is a biLipschitz equivalence f,: A;1G — Z9G. Likewise, there is a biLipschitz
equivalence fo: 292 H —> Ay H. The composition

foopofii A11G— Ay H

is the quasi-isometry we are looking for.

Let us now focus on (ii). The left-to-right direction is a particular case of Corollary IV.C.
Conversely, if d; = da, it follows from Claim 4.5.3 that A; and As are biLipschitz equivalent,
so Proposition 2.1.2 implies that A; ! G and A, ¢ G are biLipschitz equivalent. Additionally,
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Proposition 2.1.3 ensures that A, ! G and Ay ! H are biLipschitz equivalent, and composing
these two biLipschitz equivalences provides a biLipschitz equivalence between A; ! G and
Ayl H. O

Proof of Corollary IVI. Assume that A, ! B; is quasi-isometric to Ay ¢ By. In particular,
Folner functions of these two groups must coincide up to ~ (see Theorem 1.3.29), which,
by Theorem 1.3.31, implies that

ndeg(B1) ndeg(B2)

(ndeg(Al)) ~ (ndeg(A2))

It follows that n¢(51) In(n) ~ nde(B2) In(n), and thus ndee(B1) ~ pdee(B2) The latter implies
deg(B) = deg(Bs) (Example 1.3.4(i)) as claimed.

Conversely, if By and B, both have growth degree d, they are both biLipschitz equiva-
lent to Z¢ by Claim 4.5.3, and since Sc(Z%) = R., (see Proposition 1.5.12), we may fix an

arbitrary quasi—%—to—one quasi-isometry Z¢ — Z%. The latter then provides us a quasi-
j:igﬁ?; -to-one quasi-isometry B; — Bs,. Additionally, as there is a biLipschitz equivalence

A?eg(’h) — Ageg(Al), we conclude with Proposition 4.5.1 that there is a quasi-isometry

A1l By — A1 By
as desired. The proof is complete. [

Concerning iterated wreath products, we prove first Proposition IV.G, and Proposi-
tion IV.F follows immediately.

Proof of Proposition IV.G. Assume that there exists a quasi-isometry
Z, L (N11G) — Z,, L (N2 U H).

From [GT24a, Proposition 1.3], N; ! G and Ny ! H have the thick bigon property, and they
are both amenable, so we may apply Theorem 2.3.34 to deduce that there exist a,r,s > 1
such that n = a", m = a® and a quasi-?-to-one quasi-isometry Ny ! G — N, ! H. By

Theorem IV.A, the latter is also quasi-}2-to-one, and thus Lemma 1.5.4 forces £ = 2. []

We conclude with the proof of Corollary IV.H.

Proof of Corollary IV.H. (i) The left-to-right direction is a particular case of Proposi-
. . . d ..

tion IV.G. Conversely, given a quasi- 2-to-one quasi-isometry G — H, we apply Propo-
sition 4.5.1 to construct an aptolic quasi-isometry

AlzG—>A22H

From the proof of Proposition 4.5.1 and Lemma 4.3.6, this quasi-isometry is quasi—%—to—
one, thus also quasi-2-to-one by assumption. As n = a" and m = a®, we apply [GT24b,
Proposition 3.12] to deduce that there is a quasi-isometry

Z, (A G) — Z,, (A2 H)

as claimed.
Lastly, (ii) follows from a combination of (i) and of Lemma 1.5.4. [
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4.6 Comments and questions

Results from [BGT24] still apply when lamp groups have superpolynomial but subexponen-
tial growth. For such groups, the growth function can exhibit several behaviors, and our
understanding is much more limited, but from the proof of Theorem IV.A we can deduce
the following:

Corollary 4.6.1. Let I" and A be finitely generated groups with subexponential and super-
polynomial growth. Let G and H be finitely presented groups from My,

() If yr(n) =~ e, 7a(n) =~ e for some o, 8 € (0,1), and if T 1 G and A2 H are
quasi-isometric, then o« = [3.

(i) Ifyr(n) =~ ™™ 5y (n) ~ e for some ov, B € (0,1), and if T1G and AV H are
quasi-isometric, then o« = [3.

(iii) Ifyr(n) ~ er ya(n) ~ eimedt for some integersd, k > 1, and if ' 1 G and ANV H
are quasi-isometric, then k = d.

Here, ¢ stands for the growth function of a group G, and for k& > 1, In°* = In(In(. .. ))
denotes the k—th iteration of the log with itself.

Proof. The proof of Claim 4.4.2 in Section 4.4 in fact shows that some powers of 4 are
equivalent to some powers of 5. More precisely, given our (C, K )—quasi-isometry

F l G — AZH, (C7p) — (Oé(C),ﬂ(p))7

one has WIFAl(n) ~ }\B(ﬁ (A)+K)+K|(n) for any finite subset A < G. A direct computation

then shows that, for the three possible behaviours, such equivalences force equalities of
the parameters. L

Additionally, one also deduces from the equivalences
Y (n) = ARFEDT T () A < G finite

that these three ranges of behaviours are quasi-isometrically distinct when taking wreath
products: for instance, if yr(n) ~ ¢ and yx(n) ~ ™™ for some o, 8 € (0,1) and if
G, H are finitely presented groups from M.y, then I'? G and A H are not quasi-isometric.

Moreover, we know that these three types of behaviour occur for finitely generated
groups. It is shown in [EZ20, Theorem B] that some periodic Grigorchuk groups, among
which the first Grigorchuk group, fall into the first class, and the logarithmic growth ex-
ponent is computed explicitly. Other examples appear in [BE12, Theorem 1], where the
authors construct two families of groups (K} )gen and (Hy)gen such that

pl-(1—a)k 1-(1—a)k

’ka’ (n) >~ € al’ld ,YHk (n) ~ eln(n)n
where av = 0.7674 is a fixed constant. Thus, for instance, it follows from Corollary 4.6.1

that, for n > 2, K, ! BS(1,n) and K¢ BS(1, n) are quasi-isometric if and only if 7 = s.
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Lastly, the existence of groups with growth functions asymptotically equal to e Wk for
integers k > 1 is proved in [BE14, Theorem Al].

However, in the case of intermediate growth, the fact that powers of the growth func-
tions must be equivalent does not provide any valuable informations on scaling properties
for 5. Thus we may ask:

Question 4.6.2. Let I' be an intermediate growth group, and let GG be a finitely presented
amenable group from M., Is Sc(I' ! G) reduced to {1}?

Note that the proof of Proposition IV.F only uses the fact that N ! G has the thick bigon
property and a trivial scaling group. Therefore, any group with these two properties is
lamplighter-rigid.

Corollary 4.6.3. Letn, m > 2 be two integers. Let H be a finitely generated amenable group
satisfying the thick bigon property. If Sec(H) = {1}, thenZ,,0 H and Z,,, H are quasi-isometric
ifand only ifn = m

It would be interesting to find other examples of classes of groups satisfying these two
properties. Plausible candidates could be direct products of standard wreath products.
Hence:

Question 4.6.4. Let Fy, F5 be non-trivial finite groups. Let G, H be finitely generated one-
ended amenable groups. Is it true that Sc((F 1 G) x (F» 1 H)) = {1}? At least under some
assumptions on GG and H to determine?

On the other hand, wreath products F'! i with F' finite and /K amenable finitely pre-
sented and one-ended, do not satisfy the thick bigon property, but still have trivial scaling
group [GT22, Proposition 6.8]. Hence:

Question 4.6.5. Let F' be a non-trivial finite group, and let K be a finitely presented one-
ended amenable group. Is F'{ K lamplighter-rigid?

Even though we focused on wreath products, it is worth noticing that scaling quasi-
isometries also parametrize the existence of quasi-isometries between other halo products,
as defined in Chapter 2. Among these, lampshufflers are of great interest and, for instance,
combining [GT24a, Corollary 8.9] with Theorem IV.D, it follows that Shuffler(Z" ! G) and
Shuffler(Z™ { H) are quasi-isometric if and only if n = m, when G and H are amenable
finitely presented groups from M.y,

Finally, regarding quasi-isometric classifications of wreath products, it is natural to won-
der whether there is an iterated version of Corollary IV.I, at least for wreath products of the
form

Z") (Zn2 ) ( ! (Z”Tzzk))), ni,...,np k= 1.
The existence of a quasi-isometry

already imposes k = k’, by computing Felner functions, and it seems not unreasonable
to believe that it imposes an arithmetic condition of the kind 7% = 2 = ... = %= in
the spirit of Proposition IV.G. Additionally, note that Proposmon 45.1 already prov1des the
flexibility part, if all these quotients are equal. Hence:
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Question 4.6.6. Let ny,my,...,n,,m, > 1 and k, k' > 1. Is it true that Z™ (Z”2 !

(- (2" Zk))) and Z" (Zm2 V(- (ZM Zk’))) are quasi-isometric if and only if

mi_ me _ ., _ mp — L7
o e nrandk k'
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Isoperimetric profiles of
lamplighter-like groups

This chapter presents the paper [CD25], written in collaboration with Corentin Correia.

51 Introduction . . . . . . . . L 189
5.2 Notations and terminologies . . . . . . . ... ... L Lo 199
53 Haloproducts . . . . . . ... 202
5.4 Estimates of Felner functions of halo products . . . . . ... ... ... ... .... 207
5.5 Estimates of isoperimetric profiles for some examples of halo products . . . . . . . 213
5.6  Applications to quasi-isometric classifications and regular maps . . . . . . ... .. 224
5.7  Appendix: Lamplighter subgroups in lampshufflers . . . . . .. ... ... ... .. 229

5.1 Introduction

It is a recurrent theme in geometric group theory to understand the collection of all maps
between two given finitely generated groups that are compatible with their large-scale ge-
ometries. Such collections include for instance quasi-isometries, coarse embeddings, and
more generally regular maps. The motivation behind this program is that the large-scale
geometry of a group is in fact deeply related to its algebraic structure.

Several milestones have been achieved in the study of quasi-isometries of many classes
of groups, among which abelian free groups, lamplighters over virtually cyclic groups and
other SOL-like groups [EFW12; EFW13], Baumslag-Solitar groups [FM98; FM99; Why01],
or lamplighters over one-ended groups [GT24b].

If one rather wants to exclude the existence of such maps between some spaces, an ef-
ficient strategy is to use invariants, or even monotonous quantities, that are computable
in practice. Numerous invariants have been introduced for quasi-isometries, including
the isoperimetric profiles which are monotonous under regular maps [DKLMT22, Theo-
rem 5.5]. We refer the reader to Section 5.6 for other examples of invariants (asymptotic
dimension, volume growth).
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The aim of the paper is to compute the isoperimetric profiles of lampshufflers, and more
generally of the so-called halo products introduced in [GT24al].

Isoperimetric profiles and Folner functions. For a finitely generated group G with
a finite generating set S, and for a p > 1, its (P—isoperimetric profile is the function
Jp.c: N — R, given by
1/

sup
5 G-Rs [V
|supp f|<n
where the support of f: G — Ry issupp f := {g € G : f(g) # 0} and the ?—norm of its
gradient is defined by

Jpc(n) ==

VA= X 1fl9) = flgs)l".
geG, seSg
Remark 5.1.1. We warn the reader that many authors introduce the ¢’ —isoperimetric pro-
file with || - [P instead of | - |, in the definition, so their /?—isoperimetric profile is j, ¢ ()"
with our conventions.

The (?—isoperimetric profile of a group G is the generalized inverse of its (¥ —Falner
function Fel, o: N — R, defined as

Ifl,

In the case p = 1, these functions are simply called isoperimetric profile and Folner func-
tion, and have a simpler definition (up to asymptotic behaviour), namely

Fol, ¢ (n) := inf {|Supp fl: IVl _ 1 }

J1.c(n) := sup A and Felg(n) := inf{A| : |a|i;|4| < 1}7
n

where 0gA := ASG\A = {g€ G\A : s € Sg,3h € A, g = hs} is the boundary of A in G.
Note that we only find the /! —Fglner function in the literature. In this paper we introduce
the more general ¢? versions for p > 1.

Without loss of generality, we may and do assume that the /”—isoperimetric profile and
the /?—Falner function are real inverses of each other, and not only generalized inverses;
see Remark 5.2.1.

Notice that the /¥ —isoperimetric profile of a finitely generated group is bounded if and
only if the group is not amenable. Therefore, we will only be interested in ¢” —isoperimetric
profiles of amenable groups. The asymptotic behaviour of the ¢?—isoperimetric profile
is, somehow, a measurement of its amenability; the faster it goes to infinity, the “more
amenable” the group is.

Among amenable groups, the /P—isoperimetric profile (or equivalently the ¢’ —Fglner
function) has been computed for many finitely generated groups. Given p > 1, we have for
instance:

e Jpa(n) ~ na if G has polynomial growth of degree d > 1;
e Jpc(n) ~1In(n) for G = BS(1, k), k = 2,or G = F1Z, where F is a non-trivial finite
group;
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+ jpc(n) ~ In(n) for any polycyclic group G with exponential growth [Pit95; Pit00], or
more generally any exponential growth group within the class GES of Tessera [Tes13,
Corollary 5];

o Jpn(n) ~ ln(n)é with F' a non-trivial finite group, and N having polynomial
growth of degree d > 1 [Ers03];

« for any non-decreasing function f: R, — R, such thatz — ﬁ is non-decreasing,
Brieussel and Zheng constructed in [BZ21, Theorem 1.1] a finitely generated group
H with exponential volume growth having isoperimetric profile

, _In(x)
It )= i)y

We will refer to such a group as a Brieussel-Zheng’s group.

Classes of amenable groups Asymptotic behaviour of the

isoperimetric profile

Groups of polynomial growth of
degree d > 1 jr.a(n) ~n'/d,

Polycyclic groups of exponential

growth Ji,e(n) ~Inn.

Solvable groups of exponential

growth in Tessera’s GES class Jj1,¢(n) ~Inn.

Baumslag—Solitar groups

BS(1,k), k> 2 JiBs@k(n) ~Inn.

F ! H, with F' a non-trivial finite
group

Under regularity assumptions on ji g,

J,rE (n) =~ 41 p(lnn).

AN, where A and N have

polynomial growth and N has
growth degree d > 1

Inlnn

. Inn \ Y4
Jr,an(n) =~ < > .

Shuffler(H), where H has
polynomial growth of degree
d>1

1 1/d
) nn
jl.ShuH‘ler(H) (n) = (hl ]nn) ’

Brieussel-Zheng groups

Inn
f(inn)’

where f is increasing and z — x/f(z) is
increasing.

Jre(n) =

Finitely generated amenable
groups of exponential growth

j,c(n) < Ilnn.

Figure 5.1: A brief overview of the state of the art on isoperimetric profiles.
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In fact, isoperimetric profiles and Felner functions have been studied in the more general
framework of bounded degree graphs; see Section 5.2 for details. For now, let us simply
mention that, in this setup, Erschler’s estimates for /! —Fglner functions of lamplighter
graphs [Ers03; Ers06] will be a key ingredient in our strategy (see Section 5.4.2).

It is a well-known fact that if p > ¢, then j, ¢(z) < j, ¢(x), see Lemma 5.4.3. Moreover,
a stronger phenomenon is conjectured: j, ¢(x) ~ j,¢(x) forall p,q > 1.

Lampshuffler groups. As a starting point of our work, let us first focus on lampshuffler
groups. Later in the introduction, we will present the more general notion of halo products,
constructed in a similar way to wreath products (as lampshufflers).

Given a group H, the lampshuffler group over H is the semi-direct product

Shuffler(H) := FSym(H) x H

where FSym(H) is the group of finitely supported bijections H — H, and where H acts
on the latter as (h-o)(x) := ho(h~'z). These groups already appeared several times in the
literature, in relations with many topics of interest in group theory, see for instance [Yad09;
HO16; BZ19; EZ21; SZ21; GT24a; Sil24].

Let us first present what is known about profiles of lampshufflers and our results for this
class of groups.

Isoperimetric profiles of lampshufflers. In [SZ21, Theorem 6.8], Saloff-Coste and
Zheng establish a general lower bound on j, shuffier(rr) for a finitely generated group H,
of the form

In(z
Jp.H <%) < Jp.shuffler(i) ().

Their proof will be useful since we will present a natural generalization for halo products,
see Corollary 5.5.6.

From [SZ21, Theorem 6.7], we also know upper bounds on jj, snuffier(#) for general groups
H, and [EZ21, Corollary 1.4] provides a lower bound on Fel; shustier(rr), €quivalently an
upper bound on ji shufier(r)-

Theorem 5.1.2 ([SZ21, Theorem 6.7]). Let H be a finitely generated group, with a finite
generating set Sy. Forp = 1, 2, we have

1
jp,Shuffler(H) (ZL‘) < B;I}SH (%) ‘

Here, By s,, refers to the growth function of H with respect to the finite generating set
Sp. Note that the statement in their paper appears with an exponent p, since we do not use
the same convention; see Remark 5.1.1.

Theorem 5.1.3 ([EZ21, Corollary 1.4]). Let H be a finitely generated group, with a finite
generating set Sp. Then, we have

Fgll,Shufﬂer(H) (IL’) = BH,SH (x)ﬁH,SH (=) .
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From these theorems, one can deduce for instance the isoperimetric profile of lampshuf-
flers over polynomial growth groups:

J1.,Shuffler() (T) = (%) ! ,

when H has polynomial growth of degree d > 1.

For many groups, the lower and upper bounds provided by these results are not the
same, so they do not provide precise estimates on the isoperimetric profiles of lampshufflers.
Theorem V.A below provides finer estimates. It is in fact an application of Corollary V.F, that
we deduce from Theorem V.E, stated in the more general context of halo products. Before
defining these groups, let us focus on lampshufllers and the consequences of Theorem V.A.

In our statements, saying that j, y satisfies Assumption (*) means that j, y(Cz) =
O(Jp,u(z)) for any C' > 0.

Theorem V.A (see Corollary 5.5.7). Letp > 1. Let H be a finitely generated amenable group
whose (P —isoperimetric profile j, i satisfies Assumption (x). Then the (P —isoperimetric profile
Jp.shuffier(rr) Of Shuffler(H) satisfies

, In(x) , ,
Ip,H (m) < Jp,Shufﬂer(H)(x) < Jru(In(z)).

Assumption (x) already appeared several times in the literature, see e.g. [Ers03; Cor25]
for the case p = 1, and does not seem to be restrictive. In fact, to our knowledge, there is
no known example of a finitely generated amenable group whose isoperimetric profiles do
not satisfy Assumption (). For instance, it is easy to check that Brieussel-Zheng’s groups
satisfy this assumption (see [Cor25, after Corollary 4.1]), as well as all the examples of
isoperimetric profiles we mentioned above.

An immediate consequence of Theorem V.A is the next statement.

Corollary V.B. Let p > 1. Let H be a finitely generated amenable group whose (?-
isoperimetric profile j, i satisfies Assumption (). Assume moreover that

] M ~ 7 n(x)) and j, g(xr) ~ 51yl
Jp.H (ln(ln(a:))) _jp,HG ( )) d JP7H( ) JI,H( )

Then one has
Jp.shuffter(1)(2) = Jp ar(In(x)).

In practice, this result applies for many groups having slow enough profiles, for instance
solvable Baumslag-Solitar groups BS(1, n), lamplighters over Z%, or polycyclic groups with
exponential growth. In particular, for the latter class, we recover [SZ21, Corollary 6.9].

Remark 5.1.4. Corollary V.B implies that, if the /’—isoperimetric profiles of H all have the
same asymptotic behaviour, then the same holds for Shuffler(H ), under mild assumptions
on H.

One class of groups for which estimates from [EZ21] and from [SZ21] are not opti-
mal is the one of iterated lampshufflers, defined inductively by Shuffler’’(H) := H and
Shuffler”(H) := Shuffler(Shuffler™® '(H)) if n > 1. It turns out that iterations of Theo-
rem V.A yield finer estimates, that we record in the two following statements.
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Proposition V.C (see Proposition 5.5.12). Let H be a finitely generated group of polynomial
growth of degree d > 1. Then one has

jp,ShuferrO”(H)(x) =~ <

for any integer n > 1 and any real numberp > 1.

Proposition V.D (see Proposition 5.5.11). Letp > 1. Let H be a finitely generated amenable
group whose (P —isoperimetric profile j, i satisfies Assumption (x). Suppose that

j —ln(a:) ~ 7 n(z)) and j,p(x) ~ jiug(x
it (g ) = (o) and (o) = (o),

Then, we have
Ip.shuffier (1) (2) = Jp g (In”"(2))

foralln = 0.

Halo products. In [GT24a], Genevois and Tessera introduced a general class of groups,
called halo products, as a natural generalization of wreath products. This class encompasses
lampshufflers, lampjugglers and lampcloners, and constitutes the suitable framework for
our main result Theorem V.E.

Definition 5.1.5. Let X be a set. A halo of groups £ over X is the data, for any subset
S < X, of a group L(S) such that:

« forall R, S < X,if R < Sthen L(R) < L(S);
« L(Z) ={1}and L(X) = (L(S) : S < X finite);
« forall R,S < X, L(Rn S) = L(R) n L(S).

Given an action H —~ X and a morphism a: H — Aut(L(X)) satisfying
a(h)(L(S)) = L(hS) for any S < X and h € H, the permutational halo product Lx . H is

the semi-direct product
LxoH = L(X) %, H.

In this paper, we focus on the case X = H. As mentioned, examples of halo products
include

« wreath products F? H = (P, F) x H, for which L(S) = @4 F};
« lampshufflers Shuffler(H) = FSym(H) x H, for which L(S) = FSym(S),
and many other examples are introduced and studied in [GT24a], such as

« lampjugglers Shufflers(H) = FSym(H x {1,...,s}) x H, with an integer s > 1, for
which L(S) = FSym(S x {1,...,s});

« lampcloners Cloners(H) = FGL(H) x H, with a field f, for which L(S) = FGL(S5);
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« lampdesigners Designer,(H) = (Fy FSym(H)) x H, with a non-trivial finite group
F, for which L(S) = F {5 FSym(S),

where S denotes any subset of H. Here, FGL(H) denotes the group of linear automor-
phisms of the abstract f—vector space Vy admitting H as a basis, fixing all but finitely
many basis vectors. We refer the reader to Section 5.3 for more details.

The motivation in [GT24a] to introduce such a general framework is that the semi-
direct product structure provides a foliation of these spaces that must be, if H satisfies
additional mild assumptions, “quasi-preserved” by quasi-isometries, allowing the authors
to show strong rigidity phenomena for quasi-isometries between such spaces, and thus
extending the classification already obtained in [GT24b].

Isoperimetric profiles of halo products. In this paper, our aim is to show that the halo
structure is also particularly well-suited for tracking isoperimetric profiles of these groups.
Namely, we prove the following two estimates on their Felner functions. The terminologies
and notations are explained just after the statement.

Theorem V.E (see Proposition 5.4.1 and Theorem 5.4.2). Let p > 1. Let H be a finitely
generated amenable group and let Sy be a finite generating set of H. Let £ H be a naturally
generated halo product over H.

(i) If £ H is large-scale commutative and has finitely generated blocks, then for any sy €
Sy, there exists a constant C' > 0 such that

))C~F91H(x) < FglpéﬂH (l‘)

(Folp(1,,s0p (z

(ii) If £ H has consistent blocks, then there exists a constant C' > 0 such that
Fglp7jH(.T) < Fglp,H(l') : AgH(C . F@lp7H([I))>

A halo product .Z H has finite (resp. finitely generated) blocks if L(S) is finite (resp.
finitely generated) for any finite subset S — H, and .2 H has consistent blocks if its blocks
are finite and moreover the cardinality of L(S) only depends on |S|. This assumption
allows to define, as in [GT24a], a function Agy: N — N sending any n € N to |L(.59)]
where |S| = n, called the lamp growth sequence of £ H.

Moreover, £ H is large-scale commutative if there is D > 0 such that for any subsets
R.,S < H that are at least D far apart in H, L(R) and L(S) commute in L(H). Such a
notion has been introduced in [GT24a] as a key assumption to understand the general form
of quasi-isometries between halo groups. Lastly, £ H is naturally generated if it admits the
natural and simplest generating set that we can imagine for a halo product, in view of the
classical finite generating sets for lamplighters and lampshufflers.

For instance, a lamplighter F'! H and a lampshuffler Shuffler(H) are large-scale com-
mutative (with D = 0 for F? H, D = 1 for Shuffler(H)), are naturally generated, and have
consistent blocks, with lamp growth sequences given by

Asz(n) = |F|n and AShufﬂer(H)<n) = n'
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Towards the proof of Theorem V.E. The lower bound is a direct computation, pre-
sented in Section 5.4.1, and inspired from the computations in the proof of [SZ21, Theo-
rem 6.8] in the case of lampshufflers. We exhibit an explicit sequence of almost invariant
functions ZH — R from one such sequence of H. Namely, a sequence (f,,)nen of func-
tions H — R, realizing the /P—isoperimetric profile of H (or equivalently its /’—Fglner
function), gives rise to a sequence (g, )nen for £ H, defined by

gn: LXH — R
(U,h) —_ fn(h)']loeL(Vn)

with V,, = J,g, (Supp fn)s.  This naturally provides a lower bound for the
(P—isoperimetric profile of £ H.

The technical part is on the upper bound, and Section 5.4.2 provides such a bound in
a general situation. In the particular case of lampshufllers, a strategy, well-known to the
experts, consists in finding a “good” lamplighter subgroup of Shuffler(H), in the sense that
this lamplighter should be based on a subgroup K of H which is quasi-isometric to H,
or at least has the same isoperimetric profile. For this, [Sil24, Proposition 2.4] is helpful.
We may refer the reader to Appendix 5.7 where the aforementioned method is presented
and is instructive for the sequel. The upper bound then follows from the monotonicity of
the /?—isoperimetric profile when passing to finitely generated subgroups. Finding such
lamplighter subgroups requires some algebraic assumptions on the base group, such as
being non perfect or non-co-Hopfian. Such classes of groups provide, at first glance, a nice
framework (see Remark 5.7.7 and Proposition 5.7.8) and encompass already many classical
examples (e.g. all solvable groups).

The goal is to find another strategy for the lampshufflers or other halo products which do
not contain a “good” lamplighter as a subgroup. For these specific cases, the idea of finding
substructures still remains fruitful. In Section 5.4.2, we therefore make use of the more
general notion of lamplighter graphs, that turn out to appear naturally in halo products as
subgraphs. Large-scale commutativity will be a key ingredient since we need configurations
of lamps to commute. In the particular case of lampshufflers, this novelty has the advantage,
compared to Appendix 5.7, of requiring no assumptions on the base group . We then
conclude by establishing the monotonicity of the Felner function when passing to such
subgraphs, in a similar manner as in [Ers03, Lemma 4].

Consequences of Theorem V.E. We first deduce from Theorem V.E that, if ¥ H is large-
scale commutative, is naturally generated and has consistent blocks, then for every p > 1,
its /?—Fglner function satisfies

KFQ,IH(CE) < Fle’gH(l’) < Fﬂlp’H([E) . A3H<C . FQIP’H(ZE))

for some positive constants C, K > 0.
Now, in terms of isoperimetric profiles, the main result is the following.

Corollary V.F (see Corollaries 5.5.5 and 5.5.6). Let p > 1. Let H be a finitely generated
amenable group whose (P —isoperimetric profile j, i satisfies Assumption (x). Let ZH be a
naturally generated halo product over H having finite blocks.

(i) If £ H is large-scale commutative, then we have
Jpen () < jru(In(z)).
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(ii) If £ H has consistent blocks, then we have

Jpzn () > jpu(p™ (@)
where p(z) = x - Ay (x) and where A yp is the lamp growth sequence of £ H.

We then deduce Theorem V.A from this corollary. This result also implies that the
isoperimetric profiles of lampjugglers and lampdesigners behave as the isoperimetric pro-
files of lampshufflers.

Corollary V.G (see Corollaries 5.5.7 and 5.5.15). Theorem V.A also holds for lampjugglers
and lampdesigners. Moreover, if H has polynomial growth of degree d > 1, we have

| » In(xz) \¢
Jp.Shufflers (H) (z) ~ JpDesigner - (H) () ~ (M) 7

for any s > 1, any real number p > 1 and any non-trivial finite group F', similarly to
lampshufflers.

Finally, let us also illustrate Corollary V.F with lampcloners.

Corollary V.H (see Corollary 5.5.16). Let p > 1. Let H be a finitely generated amenable
group, whose (P—isoperimetric profile j, i satisfies Assumption (x). Let T be a finite field.
Then one has

it (V1)) < G clonersn) (@) < 1. (1n(2).

Hence, in the setting of the above corollary, we have
jp,CIonerf(H) (.CE) = jl,H(ln(x))

when j, g ( ln($)> ~ j1.g(In(x)), and

=

ln(l‘)i < jp,Clonew(H)(x) < 111(1') (5.1.1)

when H has polynomial growth of degree d > 1.
In the case of a polynomial growth group H, we have in fact the following slight im-
provement of (5.1.1) for the upper bound:

i Cloners11) () < ( % )

since Shuffler(H ) is a subgroup of Cloner¢(H) (consider permutation matrices in FGL(H)).

Applications to regular maps. We now turn to the problem of the existence of quasi-
isometries and regular maps between commonly studied spaces, which has been widely
investigated in the literature, see e.g. [BST12; Tes25; HMT20; HMT22; HMT25; Ben26]
among others. In these articles, the main guideline is, mostly, to associate to spaces new

- 197 -



CHAPTER 5

quantities that are monotonous under regular maps, and that are finer than the most ob-
vious ones, such as volume growth or asymptotic dimension. As a concrete example, the
volume growth does not say anything about the existence of a regular map

HE' x R — HE? x R®

whereas Poincaré profiles, introduced and studied in [HMT20], impose a monotonic be-
haviour for the dimension of hyperbolic spaces and the growth exponent of the second
factors [HMT22, Corollary 1.14].

On the amenable side, isoperimetric profiles remain powerful invariants to distinguish
groups of exponential growth up to quasi-isometry. As an illustration:

Theorem V.I (see Corollary 5.6.3). Let n,m > 0. Let A and B be infinite virtually abelian
finitely generated groups, with growth degrees a and b respectively. Then the following are
equivalent:

(i) Shuffler®(A) and Shuffler”™(B) are quasi-isometric.
(ii) n = m anda = b.
(iii) Shuffler™"(A) and Shuffler”™(B) are biLipschitz equivalent.

Two comments are in order here. Firstly, the fact that Shuffler"”(A) and Shuffler"™(B)
are quasi-isometric implies that @ = b can also be detected with the asymptotic dimension.
Indeed, Shuffler(A) (more generally Shuffler”"(A)) and A have same asymptotic dimension.
On the other hand, the asymptotic dimension does not detect numbers of iterations we
make, whereas isoperimetric profiles do. These invariants are therefore more powerful
in this respect. Additionally, regarding other monotonous quantities under regular maps,
volume growth is unhelpful, as it is exponential for both groups when n, m > 1.

Secondly, it is worth noticing that, for (iterated) lampshufflers over virtually abelian
groups or groups with slow profiles (see Corollary 5.6.1), being quasi-isometric is the same
as being biLipschitz equivalent. This rigidity is in sharp contrast with lamplighters over
Z [Dym10] or over one-ended groups [GT24b], classes in which there are pairs of quasi-
isometric groups that are not biLipschitz equivalent.

We refer the reader to Corollary 5.6.5 and Remark 5.6.6 for asymmetric versions of The-
orem V., about the existence of a regular map

Shuffler”™(A) — Shuffler"™(B)

for polynomial growth groups A and B (not necessarily virtually abelian). A nice conse-
quence of these studies is the following.

Corollary V.J (see Corollary 5.6.7). Letn,m = 0. Let A and B be infinite virtually abelian
finitely generated groups, with growth degrees a and b respectively. Then the following are
equivalent:

(i) the three equivalent assertions of Theorem V.I hold;

(ii) Shuffler(A) regularly embeds Shuffler”(B), and Shuffler"™ (B) regularly embeds
into Shuffler”™ (A).
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Another interesting consequence of our computations of isoperimetric profiles is the
following statement, which cannot be reached with methods from [GT24a], even for quasi-
isometric or coarse embeddings. Indeed, in the latter is introduced a key property, called
the thick bigon property (ct. Definition 2.3.4), which is a crucial assumption for the study
of quasi-isometries between halo products. Unfortunately, this property is not stable under
iterations of lampshufflers, and cannot be used for Shuffler”(Z%) for instance.

Proposition V.K (see Corollary 5.6.11). Let d,k,n > 1 be three integers. If there exists a
regular map

Shuffler(2%) — Z/2Z 1 (2/2Z1 (... (/221 Z)))
where the wreath product is iterated n times, then d < k.

In relation with the results from [GT24a], we expect in fact that there is no regular map
from Shuffler”™(Z%) to Z/2Z 1 (Z/2Z 1 (... (Z/2Z 1 Z¥))), even when d < k.

Finally, we emphasize here that similar results can be obtained for other halo products,
such as lampjugglers, lampdesigners, and lampcloners (except when the base group has
polynomial growth since we do not have a precise estimate of ji cioners(r) in this case).

Plan of the chapter. After a few preliminaries in Section 5.2, we introduce halo prod-
ucts in Section 5.3, with the main assumptions we will need to study them. Section 5.4 is
devoted to the computation of Felner functions for halo products, and we deduce estimates
for isoperimetric profiles in Section 5.5. This finally implies existence and non-existence
results of regular maps and quasi-isometries between such groups, see Section 5.6. Lastly,
Appendix 5.7 presents various minimal algebraic assumptions under which lamplighters
appear as subgroups of lampshufflers.

5.2 Notations and terminologies

5.2.1 Notations

Given non-decreasing functions f, g: R~g — R~(, we write f(z) = O(g(x)) if there exists
C' > 0 such that f(x) < Cg(z) for all x large enough, and f(z) = o(g(z)) if% goes to 0
as x goes to +00. We write f ~ g, and we say that f and g are equivalent, if % goes to 1
as x goes to +00.

Recall that a map f: (X,dy) — (Y, dy) between two metric spaces is called regular
if it is C'—Lipschitz for some C' > 0 and pre-images of points have uniformly bounded
cardinality: there is m > 1 such that | f~!({y})| < mforany y € Y.

Note that any quasi-isometry is a quasi-isometric embedding, which is itself a coarse
embedding, which is itself a regular map, but none of the reverse implications hold. For
instance, the inclusion of a closed compactly generated subgroup in a locally compact com-
pactly generated group is always a coarse embedding, while it is a quasi-isometry only if
the subgroup is undistorted, and the map Z — Z, n — |n|, is a regular map, while it is

not a coarse embedding.
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5.2.2 Isoperimetric profiles

Isoperimetric profile for groups. For a finitely generated group GG and a finite gener-
ating set Sg, its (P —isoperimetric profile, for p > 1, is the function j,s: N — R, given
by

. 1f 1l
Jpc(n) = sup
g 1Ry IV £y

|supp f|<n

where the support of f: G — R issupp f := {g € G : f(g) + 0} and the ?—norm of its
gradient is defined by

IVFI = > 1flg) — Flgs)P.

ge@G, seSg

For p = 1, the /! —isoperimetric profile is simply called isoperimetric profile and one has

where 0gA := ASc\A = {g€ G\A : 3s € S¢,Fh € A, g = hs} is the boundary of A in G.
Recall also that the isoperimetric profile of a group G is the generalized inverse of its Fol-
ner function Folg: N — R, defined as

A 1
Folg(n) := inf{|A| : ’aiﬂ | < E}

We more generally define the (¥ —Fglner function Fel, : N — R, for every p > 1, as

: IVflp _ 1
Fol, (n) := mf{]supp fl:=—F—<—7¢.
! Il m
For every p > 1, Fol, and j,  are generalized inverses of each other, and we have
Fol;, ¢(z) ~ Felg(x). Thus, in the sequel, we will always write Fol; instead of Fol; ¢.

Remark 5.2.1. Notice that, given the asymptotic behaviour of the ¢’ —Fglner function, we
can deduce the asymptotic behaviour of the (P—isoperimetric profile, even though they
are not real inverses of each other, but only generalized inverses a priori. Indeed, a non-
decreasing function R, — R, is always asymptotically equivalent to an increasing func-
tion R, — R, (cf. [Cor25, Remark 1.2]) and it is not hard to check that ~ is preserved
when passing to generalized inverses. Thus, in the sequel, we can and will assume that the
(P —Fglner function and the /7 —isoperimetric profile are injective and then real inverses of
each other. Hence, studying the asymptotic behaviour of j, ¢ is the same as studying the
asymptotic behaviour of Fel, ..

Note that a group is amenable if and only if its isoperimetric profile is unbounded.
The idea to keep in mind is that the isoperimetric profile is a measurement of how much
amenable a group is. The faster the isoperimetric profile tends to infinity, the more the
group is amenable. In particular, the isoperimetric profile is a particularly well suited in-
variant to distinguish amenable groups with exponential growth up to quasi-isometries or
regular maps, and it has now been computed for many classes of groups, among which:
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s Jpa(n) ~ ni if G has polynomial growth of degree d > 1;

* Jpc(n) ~ In(n) for solvable Baumslag-Solitar groups and lamplighters /' Z, where
F is a non-trivial finite group;

+ jpc(n) ~ In(n) for any polycyclic group with exponential growth [Pit95; Pit00], or
more generally any exponential growth group within the class GES of Tessera [Tes13,
Corollary 5];

o Jprn(n) ~ In(n)a for F a non-trivial finite group, and N having polynomial growth
of degree d > 1 [Ers03].

More generally, [Ers03, Theorem 1] provides an explicit formula for computing Felner
functions of wreath products, so for instance the last example can be extended to iterated
wreath products. Let us explain with more details Erschler’s result, since it will play an
important role in the sequel.

Let G and H be finitely generated groups and assume that for every C' > 0, there exists
k > 0 such that Fely (kn) > C' - Fel(n) for any large enough integer n. Then we have

Folgym () ~ Folg(x)fn @),

This assumption on Fely, introduced in [Ers03], can also be stated in terms of isoperimetric
profile in the following way: for every C' > 0, ji y(Cz) = O (j1,u(x)). This assumption
also appeared in [Cor25] and we do not have any example of a finitely generated group
for which it does not hold. In Section 5.5, we will make use of this mild assumption, and
we will refer to it as Assumption (x). In [Ers03], this assumption is used to get rid of some
constant appearing in the lower bound: there exists C' > 0 such that

Foloy (2) > (Folg(z))“F @) . (5.2.1)

Folp (

whereas the upper bound is exactly Folg, (1) < Folg(z)™# @), In the particular case of a

non-trivial finite group G, we have

Jram(z) = jia(In(z))

if j1 g satisfies Assumption (). The lower bound (5.2.1) also holds in the context of lamp-
lighter graphs, see Section 5.4.2. To relate the work of Erschler on the ¢! —Fglner function
with the /P—Fglner function (for p > 1) that we want to compute for halo products, we
will first have to reduce the proof to the case p = 1, thanks to the well-known fact that if
p = 1, then the /’—Fglner function dominates the /! —Fglner function (see Lemma 5.4.3). In
fact, it is conjectured that the ¢’—Fglner functions, for p > 1, all have the same asymptotic
behaviour.

A fundamental result in geometric group theory is the one of Coulhon and Saloff-Coste,
who proved in [CSC93] that for a finitely generated group G and a finite symmetric gener-
ating set S of G, one has

|0 F| - 1 1
[F| 7 4fS] ec(2|F))
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for any finite set /' < G, where ®¢: Rog — N, ¢ g(t) := min{n > 0: fgs(n) > t}is
the inverse growth function of G. Since then, it has constantly been improved to finer in-
equalities, see for instance [PS22]. Inverting this inequality and taking the sup, one directly
gets the upper bound

Jra(n) < ®gs(n)

on the ¢!—isoperimetric profile of . This upper bound is optimal when G has poly-
nomial growth, while if it has exponential growth, one only gets j; ¢(n) < In(n). In
fact, [BZ21, Theorem 1.1] describes a large class of possible asymptotic behaviours for
isoperimetric profiles of finitely generated groups with exponential growth, namely for any

non-decreasing function f such that z — ﬁ is non-decreasing, there exists a finitely
In(z)

generated group of exponential growth whose (’—isoperimetric profile is ~ FIn(@))
every p > 1.

Isoperimetric profiles are also particularly studied for their relations with return proba-
bilities of random walks on groups, see for instance [SZ15; SZ16; SZ18; BZ21].

for

Isoperimetric profile for graphs. Isoperimetric profiles can be defined, more generally,
in the framework of bounded degree graphs, without any underlying algebraic structure.
In this paper, we only focus on the case p = 1, but similar definitions can be made for p > 1.
Since there will be no ambiguity, we will abusively use the same notation for a graph
and the set of its vertices. Given a graph Y, the presence of an edge between two vertices
v and w will be denoted by v ~y w.
Given a graph Y, its isoperimetric profile is the function j; y: N — R, defined by

where, given a finite set A < Y of vertices, 0y A := {v € Y\A : Ja € Ajv ~y a}is
the boundary of A in the graph Y.

In the case of Cayley graphs of finitely generated groups, we recover the correspond-
ing notion of isoperimetric profile of groups, defined above. Moreover, the invariance of
isoperimetric profile under quasi-isometry is still valid in this more general setup. Finally,
we analogously define the Folner function of a graph.

This setup of graphs will be crucial in our paper. Indeed, in Section 5.4.2, we will define
lamplighter graphs and will require a lower bound of their Falner functions.

5.3 Halo products

In this section, we define halo products and the main classes we are interested in.

5.3.1 Halo products: definition and main examples

Definition 5.3.1. Let X be a set. A halo of groups . over X is the data, for any subset
S < X, of a group L(S) such that:

« forall R, S < X,if R < Sthen L(R) < L(S);
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« L(Z) ={1}and L(X) = (L(S) : S < X finite);
« forall R,S < X, L(Rn S) = L(R) n L(S).

Given an action H —~ X and a morphism «: H — Aut(L(X)) satisfying
a(h)(L(S)) = L(hS) for any S < X and h € H, the permutational halo product Lx . H is
the semi-direct product

Lol = L(X) %, H.

The definition is motivated by permutational wreath products, which are basic examples
of permutational halo products. Indeed, given groups F, H and an action H —~ X, set
L(S) := @g4 F forany S < X. Then Zx ,H coincides with F'1x H, where « is the action
of H on @ F obtained by permuting the coordinates through the initial action H —~ X.
In particular, for X = H and the left-multiplication action of H on itself, we recover a
description of the wreath product ! H as a halo product.

Let us now describe other examples of halo products. From now on, we only focus on
halo products with X = H, that we simply denote by .Z H, for the natural action of H on
itself by left-multiplication.

Lampshufflers. Let H be a group, and let FSym(H) be the group of finitely supported
permutations of H, that is the group of bijections H — H that are the identity outside a
finite subset of H. The group H acts naturally on FSym(H), via

(h-0)(z):=ho(h™'z), xe H

for any h € H and 0 € FSym(H). Indeed, if 0: H — H is a finitely supported bijection
and h € H, thensois h- o and supp (h- o) = h - supp (o), where supp (o) := {z € H :
o(z) # x}.
The lampshuffler group over H, denoted Shuffler(H), is then defined as the semidirect
product
Shuffler(H) := FSym(H) x H.

It coincides with the halo product .Z H where L(S) := FSym(S) for any S < H. Addi-
tionally, if H is finitely generated and Sy denotes a finite generating set, then Shuffler(H)
is generated by the finite set

Y i={(niysly):seSg}u{(id,s):se Sy}

where, given any =,y € H, 7,,, € FSym(H) is the transposition that swaps = and y, that is
Toy(®) =Y, Toy(y) = xand 7, 4 (h) = h for any h ¢ {z,y}.

An element (o, h) € Shuffler(H) can be seen as a labelling of the vertices of the Cayley
graph Cay(H, Sy) (a vertex p € H carries the label o(p)) together with an arrow pointing
at some vertex h € H, and there are two types of moves in Cay(Shuffler(H),Xy) to go
from (o, h) to a neighbouring vertex:

« either the arrow goes from / to a neighbouring vertex in H;

« or the arrow stands on the vertex h € H, and swaps its label with the label of one of
its neighbours in H.
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Lampjugglers. Lampshufflers are in fact particular instances of a broader family of
groups, called lampjugglers. Given a group H and an integer r > 1, the lampjuggler over H
is the semi-direct product

Shuffler,.(H) := FSym(H x {1,...,r}) x H

where H acts on FSym(H x {1,...,r}) through its initial action on H x {1,...,r} given
by h - (x,i) := (hx, ). It can be described as the halo group .Z H where

L(S) := FSym(S x {1,...,r}), S < H.

As for lampshufflers, lampjugglers over finitely generated groups are finitely generated,
and one can check that if Sy is a finite generating set for H, then the finite set

{(Tawi)(s.g)s Li) i 5 € Sp, 1 <id,7 <r}u{(id,s):se Sy}

generates Shuffler,.(H). Here, an element (o, h) € Shuffler,(H) can be seen as a labelling
of the vertices of Cay(H, Sy) x {1,...,r} together with an arrow pointing at some vertex
h € H. Right-multiplying (o, h) by a generator from the above set amounts either to move
the arrow from h to a neighbouring vertex hs in H, or to keep the arrow on h € H and
switching the labels of two verticesin A x {1, ..., 7} and hs x {1, ..., r} for some neighbour
hs of h.

Lampdesigners. Let F'and H be two groups. The lampdesigner over H is the semi-direct
product
Designer,(H) := (F g FSym(H)) x H

where H acts on @, F' by permuting the coordinates through its action on itself by left-
multiplication and acts on FSym(H) as described above. It is the halo product .Z H for the
collection L(S) := F g FSym(S), S < H.

Lampdesigners are close from lampjuggler groups, and in fact if F' is finite, Designer -( H)
is a subgroup of Shuffler|p(H ), via the map

Designer.(H) — Shuffler|z(H)
((f;0),h)  — (o', h)

where, given a pair (f,0) € F g FSym(H), o' is the permutation of H x F given by
o'(h,i) = (o(h), f(h)1). Note also that Designer .(H) contains Shuffler(H) as a subgroup.

Lampcloners. Let H be a group and let f be a field. Denote V} the f-vector space ad-
mitting H as a basis, and denote {e, : u € H} a formal basis. Let FGL(H ) be the group of
linear automorphisms Vy — Vy that fix all but finitely many basis elements. This group
can also be seen as the group of finitely supported invertible matrices with coefficients in f
whose entries are indexed by H x H. Once again, the action of H on itself naturally yields
an action of H on FGL(H). The lampcloner over H is the semi-direct product

Cloners(H) := FGL(H) x H.

It is a halo product, for the collection L(S) := FGL(S), for every S — H, where FGL(S5)
is thought of as the subgroup of FGL(H) of linear automorphisms Vy — V that fix H\S
and that stabilise the subspace (S) < Vj.
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In addition, if f is finite and if H = (S is finitely generated, then the finite set

{(61,(N), 1) : A e \{O}} U {(T1,s(N), 1) - s € Sp, A e A\{0}} U {(idy,,s) : s € S}

generates Cloner(H ), where, given p, ¢ € H and A € f\{0}, 6,()) is the diagonal matrix

Vi — Vi
2 Hhep — Z phen + Appep
heH h#p
and 7,,(\) is the transvection
sV
Tpq(A Z Hh€n — Z pnen + (p + Abg)ep
heH h#p

Thus, thinking of an element (¢, p) € Cloners(H) as a labelling of Cay(H, Sy) (the vertex
h € H has the label p(e,) € Vi), together with an arrow pointing at p € H, right mul-
tiplying (¢, p) by a generator from the above set amounts either to move the arrow to an
adjacent vertex g of p in H; or to keep the arrow where it stands and multiply ¢(e,) by a
non-trivial element of f; or to keep the arrow where it stands and to clone the label ¢(e,)
and add it to the label of a neighbour of p after multiplication by an element of f\{0}.

We refer the reader to [GT24a, Section 2] for many other possible constructions, such
as lampbraiders and verbal halo products, that encompass for instance nilpotent and
metabelian wreath products.

5.3.2 Important assumptions

Our main results deal with halo products satisfying various important assumptions that we
introduce in this section.

Large-scale commutativity. The first one has been introduced in [GT24a], under the
terminology large-scale commutativity.

Definition 5.3.2. Let 2 H be a halo product over a finitely generated group H, and let Sy
be a finite generating set of H. We say that £ H is large-scale commutative if there exists
a constant D > 0 such that, for any R, S < H with dg,, (R, S) > D, the subgroups L(R)
and L(S) commute in L(H).

This notion plays a key role in the quasi-isometry classification of halo groups estab-
lished in [GT24a], see e.g. [GT24a, Theorem 6.3 and Theorem 6.6]. Examples of large-scale
commutative halo products include lamplighters (D = 0), lampshufflers (D = 1), lamp-
cloners (D = 1).

Finite generating sets. Let us now turn to terminologies more specific to halo groups
over finitely generated groups. Inspired by lampshufflers, when we are looking for a gen-
erating set of a general halo product, there is a natural candidate. The natural generation
property, that we now introduce, is by definition satisfied by a halo product having this
natural candidate as generating set.
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Definition 5.3.3. Let H be a finitely generated group, with a finite generating subset Sy.
We say that a halo product £ H over H is naturally generated if it is generated by the set

{(1py,s):seSuyu | {(0.1n) € LH : 0 € L({1n,s})}.

SESH

We already know from the previous section that our running examples are naturally
generated.

Let us now introduce a terminology relative to the generation for blocks of a halo prod-
uct.

Definition 5.3.4. We say that a halo product .Z H has finite (resp. finitely generated) blocks
if, for any finite subset S  H, L(S) is finite (resp. finitely generated).

For instance, a wreath product /1 H, where F'is finitely generated, has finitely generated
blocks. Moreover, lampjugglers, lampdesigners and lampcloners have finite blocks, so they
have finitely generated blocks.

If a naturally generated halo product has finitely generated blocks, then it has a natural
finite generating set:

Fact 5.3.5. Let [ be a finitely generated group and let Sy be a finite symmetric generating
set of H. Let £ H be a halo product over H. Suppose that .Z H is naturally generated and
has finitely generated blocks. Then the finite set

S = {(1rm),s):s€Su}u U {(0,1y) e LH:0€eS(s)}

SESH

generates £ H, where S(s) is any finite generating subset of L({1y, s}). O

Growth of lamps. Recall from Definitions 2.3.23 and 2.3.24 that if a halo product £ H
is consistent, then we may define its lamp growth sequence as

Agp:n— |L(S)|, where |S| = n.

It has been computed in [GT24a, Facts 7.12-7.16] for many halo products, such as lamp-
lighters, lampshufflers, lampdesigners and lampcloners. For instance, for any group H and
finite group F, one has App(n) = |F|", Asnuftier, (i) (n) = (rn)! and Apesigner,.(71)(n) =
| F|"n!. Moreover, given a finite field f, we have

ACIonerf(H H |f|n |f|

=0

In fact, it turns out that the asymptotic behaviour of this sequence is invariant under a
special class of quasi-isometries (and more generally coarse embeddings), referred to as ap-
tolic quasi-isometries in [GT24a, Section 6]. As proved in [GT24a, Corollary 6.11], under
additional assumptions, any quasi-isometry between two halo products is aptolic (up to fi-
nite distance). Thus, for these halo products, the asymptotic behaviour of the lamp growth
sequence is an invariant of quasi-isometry.
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5.4 Estimates of Folner functions of halo products

5.4.1 A general upper bound on the Folner functions: finding al-
most invariant functions

In this section, we provide an upper bound on the /?—Fglner function of many halo prod-
ucts. The /?—Fglner function of a finitely generated group G being an infimum over finitely
supported functions G — R, the strategy is to exhibit “good” such functions, namely almost
invariant functions. This constitutes the first step towards proving Theorem V.E.

Observe that, if H is an amenable group, then .Z H is amenable if and only if L(H) is
amenable, and the latter is often true regardless of H. For instance, if blocks are finite, then
L(H) islocally finite and thus amenable (cf. Corollary 1.3.25). This is the case when Z H is
alamplighter F2 H (i.e. F is finite), a lampshuffler Shuffler(H), or a lampcloner Cloner¢(H )
over a finite field f.

Therefore, we know that almost invariant functions exist when our halo product has
finite blocks. Here our goal is, in particular, to construct a suitable sequence of almost
invariant functions for our halo product from such a sequence for the base group H. The
estimates we can derive enable us to prove the following.

Proposition 5.4.1. Let H be a finitely generated amenable group, and let £ H be a halo
product over H. Suppose that £ H is naturally generated and has consistent blocks. Then, for
any p = 1, there exists a constant C' > 0 such that

Fﬂlpfo(l') < FﬂlpJ-[(iE) : AgH(C : Fﬂlij(iL')),
where A ¢ is the lamp growth sequence of £ H.

Proof. As usual, denote Sy a finite generating set for /1. By assumption, the subset

Son = {(lra),s):s€ Sy} u U {(05,1n) 1 05 € L({1p,s})}

SESH

generates ZH. Let (f,)n,>0 be a sequence of functions H — R that realizes Fol, 4, i.e.

v n .
Fol, ;7 (n) = |supp f,| and ” HS]{Z‘}‘; b < % for any n > 0. Given n > 0, set

Un ‘= supp fn7 Vn = U Uns

SESH

and
gn: LH — R

(07 h) —_ fn(h)]lcreL(Vn) .
Let (0,h) € £H, s € Sy and o, € L({1, s}). The composition law of .Z H directly implies
that (o, h)(11(m), s) = (0, hs) and (o, h)(0s, 1) = (o(h - o), h). This implies that

gn ((0’ h)(lL(H)a 5)) - gn(07 h) = (fn(hs) - fn(h))ﬂoeL(Vn)

as well as

9n((0,h)(05,111)) — gu(o,h) = 0
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using that o € L(V},) ifand only if o(h - 05) € L(V,,) when h € U,,. We thus have

IVswugnlh = D> D lgn (0. 0)(Aran), 5)) = gnlo, )]

(o,h)eLH s€Sy

= > D Un(hs) = fa() oervil”

(o,h)eLH s€Sy

= [L(Vo)| - | Vs fullh-

We also have
lgnlty = [LV)] - 1 falh-

We finally get
IVsengnly _ 1Vsyfuly

1gnp | follp n
so, by the definition of the /?—Fglner function, it follows that

Fol, v (n) < |supp gn| = [L(V)] - Uy
= |Un| - Azu([Val)

< Fol, y(n) - Agn (|Su| - Fol, n(n)).

This concludes the proof. ]

5.4.2 A general lower bound on the Folner functions: finding lamp-
lighter subgraphs

The goal of this section is to find a lower bound of the ¢” —Fglner function of a halo product.
In Section 5.5, we deduce, for specific cases, an upper bound of the /” —isoperimetric profile
which will often be optimal.

Here is then the general statement.

Theorem 5.4.2. Let H be a finitely generated amenable group and let Sy be a finite gener-
ating set. Let & H be a naturally generated and large-scale commutative halo product having
finitely generated blocks. Then, for anyp > 1 and any s, € Sy, there exists a constant C' > 0

such that

C-Foly (x
Fﬁlp7gH($) > (FﬂlL({lH,so})(x)) ol ( ).

In the particular case of a halo product with finite blocks, we thus get
Fol, oy () > K™# (@

for some positive constant /' > 0 and any p > 1.

The following lemma will allow us to reduce to the case p = 1. This is a well-known
result on isoperimetric profiles, mentioned in [Cou00], stating that for every finitely gener-
ated group G, j, ¢ is monotonous in the variable p > 1 for the order given by <. Here we
state it in terms of Folner functions and we provide a proof for the sake of completeness.
Recall that it is conjectured that the asymptotic behaviour of j, - does not depend on p.
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Lemma 5.4.3. Let G be a finitely generated group and let p,q be real numbers such that
p > q = 1. Then we have
Fﬂlp@*(l’) = Fﬂlq7g<x).

For Theorem 5.4.2, we will apply this lemma to ¢ = 1.

Proof. Let f: G — R be a finitely supported function, and consider the function h := | f|"
where v := £ > 1. Using the inequality [a” — b"| < vmax (a, b)""'|a — b that holds for
every positive real numbers a, b > 0, we get

IVsehlli = > |h(g) — higs)|®

ge@G, seSg
<ol D @Il = g+ 0T D> )V f(9)] = 1 f(g9)]]
geG, seSa geG, seSqa
<ot T F@I I f(g) = Flgs) 0 DT 199"V f(g) — Flgs)|”
ge@G, seSg geG, s€Sqa

Setting P = © and () = p%q, we have 1% + % = 1, and Hoélder’s inequality provides

1 1

> If(g)lq(”l)lf(g)—f(98)|q<< > If(g)qu(””> ( > !f(g)—f(QS)IP">

P

geG, seSqg geG, seSqa geG, s€Sg
p—q aq
P I3
= ( > If(g)l”) < D Ifle) - f(98)|p>
geG, seSa geG, seSa

= 1Sa]"7 - IF I~ IV se S

and similarly for >, . .. |f(gs)17=D|f(g) — f(gs)|%, so that we get

1 p=q Pa
[Vsehly <20 -1Sal 7 -v-|flp" - [Vse Sl
which in turn implies

[Vsehla _ 52

<ot 5ol . Tedle
17y

[ £1lp

since |h|¢ = |f[P. This inequality holds for every finitely supported function f: G' —
R, namely we proved that for every such f, this inequality holds for some h: G — R
having the same support, so the statement follows directly from the definition of Felner
functions. [

We now move on to the proof of Theorem 5.4.2. At first reading, the reader may look
at Appendix 5.7, where the strategy is to find “good” lamplighters as subgroups of a lamp-
shuffler Shuffler(H), namely a lamplighter group based on a finitely generated subgroup
K of H having the same isoperimetric profile as /1. This is achieved with some algebraic
assumptions on the finitely generated group H, covering a large class of groups. We finally
conclude using the result analogous to Lemma 1.3.30 for the Felner function. Moreover,
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this first strategy provides an interesting framework since the algebraic assumptions on
the base group H are stable in many cases when taking iterations of lampshufflers; see
Remark 5.7.7 and Proposition 5.7.8.

In this section, we focus on a less restrictive substructure than subgroups, namely sub-
graphs. The strategy is to find some subgraph X of H, quasi-isometric to it, playing the
role of a subgroup K as described in the above first strategy, and a lamplighter graph on X,
as a subgraph of . H, in such a manner that we can prove the monotonicity of the Folner
function in this context, as in Lemma 1.3.30. We conclude thanks to the lower bounds for
the Folner functions of lamplighter graphs obtained in [Ers06].

Lamplighter graphs. Let A and B be two graphs, with a base vertex by in B. Given a
map f: A — B, we define its support by supp f := {a € A: f(a) # by}. The lamplighter
graph of B and A, denoted by B { A, is the graph

« whose vertices are pairs (f, a), where a is a vertex of A and f: A — B has finite
support;

« whose edges connect (f,a) and (f’,d’) if either a = @/, f(a) ~p f'(a) and f(v) =
f'(v) for every v € A\{a},orif f = ffanda ~4 @'

In the case where the graphs A and B are Cayley graphs of finitely generated groups G
and H respectively, we recover a Cayley graph of the wreath product H G.

Let us now prove Theorem 5.4.2 within this framework, using the following lower bound
proved by Erschler [Ers06, Theorem 4.3]: there exists C' > 0 such that

Folp,a(z) > (Felp(z)) ™).
Proof of Theorem 5.4.2. By Lemma 5.4.3, we have

F@lpwng(ZL') > FQL%H(ZE)

so it is enough to prove the theorem for p = 1.

Given a connected graph Y, we denote by dy(-,-) its path metric. When considering a
finitely generated group H = (S), we write dy 5(-,-) for the path metric on its Cayley
graph Cay(H, S) (identified with H itself), to specify the choice of a finite generating subset
S.

Now;, let us fix a finite generating set S of H, a constant D > 0 of large-scale commutativity
for £ H, and let us consider Sop 5 := {8152 ...S9p45:S;€SU {1H}} Note that, for every
x,y € H, we have

dus(z,y) <2D +5 <= dps,,,(z,y) < L

Let X be a maximal (D + 2)—separated subset of H, for the metric dy s, and let us endow
Xy with the graph structure induced by dgs,, .., namely z,y € X, are adjacent if and
only if dp s,,,,,(x,y) = 1. It is straightforward to see that (Xo, dx,.s,, ) is a subgraph of
(H,du,s,,,,)- In addition, we also have the following.

Claim 5.4.4. The graphs (Xo,dx, s,,.,) and (H,dys,,,,) are quasi-isometric.
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Proof of Claim 5.4.4. Let us prove that the natural inclusion X, <— H is a quasi-isometry.
First of all, by maximality, X, is (D + 2)—dense in (H,dg), and this directly implies
du.syp.5(h, Xo) < 1forevery he H.

Let z,y € X. Itis straightforward to show thatdx, s,,..(z,y) = du.s,,,-(x,y). The other
way around, let n := dp g,, ., (2, y). By definition, there exist points

wozxaxlw"axnflaanyEH

such that dy s,, ., (i, %41) = 1 for every i € {0,1,...,n — 1}. Given such an index 4, the
definition of Sop .5 implies that there exist points

Ti0 = Ty Tidy- .-, Ti2D+4, Ti2D4+5 = Tip1 € H

such that dy s(x; ;,%;;+1) < 1forevery j € {0,1,...,2D + 4}. Since we have z; 2p;5 =
Tiy10 for every i € {0,1,...,n — 1}, we have found a path of length < (2D + 5)n in
(H,dg) that connects x to y. Approximating every vertex of this path by an element of X
within dy g—distance less than D + 2 (z and y being approximated by themselves), we get
a sequence

Wy = T, W1, ..., W32D+5)n—1, WE2D+5)n = Y
of elements in X, satistying dy s(w;,wir1) < 2(D + 2) + 1 = 2D + 5, whence

du.s,p. 5 (Wi, wit1) < 1. This way, we get a path from z to y, of length < (2D + 5)n,
in (Xo,ds,,,,). Thus

dX0752D+5 (.I', y) < (ZD + 5) ’ dH752D+5 (ma y)
and the proof of the claim is complete. |

Let us fix some distinguished generator sy € S\{1y}. By (D + 2)—separation, for every
x € Xy, xsg does not lie in X, and large-scale commutativity thus implies that the groups
L({z,xs0}), for x € X, commute. Let us now introduce the subgroup 7 of L(H) defined

by

T = {H o, I < X, is finite, 0, € L({:c,acso})}

zel

= EI—) L({x,xs0})

CCEX()

= @ a(@)L{1u, s0}).

(EEXQ

Since .Z H has finitely generated blocks, we can fix a finite generating subset S(sy) of
L({1y,50}). Let us now consider the set Y, := T x X equipped with a graph structure
where two vertices (p, z) and (p/, 2) of Y, are adjacent if

« either z = 2’ and p~'p/ = a(z)(0) for some o € S(s);

e Or p = ;0/ and dX0,52D+5 (I,ZIJ/) =1

- 211 -



CHAPTER 5

which can be reformulated as
« either (p,x)(o, 1) = (p/,2'), for some o € S(sp);
« or (p,z)(idg, h) = (p',2’), where h lies in Syp 5.

Note that the graph Y, is isomorphic to the lamplighter graph L({1y, so}) ! Xo. Thus, we
endow .’ H with the finite generating set S ¢y given by

SgH = {(O‘, 1H) .0 € S(So)} U {(1L(H)7h) che SQD+5}.

Now, let us consider the partition of L(H) in T —cosets:

L(H) = | | T
ceC
with K¢, = 11m) for the index ¢y € C of the coset 7. For every c € C, let us consider the
subset
)/c = (KCT> X HJ

equipped with a graph structure where two vertices (k.p, z) and (k.p’, z) are adjacent if

. either x = 2/, x lies in Xy and p~'p) = a(z)(o) for some o € S(sq), namely
(R0p7 ':E)(0-7 1H> = (:‘icpl,ZC/);

«orp=ypanddyg,,,(r,2") = 1,namely (k.p, )(1r(m), h) = (kep', 2') where h lies
in Sopys.

By definition of S¢y, (Y.)cec is a family of subgraphs of (£ H, ds.,,,) partitioning the set
of its vertices. Moreover the graph Y, is the left translation by (x., 1) of the graph Y.
These observations imply

Folyp(n) > Fely, (n),

as an immediate adaptation of [Ers03, Lemma 4]. The next claim is the final step required
for the proof.

Claim 5.4.5. The graphY,, is quasi-isometric to Y,.

Proof of Claim 5.4.5. The proof relies on the same technique as in the proof of Claim 5.4.4.
We prove that Y, — Y, is a quasi-isometry. The 1—density of its image is straightforward,
as well as the inequality

dy, ((p,x), (¢, 2")) = dy,, ((p,2), (', 2"))

for every (p, z), (p/,2') € Yi.

The other way around, notice that edges of a path of length n := dy, ((p, z), (¢, 2')) in Y,
consists in either modifying the permutation on the first coordinate, or moving the arrow
pointing at some element of H in the second coordinate. Thus, with the same ideas as in
the proof of Claim 5.4.4, it suffices to approximate elements in the second coordinate by
elements of X, so that we get a new path in Y, of length < (2D + 5)n. This concludes the
proof. |
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Combining the above claims, we finally get that

Folyn(n) > Foly, (n) = Fely, (n) ~ Folr(1, s1nx, (1)

)) C'Folx, (n

and the latter dominates (Frz}l L{1m,50}) (n ), for some constant C” > 0, using [Ers06,

Theorem 4.3]. From Claim 5.4.4, Foly, is asymptotically equivalent to Fely, and thus

CFolg (n
Folyp(n) > (FQIL({leso})(n» rela

for some constant C' > 0. ]

5.5 Estimates of isoperimetric profiles for some exam-

ples of halo products

The goal of this section is to establish our estimates of /? —isoperimetric profiles of many
halo products and their iterated versions, from our estimates on Fglner functions. Here we
use the fact that the ¢/ —Folner function and the ¢ —isoperimetric profile are inverses of
each other, using Remark 5.2.1.

Recall that we proved in the previous section:

Theorem 5.5.1 (see Proposition 5.4.1 and Theorem 5.4.2). Letp > 1. Let H be a finitely
generated amenable group and let Sy be a finite generating set. Let £ H be a naturally
generated halo product over H.

(i) If L H is large-scale commutative and has finitely generated blocks, then for any s, €
Sy, there exists a constant C' > 0 such that

)> CPFoly (x)

(Folr (15,500 (% < Fol, o5 ().

(ii) If £ H has consistent blocks, then there exists a constant C' > 0 such that

Fﬂlp7gH($) < FﬁlpJ{(ZE) . AgH(C . F@lij(iB)).

As an easy consequence, if 2 H is large-scale commutative, naturally generated and has
consistent blocks, then its /P —Fglner function satisfies

KFMH(I) < Fﬂlpng(iL') < Fﬂlva(l) . AgH<C . Fﬂlp,H(CC))

for some positive constants C, K > 0.
Let us first discuss a terminology that will be useful for our main results.
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5.5.1 Assumption (*)

Definition 5.5.2. We say that a non-decreasing map h: R, — R, satisfies Assumption (x)
if one has

YO > 0, h(Cx) = O(h(x)).

Assumption (*) already appeared in the literature [Ers03; Cor25] in the case where h =
Jp, 18 the (P —isoperimetric profile of a finitely generated group /, and it seems that j, g
satisfies this assumption for many choices of groups H. In fact, to our knowledge, there is
currently no known example of a finitely generated group whose ¥ —isoperimetric profiles
do not satisfy Assumption (x).

First, let us record in a statement an easy implication of Assumption (*).

Lemma 5.5.3. Let h: R, — R, be a non-decreasing map satisfying Assumption (x). Let
f,9: Ry — R, be unbounded non-decreasing maps such that f(x) < g(x). Then one has

h(f(x)) < hlg(x)).
Proof. By assumption, f(x) < g(z), so there is a constant C' > 0 such that
f(z) < Cg(Cx)
for all x large enough. As h is non-decreasing, we thus get

h(f(z)) < h(Cy(Ca)).
Now, we use h(Cy) = O(h(y)) to deduce that there is a constant & > 0 such that
h(f(z)) < h(Cg(Cx)) < Kh(g(Cx))
for all z large enough. Thus h(f(z)) < h(g(x)) and we are done. O
Another useful claim is the following.

Lemma 5.5.4. Let f,g,¢: [1,+00[ —> [1, 40| be three non-decreasing maps, with ¢ in-
jective and satisfying p(x) — +00. Assume that there exists a positive constant D > 0

r——+00
such that
g(x) < f(Dg(x)).
Then we have
g(EKe () < f(2)
for some positive constant K > 0. If furthermore g satisfies Assumption (), then we have

g(¢™(2)) < f(a).

Proof. By assumption, there exists a positive constant C' > 0 such that

g(z) < Cf(Dyp(Cx))

- 214 -



Isoperimetric profiles of lamplighter-like groups

for all x large enough. Let = be a real number greater than Dy(C'), and let n > 1 be an
integer such that Dp(Cn) < x < Dp(C(n + 1)). Then we have

C1(a) > O (Dotem) = gt = (5 ) 2 (*”;é%>) ,

which can be reformulated as

9 (K¢ '(y)) = O (f(Dy)),

taking y = % and K = % This shows the first part of the statement. Additionally, if g
satisfies Assumption (*), then we have

07 ) =9 (5 Ko 0) = 0 (0 (567 0) = O (D).

which concludes the proof. [

With Assumption (*), we can deduce two applications for the computation of isoperi-
metric profiles. The first one reformulates the inequality

(Fol(1, .01 (2))

from Theorem 5.4.2, in the easier case where the block L({1, so}) is finite.

CPoly () Fol, ou(x)

Corollary 5.5.5. Let H be a finitely generated amenable group. Let £ H be a naturally
generated and large-scale commutative halo product having finite blocks. Givenp > 1, if j1 i
satisfies Assumption (x), then the (P —isoperimetric profile of £ H satisfies

Jpza() < jra(n(z)).

Proof. By Theorem 5.4.2 and the fact that L({1p, so}) is finite for every generator s, € Sy,
we have
K™ < Fol, o (y)

for some positive constant X > 0. The logarithm satisfies Assumption (x), as well as j; gz,
so applying twice Lemma 5.5.3 yields

y < jiu(In (Fol, 21 (y))),

meaning that there exists some positive constant C' > 0 such that
Yy < C- jle(ln (Fﬂlpng(Oy)))

WTH(@ in the above

for all y large enough. If now z is large enough, it suffices to take y =
inequality to deduce the corollary. O]
As a second application, we record in a statement the formulation of the inequality
Fol, yr(x) < Fol, y(x) - Agn(C - Fol, y(z))

from Proposition 5.4.1 in terms of isoperimetric profiles.
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Corollary 5.5.6. Let H be a finitely generated amenable group, and let £ H be a halo product
over H. Suppose that £ H is naturally generated and has consistent blocks. Givenp > 1, if
Jp.u satisfies Assumption (%), then one has

Jpzn () > jpu(p™ (@)
where p(x) = x - Ay (x) and where A ¢y is the lamp growth sequence of £ H.
Proof. Let p > 1. From Proposition 5.4.1, we know that there is a constant D > 0 such that
Fol, v1(z) < D - ¢(D - Fol, y(Dx))
Jp,H ()

D
Jp,r Which is increasing, one gets

for all z large enough. Putting x = in this inequality for y large enough, and applying

jp,H(y)

D < jp,.i”H (D : 90<Dy>)

for all y large enough, i.e. j, 1 (y) < jp.zu(De(y)). Since j, y satisfies Assumption (x),
we may apply Lemma 5.5.4, and we get

Jpat (@7 (@) < jp.zn (¥)

as claimed. OJ

5.5.2 Proof of Theorem V.A for lampjugglers

We now apply our estimates on isoperimetric profiles to concrete examples, using [GT24a,
Facts 7.12-7.16] that compute the lamp growth sequences of most examples of halo products
we are interested in. In this section, we address the case of lampshufflers, lampjugglers and
their iterated versions.

Let us recall that ¢?—isoperimetric profiles of lampshufflers over polynomial growth
groups are known:

I shufter(r) () = ( % >;

for any p > 1, when H has growth degree d > 1. This can be directly deduced from [SZ21]
and [EZ21].
From our work, we can deduce the following bounds on profiles of lampjugglers.

Corollary 5.5.7. Let p > 1. Let H be a finitely generated amenable group, whose (¥ —
and (*—isoperimetric profiles satisfy Assumption (x). Let s > 1 be an integer. Then the
(P—isoperimetric profile of Shuffler,(H ) satisfies

) In(x . )
Ip,H (#) < Jp,ShufﬂerS(H)(fE) < ]1,H(1H(3?))-

(In(z))
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Proof. For the upper bound, it suffices to apply Corollary 5.5.5, since Shuffler,(H) is natu-
rally generated and has finite blocks.
Let us focus on the lower bound. From Corollary 5.5.6, we know that

jp,H(Sfl(l’)) < Jp.Shuffler, () (Z) (5.5.1)

where p(2) = @ - Aspyffier, (1) (%) = x - (sx)!. It remains to find the asymptotics of ¢~ *(x).

-1

We have by definition o~ !(z)(s¢~(x))! = x, and from Stirling’s formula we know that

sz s 1(z)
o (@) (50 (@) ~ ¢\ (@) (9”—”) Vs (@),

e

Taking the logarithm yields In(z) = In (o~ (z)(sp~ ' (2))!) ~ sp~(z)In(sp~*(x)) and
taking the logarithm once more, it follows that

In(In(z)) ~ In(sp~!(x)).
Combining these two equivalences, this gives

In(z)

")~ L)

Using Lemma 5.5.3 and inequality (5.5.1), we deduce

_ In(x) _ (2)
Ip,H hl(h’l(l‘)) X Jp,Shufflers (H)\ T
as claimed. The proof is complete. [

Remark 5.5.8. In the particular case where s = 1 and where H is amenable with j; 5 (z) ~
In(z), the upper bound on j; shuffier(rr) provided by this result is ~ In(In(z)), which is the
same that one can get by inverting the lower bound

Folshuffier(r) () > Vi ()" ~ (&)

obtained in [EZ21, Corollary 1.4] in the case of an exponential growth group H. However,
as we will see below, this result is not optimal anymore when taking iteration of lampshuf-
flers, since the growth function of such iterations stays exponential, while the isoperimetric
profile gets slower at each iteration (see Proposition 5.5.11).

In particular, one deduces that, if H has polynomial growth of degree d > 1, the estimate
on Jp, shuffler(#r) coming from [EZ21, Corollary 1.4] is valid for any lampjuggler Shuffler,(H),
s = 2. Indeed, such a lampjuggler contains a lampshuffler as a subgroup, so that

A . In(z) 1\
]p,Shufﬂers(H)(x) < jp,ShufHEI’(H)(x) = (m) ’

by Lemma 1.3.30, and the lower bound follows from Corollary 5.5.7. In fact, we have more
generally the next consequence.
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Corollary 5.5.9. Letp > 1. Let H be a finitely generated amenable group such that j, i (x) ~
J1.u (). Assume that

« either H has polynomial growth;

« or its (P—isoperimetric profile j, y satisfies Assumption (x) and j, pu (1111(1111(1”(2)))
Jp. (IN(2)).
Then one has
Jp.Shuftler, (1) (Z) = Jp Shufhier(er) (T)
foralls > 1. [

Thus, lampjuggler groups often have the same /?—isoperimetric profile as lampshufflers,
even if the two are not quasi-isometric. For instance, if H = Z91BS(1,n),d = 1,n > 2,
then Shuffler(H) and Shufflers(H) are not quasi-isometric (by Theorems 2.3.35 and IV.D)
but both have (?—isoperimetric profile ~ j, y(In(z)) ~ In(In(In(z))).

From Corollary 5.5.7, we can deduce the /?—isoperimetric profile of lampshufflers over
groups H having isoperimetric profiles that satisfy

o (%) ~ j1.a(n(z))

for instance:

« Solvable Baumslag-Solitar groups BS(1,n), n > 2, have ’?—isoperimetric profile ~
In(x). Thus Shuffler(BS(1,7)) has ¢’ —isoperimetric profile ~ In(In(z)). The same
applies for lamplighters ' Z, where F' is a non-trivial finite group;

« more generally, lamplighters F} Z% where d > 1 and F is non-trivial and finite, have
(P—isoperimetric profile ~ In(z). In this case, we get that

. 1
]p,Shuffler(Fzzd)(95> ~ In(In(z)) 4.

=

« for d > 1, the group H = Z Z% has (P —isoperimetric profile ~ <1n1(111r(18))> , so that
. In(In(z)) \?
]p,Shuferr(ZZZd)(x) = (m .

f(@)
non-decreasing, Brieussel and Zheng constructed in [BZ21, Theorem 1.1] a finitely gener-

Example 5.5.10. For any non-decreasing function f: R, — R, such that z — is

ated group H with exponential volume growth having ¢” —isoperimetric profile

, _ In(x)
Init(®) = Fn(w)’

It is proved in [Cor25] that j, y satisfies Assumption () (see the discussion right after
Corollary 4.1 in [Cor25)). Lastly, H also satisfies

ot (ors ) = (i)
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This follows from the fact that f preserves equivalents: if g, h: R, — R, are equivalent,
then (1 — e)h(x) < g(z) < (1 + €)h(z) for some € > 0 and for large enough z, so that

F((A=e)h(z)) < flg(x)) < f((1 +e)h(z))
since f is non-decreasing. Since (1 — e)h(z) < h(x) < (1 4 €)h(x), one has also

(1-9hx) _ ha) _ (1+)h@)
F(@—h(@)) = Fh@) = f(1+ ()

% is non-decreasing, and thus

since x ——

(1—e)f(h(x)) < F((1 —e)h(@)) < flg(2)) < F((L+e)h(x)) < (1 +¢€)f(h(x))

for all large enough x, whence f(g(x)) ~ f(h(z)). Thus, we may apply Theorem 5.5.7, and
we obtain that

. _In(In(z))
Jp,Shuffler(H) (x) ~ —f(ln(ln(x))) .

Iterated lampshufflers. For a group H and an integer n > 0, let Shuffler™ (H) denote
the n—th iterated lampshuffler over H, defined as

Shuffler”™ (H) := Shuffler(Shuffler™" ' (H)).

if n > 1, and Shuffler®(H) := H.

For such groups, we show the following estimates.

Proposition 5.5.11. Let p > 1. Let H be a finitely generated amenable group whose
(P—isoperimetric profile j, y satisfies Assumption (x). Suppose that

' —ln(x) ~ 7 n(x)) and jp g(r) ~ 51,5z
oot (i) = dnalin(e) and iy n(e) ~ o).

Then, we have
Ip.shuffieren (1) () = Jp,(In°"(2))
foralln = 0.

Here, recall that In"*(z) := In(In(In(. . . In(x)))) denotes the k—th iteration of the loga-
rithm with itself, with the convention that In°° is the identity.

Proof. Let p > 1. We prove the statement by induction over n. For n = 0, it clearly
holds, and the case n = 1 is settled by Corollary 5.5.7. Now, assume that it holds for
some n = 0, so that jp, shusfieron (1) () = jp,a(In""(x)) for any H satisfying the assumptions
of the statement. Then, note that Shuffler( H) is finitely generated, amenable, and since its
(P —isoperimetric profile is ~ j, 5 (In(x)) and that j, ; satisfies Assumption (%), j, shuffler(i1)
satisfies Assumption (x) and jj, shuffier(z7) = J1,Shuffler(fr) as Well. Additionally, note that

Jp,Shuffler(H) (%) ~ jpi (In%(2) — In*(2)) ~ jp w(In(x)) ~ jp shutfierrr (In())
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where the second asymptotic equivalence follows from the combination of In®(z) —
In°*(x) ~ In°*(x) and Lemma 5.5.3. Thus, applying the inductive assumption and Corol-
lary 5.5.7, we obtain

jp,ShufHerO(”‘H)(H) (l’) = jp Shuffler®™ (Shuffler(H)) (-T)
= jp,Shuferr H)( non(]j))
~ Jpar (In(In*"(2)))
)

= Jpr(In°" Y (2)

and the induction is complete. [

However, note that the assumption that j, g (%) ~ j,u(In(x)) in Proposi-
tion 5.5.11 does not hold for polynomial growth groups. Thus, for this class, we compute
isoperimetric profiles of iterated lampshufflers separately.

Proposition 5.5.12. Let H be a finitely generated group of polynomial growth of degree

d = 1. Then one has
. In”"(z) ¢
]p,Shuffleron(H)(x) = <1n n+1)(x))

foranyn > 1 and any real numberp > 1.

Proof. The case n = 1 is settled by [EZ21, Corollary 1.4]. For n > 2, it suffices to note that
Shuffler(H) satisfies the assumptions of Proposition 5.5.11, and the latter provides

IS

: . , ne In”"(z) ¢
]p,ShufflerO"(H)(x) = Jp,Shuffler> 1 (Shuffler(H)) (ZE) = Jp,Shuffler(H) (lIl 1)<I)) = (m)

as claimed. O]

The assumption j, g <%) ~ j, g(In(z)) from Proposition 5.5.11 is satisfied for

many known behaviours of profiles, and thus motivates the next question.

Question 5.5.13. Is it true that all finitely generated amenable groups which do not have
polynomial growth satisfy j, i (%) ~ jp.u(In(x))?

Remark 5.5.14. The same strategy shows that if H is a finitely generated amenable group
whose isoperimetric profiles satisfy Assumption (*) and

’ —ln(x) ~ 7 n(z)) and j, g(z) ~ 515z
ot (rarss ) = dp(In(e)) and yn(2) = (o),

then one has

jp,ShuferrSl (Shufflers, (...Shufflers,, (H))) («’L’) ~ Jp.H (lnon (33))

for any integers n > 1 and s4,..., s, > 1, and any real number p > 1.
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5.5.3 Proof of Corollary V.G for lampdesigners

Lampdesigners are close to lampjuggler groups, and in fact if F' is finite, Designer,(H) is a
subgroup of Shuffler|z(H ), via the map

Designer.(H) — Shuffler|z(H)
((f,0),h)  — (o' h)

where, given a pair (f,0) € F !y FSym(H), ¢’ is the permutation of H x F given by

o'(h,i) = (o(h), f(h)i). Hence, from Lemma 1.3.30 and Proposition 5.4.1, we get directly
a lower bound on /P—isoperimetric profiles of lampdesigners, namely

jp,ShuffleqF‘ (H) (17) < jp,DesignerF (H) (I) .

Additionally, note that Designer(H) contains Shuffler(H) as a subgroup (and also as a
quotient), hence

jp,DesignerF(H) (33) < jp,Shuferr(H) (fﬂ)

Moreover, recall that, when H satisfies j, g (z) ~ ji z(z) and one of the two hypotheses:
« H has polynomial growth;

* Jjp.u satisfies Assumption (*),

o (%) < Jpn(in(a))

then Corollary 5.5.9 ensures that Shufflerp(H) and Shuffler({) have same
(P —isoperimetric profile, and thus:

Corollary 5.5.15. Let F' be a non-trivial finite group. Letp > 1. Let H be a finitely generated
amenable group such that j, p(x) ~ ji g (). Assume that one of the following holds:

o H has polynomial growth;

* Jp.u has Assumption () and satisfies

Jp.H (%) =~ Jp,u (In(7)).

Then one has
jp,DesignerF(H) (:C) = jp,ShufFIer(H) (ZIZ’) .
Furthermore, we can also deduce /?—isoperimetric profiles of iterated lampdesigners.
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5.5.4 Proof of Corollary V.H for lampcloners
Let us now turn to lampcloners and lampupcloners over finite fields.

Corollary 5.5.16. Let p > 1. Let H be a finitely generated amenable group whose
(P—isoperimetric profile j, p satisfies Assumption (x). Let T be a finite field. Then one has

.jp,H ( hl({lj’)) < jp,CIonerf(H)(x) < ]1,H(1D(ZL'))

Proof. The upper bound directly follows from Corollary 5.5.5, so we focus on the lower
bound.

We know from Corollary 5.5.6 that we must determine the asymptotic behaviour of ¢ 1,
where () = &+ Acioners (1) (). By definition, we have that o™ (2)- Acioner; (1) (¢ (2)) = ,
and thus

In(o " (x)) + In (Aoonerf(H)(go_l(x))) = In(z).

From [GT24a, Fact 7.16], In(Acioners(m1)(y)) ~ C - y* for some C' > 0, so the above equation
tells us that

' (2)" ~ In(x)

whence ¢! (2) ~ 4/In(z). From Lemma 5.5.4, it follows that
ot (@) = Gy (v/ ()
and we are done. [

From here, we then directly deduce the following consequence.

Corollary 5.5.17. Let p > 1. Let H be a finitely generated amenable group whose
(P—isoperimetric profile j, p satisfies Assumption (x). Let T be a finite field If

ot (V@) = 1,1 ((2)) and () = o (), then
I, Cloners(11) () == Jp,1r (In()).
This corollary applies to many groups that have slow profiles, for instance:

« Baumslag-Solitar groups BS(1,n), n > 2, whose ¢’ —isoperimetric profile is ~ In(x).
Thus Clonerg(BS(1,n)) has (?—isoperimetric profile ~ In(In(z)) for any n > 2 and
finite field f;

« The lamplighter F' ! ¥, where Y has polynomial growth of degree d > 1, has
(P —isoperimetric profile ~ ln(x)é, whence

-

jp7CIonerf(FZE) ([E) = ln(ln(x)) :
In the polynomial growth case, we get the following bounds.
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Corollary 5.5.18. Let H be a finitely generated group of polynomial growth of degree d > 1.
Let T be a finite field. Then we have

1

ln(‘r) 2 X jp,CIonerf(H) («T) < ln(x)

=

for any real numberp > 1.

Inspired by the case of lampshufflers, we would expect that, when H has polynomial
growth of degree d > 1, the /’—isoperimetric profile of Cloner¢( H ) is the lower bound that
we found in the above statement, namely In(x) 2d. Recall that for lampshufllers, we applied
the upper bound from [EZ21, Corollary 1.4] which is still optimal in the polynomial growth
case, but its proof seems difficult to generalize for lampcloners.

Remark 5.5.19. We can slightly improve the upper bound in Corollary 5.5.18, since for any
group H, Shuffler(H) is a subgroup of Cloner¢( H ), considering the linear automorphisms
permuting the vectors of the canonical basis provided by /. Hence, if H has polynomial
growth of degree d > 1, we have

Ip.Cloners (1) () < (%)i |

Iterated lampcloners. For a group H and an integer n > 0, let Clonerg"(H ) denote the
n-th iterated lampcloner over H, defined as

Cloner;"(H) := Cloner¢(Cloner" ' (H)).
if n > 1, and Cloner’(H) := H.
A similar strategy as the one above for iterated lampshufflers allows one to prove the

next statement.

Corollary 5.5.20. Let p > 1. Let H be a finitely generated amenable group whose
(P—isoperimetric profile j, y satisfies Assumption (x). Suppose that

ot (VIn(2)) = e (()) and jy(2) ~ 1. ().

Then, we have
jp,Cloner?”(H) (.I') = jp,H(lnon(x»

foralln > 1. O

Finally, Corollary 5.5.17 motivates a similar question as Question 5.5.13.

Question 5.5.21. Is it true that all finitely generated amenable groups which do not have
polynomial growth satisfy j, p < ln(x)> ~ jpr(In(z))?
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5.6 Applications to quasi-isometric classifications and
regular maps

This section is dedicated to our applications about the existence of regular maps between

halo products and their iterated versions. It relies on computations realized in Section 5.5.

In fact, for simplicity and conciseness, we will be focusing mainly on lampshufflers, but

analogous statements can be derived for lampjugglers, lampdesigners and lampcloners.
Let us first distinguish iterated lampshufflers over amenable groups.

Corollary 5.6.1. Letn,m > 1. Let H be a finitely generated amenable group. Assume that
one of the following holds:

(i) H has polynomial growth of degree d > 1;

(ii) j1.m satisfies Assumption (x), j1 u (%) ~ 71 g(In(x)) and the following property

for any integers k, { = 0:
jra (I (2)) =~ ji g(In(z)) = k = L.

Then Shuffler”™ (H ) and Shuffler”™ (H) are quasi-isometric if and only if n = m.

Proof. Suppose that Shuffler™ (H) and Shuffler””(H) are quasi-isometric. In particular,
their isoperimetric profiles are asymptotically equivalent, and if 4 has polynomial growth,

we get
< In*"(x) )fli ( In°"(x) ) a
™D (z) )\ (g)

by Proposition 5.5.12, which in turn implies n = m. If we are in case (ii), then by Proposi-
tion 5.5.11, Shuffler” (H) has ¢! —profile ~ j; (In°"(z)) and Shuffler"™ (H ) has ¢! —profile
~ j1.g(In""(z)). Thus n = m using our assumption, and we are done. O

In practice, assumptions of (ii) are easy to check. It holds for instance for any amenable
group whose profile is of the form j; y(z) ~ (1n0k(x))a for > 0 and £ > 0, such as
solvable Baumslag-Solitar groups or lamplighters over polynomial growth groups.

In fact, the isoperimetric profile being monotonous under regular maps between finitely
generated amenable groups (cf. Theorem 1.4.13), we get more generally:

Corollary 5.6.2. Letn,m > 1. Let H be a finitely generated amenable group whose isoperi-
metric profile j, u satisfies Assumption (x). Suppose that j, g (%) ~ j1.u(In(x)) and
the following property holds for any integers k, ¢ > 0:

Jra(In®(2) < jra(In®(z)) = k < L.

Then there exists a regular map from Shuffler”(H) to Shuffler™™ (H) if and only if n <
m. [
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5.6.1 Proofs of Theorem V.I and Corollary V.J

We have similar consequences at the other side of the spectrum:

Corollary 5.6.3. Let n,m > 0. Let A and B be infinite virtually abelian finitely generated
groups, with growth degrees a and b respectively. Then the following are equivalent:

(i) Shuffler(A) and Shuffler®™(B) are quasi-isometric.
(ii) n = m anda = b.
(iii) Shuffler®(A) and Shuffler"™ (B) are biLipschitz equivalent.

Proof. The implication (iii) = (i) is obvious.
We prove (i) = (ii). Assume that Shuffler®(A) and Shuffler”™ (B) are quasi-isometric, so
that they have asymptotically equivalent isoperimetric profiles. By Proposition 5.5.12, we

M)i . (ﬂ)i
<1no(n+l) (QZ’) - lno(m+1) (.CB) (561)

and taking the logarithm, it follows that

The left-hand side is equivalent to lno("ﬂ)(x) and the right-hand side is equivalent to

then have

lno(mﬂ)(:ﬁ), sothat n + 1 = m + 1, i.e. n = m. Re-injecting this information in (5.6.1)
now implies that a = b.

If n = mand a = b, then A and B are both biLipschitz equivalent to Z* by Claim 4.5.3,
and thus A and B are biLipschitz equivalent. Thus, by [GT24a, Lemma 8.8], there is a
biLipschitz equivalence from Shuffler(A) to Shuffler(B). Iterating this, we get a biLipschitz
equivalence

Shuffler”™(A) — Shuffler®™(B)

as claimed. This shows (ii) = (iii) and concludes the proof. 0

Remark 5.6.4. For the broader class of virtually nilpotent groups, some implications still
hold and some may fail. For instance, (i) = (ii) remains true, but the converse is false.
For instance, Z* and the Heisenberg group H over Z both have growth degree 4, but
Shuffler(Z*) and Shuffler(H) are not quasi-isometric by Corollary 2.3.36, since Z* and H
are not biLipschitz equivalent (e.g. they have different asymptotic dimensions).

For more general maps (e.g. regular maps), the isoperimetric profile is not sufficient to
detect a constraint on polynomial growth degrees. However, asymptotic dimension does
provide an inequality since, if A has finite asymptotic dimension, then

asdim(Shuffler(A)) = asdim(A).

Indeed, since A is a subgroup of Shuffler(A), one has asdim(A) < asdim(Shuffler(A)),
and on the other hand, since Shuffler(A) fits into a short exact sequence with kernel
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FSym(A), whose asymptotic dimension is 0 as it is locally finite, and quotient A, one also
has asdim(Shuffler(A)) < asdim(A) (we refer the reader to the nice survey [BD08] for all
these facts on asymptotic dimension). Iterating, we get

asdim(Shuffler”(A)) = asdim(A)

forall n > 0.
Note also that, if A is virtually abelian, then its asymptotic dimension coincides with its
growth degree.

Corollary 5.6.5. Let n and m be two natural integers. Let A and B be infinite virtually
abelian finitely generated groups, with growth degrees a and b respectively. If there exists a
regular map

Shuffler”™(A) — Shuffler"™(B)

thenn < m anda < b.

Proof. Assume that such a map exists. If n = 0 there is nothing to prove, so we assume
that n > 1. In this case, we cannot have m = 0, because a group of exponential growth
cannot regularly embed into a polynomial growth group. Hence m > 1 as well. Now, by
Theorem 1.4.13 and Proposition 5.5.12, one has

wy (w)i
(lno(m“) (gp) < 1n0(n+1) ([E) (5.6.2)

and taking the logarithm implies

In°™(x) > < In"(z) )
n({———— ) <h|———]).
<lno(m+1) <$) lno(n+1)($)
The left-hand side is ~ In°"™"V)(z), and the right-hand side is ~ In°"*(z), so it follows

that n + 1 < m + 1, i.e. n < m. Additionally, since asymptotic dimension is monotonous
under regular maps one gets

a = asdim(A) = asdim(Shuffler”(A)) < asdim(Shuffler"™(B)) = asdim(B) = b
as claimed. [

Remark 5.6.6. On the other hand, for more general polynomial growth groups A and B,
we can only conclude that the existence of a quasi-isometry between Shuffler”™(A) and
Shuffler™™(B) imposes n = m, a = b and asdim(A) = asdim(B), and the existence of a
regular map

Shuffler™(A) — Shuffler"™(B)
implies n < m and asdim(A) < asdim(B).
As an immediate consequence of Corollary 5.6.5, we have the following.

Corollary 5.6.7. Let n,m > 0. Let A and B be infinite virtually abelian finitely generated
groups, with growth degrees a and b respectively. Then the following are equivalent:
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(i) the three equivalent assertions of Corollary 5.6.3 are satisfied;

(ii) there exist a regular map from Shuffler”(A) to Shuffler”™(B), and a regular map from
Shuffler”™(B) to Shuffler”™ (A).

Thus, asymptotic dimension is an obstruction to the existence of a regular map
Shuffler(Z¢) — Shuffler(Z*) when d > k. Hence, in the spirit of [BST12, Question 5.4],
a natural question arises: can we also rule out the existence of such maps if we increase
the asymptotic dimension of the target space, for instance with a polynomial growth fac-
tor? It turns out that the answer is positive, and that the isoperimetric profile still gives an
obstruction, whereas asymptotic dimension becomes inefficient.

Indeed, thanks to the following lemma, under the assumption that j; z > ji ¢, we have
general estimates on the isoperimetric profile of G x H in terms of j; ¢ and j; .

Lemma 5.6.8. Let G and H be finitely generated amenable groups. If j1 p(n) > ji.c(n),
then one has

jue (Vn) < jraxua(n) < jra(n).

Proof. The estimate ji ¢ (1) < j1,¢(n) is a consequence of the fact that G is a subgroup
of G x H and Lemma 1.3.30. Let us focus on the other inequality. Fix n € N and subsets
A, < G, B,, c H thatrealize j; ¢(n) and j; g (n) respectively, ie. |A,|,|B,| < n and

- _ A _ By
]l,G(n) - |6GAn|7 ]1,H(n> - |aHBn’

Then A,, x B,, € G x H has cardinality < n?, and its boundary is given by
8GXH(An X Bn) = (agAn X Bn) U (An X 8HBn)

whence [0gx (A, X Bn)| < |0gAn| - |Bnl + |Anl - |0y By|. Thus one gets
|aG><H(An X Bn)| < |aGAn| ) |Bn| + |An| ) ‘aHBn| _ |aGAn| |aHBn|

~

| An % By | An|| B Al | By
and it follows that
j (n?) > |A, x B, - 1 _ 1
T o (An x By)| T BeRly BuBl - ot

Now, using Lemma 5.5.4, there exists a positive constant A > 0 such that

) 1 1 1
Jrexn(T) > i n 1 = 1 n 1 Z 1
J1,c(Evz) © j1,u(K/x) jlyg( K?z) jl,H(\/K%) j,e(Wz)  j1,e(V/T)

for all x large enough. By assumption, j; g(n) > ji.¢(n), so that

. 1 .
Juaxu(t) > —5— =~ jic (\/)
Jj1,ac(V")

as claimed. O]
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Thus, if additionally the isoperimetric profile of G satisfies j; ¢ (v/-) >~ j1.¢(+), then
Jrexu() =~ jia(r).
This happens for many groups G that have slow enough profiles, for instance:

« Any polycyclic group with exponential growth, and more generally any GES group
with exponential growth [Tes13, Corollary 5];

« F1 %, or Shuffler(X), where F is finite and ¥ has polynomial growth;

« Shuffler”™ (H), where H has profile j; () ~ (1n°k(m))a, for some o > 0 and integer
k=1

As a concrete example, we have for instance:

Corollary 5.6.9. Letd, k,p > 1 be three integers. There exists a regular map
Shuffler(2%) — ZP x Shuffler(Z")

ifand only ifd < k. ]

5.6.2 Proof of Proposition V.K

Finally, we want to compare lampshufflers to lamplighters. We already know from Propo-
sition 5.7.2 that a wreath product over a subgroup of H coarsely embeds into Shuffler(H).
In [GT24a, Corollary 7.17], given two groups H and G satisfying some mild assumptions,
it is proved that Shuffler(H) does not quasi-isometrically or coarsely embed into a lamp-
lighter £? G. Our computations allow us to prove an iterated version of this result for free
abelian groups: there is no regular map

Shuffler®™(Z%) — Z/2Z1(Z/2Z 1 (... (Z/2Z1Z)))
where the wreath product is iterated n times. In fact, we have more generally the following.

Corollary 5.6.10. Let G and H be finitely generated amenable groups. Suppose that there is
a regular map

Shuffler™ (H) — Z/2Z 2 (Z/2Z (-2 (Z/2Z1 G)))
where the wreath product is iterated n times, n > 1. Then the following holds.

(i) If H has polynomial growth of degree d > 1, then

Jra(T) <

(ii) If j1 u satisfies Assumption (*) and jy g <lnl(rllr(lg(2))) ~ 71 g(In(x)), then
Jra(e) < jum(x).
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Proof. In case (i), we get

In®"(z) >‘11: jra(In*"(z))
n° D (1) (lno(n+1)<x)>

Using Assumption (x) for the logarithm and for j; j, we have

jre(n™ (@) < (

=

Jru (™" ()
1

(1no(n+1) (I)) d

and the change of variable 2’ = In“"(x) gives the result. In case (ii), we get rather

6™ (@)) = O(jrr(In™(2)))

Jra(n™(x)) = O

and we conclude similarly. O]

We get the following consequence in the case of polynomial growth groups.

Corollary 5.6.11. Letd, k,n > 1, and let G and H be finitely generated groups of polynomial
growth with growth degrees k and d respectively. If there is a regular map

Shuffler™ (H) — Z/2Z1(Z/2Z1(---1(Z/2Z1 G)))

then d < k, where the wreath product is iterated n times.

Note that this statement cannot be reached with methods from [GT24a], even for quasi-
isometric or coarse embeddings, since the thick bigon property used in [GT24a] is not stable
under iterations of lampshufflers.

1

Proof. By Corollary 5.6.10, we have Tk < (ﬁ) E, which immediately implies d < k. [J

Note that, if G is a proper subgroup of H, then an iteration of Proposition 5.7.2 ensures
that Shuffler” (H) contains Z/221(Z/2Z1(. .. (Z/2Z1@))) (iterated n times) as a subgroup,
and thus we get a regular map

Z/2Z2(Z/2Z2 (-2 (Z/2Z1 G))) —> Shuffler™ (H).

5.7 Appendix: Lamplighter subgroups in lampshufflers

In the article, the strategy for getting optimal upper bounds on the isoperimetric profile of
halo products is to find subgraphs that are quasi-isometric to lamplighter graphs. In this
appendix, our aim is to prove that, under additional mild algebraic assumptions on the base
group, we can find lamplighter subgroups inside lampshufflers.

For other halo products, such as lampjugglers, lampdesigners and lampcloners, we al-
ready observed in Section 5.3 that they contain wreath products over the same base group
as subgroups.
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Let us recall the following definition: we say that a non-decreasing map h: R, — R,
satisfies Assumption () if

YO > 0, h(Cx) = O(h(x)).

The motivation for this strategy comes from the following result, due to Silva. In the
upcoming result (Proposition 5.7.2), we will use the main idea of its proof.

Proposition 5.7.1 ([Sil24, Proposition 2.3]). Let H be an infinite non-co-Hopfian group.
Then, for any finite group F, Shuffler(H) has a subgroup isomorphic to F' ! H.

Recall that a group H is co-Hopfian if any injective morphism H — H is also surjective.
Equivalently, a group is co-Hopfian if it has no proper subgroup isomorphic to itself.
Many amenable groups are known to be non-co-Hopfian, including:

« Z% d > 1, and more generally any finitely generated abelian group;

« Some torsion-free nilpotent groups, such as the Heisenberg group over the inte-
gers [Corn16];

« Solvable Baumslag-Solitar groups BS(1,n), n > 1 [NP11];

« Wreath products /NG where at least one of the two groups is not co-Hopfian [BFF24,
Proposition 6.1];

« Houghton’s groups H,, n > 2 [BCMR16, Theorem 7.1];
+ The Grigorchuk’s group [Lys85].

In the non-amenable side, they also include for instance non-abelian free groups [Har00,
Section II1.22] or right-angled Artin groups [Cas16].

Thus, using Lemma 1.3.30, it directly follows that for // an amenable and non-co-Hopfian
group, one has already

Jpshuffter(r)(2) < j1,u(In(x))

when j; p satisfies Assumption (*).
In fact, we can derive from Silva’s proof the following more general result.

Proposition 5.7.2. Let H be a group. If K is a proper subgroup of H, then Shuffler(H)
contains a subgroup isomorphic to FSym([H : K]) ! K.

Proof. Denote [H : K| :=m¢€{2,3,...} u{o},andlet S ¢ H be a set of representatives
of H/K, so that | S| = m and we have a partition

H=|_|I<:S.

keK

Consider then
G := {(o,h) € Shuffler(H) : he K, o(k'S) = k'S forall k' € K} .
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It is not hard to check that G is a subgroup of Shuffler(H), and given o € FSym(H) satis-
tying o(k'S) = k'S for all k' € K, we can define a map

K — FSym(m)

7 o)

S
Then, a direct computation shows that f;., = k- f, and f,o; = f,f. for any k € K and
any o, 7 € FSym(H) satistying o(k'S) = k'S for all k¥’ € K. This implies that the map

G — FSym(m)! K
(Uah) — (fmh)

is a group isomorphism. This concludes the proof. [

In particular, we can characterize immediately when lampshufflers are residually finite:

Corollary 5.7.3. Let H be a group. Then Shuffler(H) is residually finite if and only if H is
finite.

Recall here that a group G is residually finite if any non-trivial element of GG stays non-
trivial in a finite quotient of G.

Proof. If H is finite, Shuffler( ) is finite and therefore residually finite. Conversely, assume
that H is infinite. Since H has a proper subgroup K < H ofindex > 3, Shuffler(H) contains
a subgroup isomorphic to FSym([H : K]) ! K, and the latter is not residually finite. As
residual finiteness passes to subgroups, Shuffler(H) cannot be residually finite either. [

One can also recover Corollary 5.5.5 for lampshufflers:

Corollary 5.7.4. Letp > 1. Let H be an amenable finitely generated group with a finitely
generated proper subgroup K such that j, g(x) ~ j, k(). If j1.u satisfies Assumption (%),
then one has

Jp.Shustter(i1) (T) < Jp,ar(In(z)).

The corollary applies, of course, to every non-co-Hopfian group, but more generally it
also applies to any finitely generated group H having at least one finite-index subgroup K.
One algebraic criterion to ensure the latter is to be non-perfect.

Definition 5.7.5. Let H be a group. We say that H is perfect if [H, H| = H, where [H, H]
is the commutator subgroup of H.

Examples of perfect groups include finite alternating groups A,, for n > 5 and linear
groups SL(n, K) for n > 3 and non-commutative fields K. Among the three Thompson’s
groups ' < T'c V,T and V are simple, thus perfect, as well as the commutator subgroup
[F, F'] of F' [CFP96].

As mentioned above, we are in fact interested in groups that are not perfect, due to the
next statement.

Lemma 5.7.6. Let H be a finitely generated group which is not perfect. Then H has a proper
finite-index subgroup.
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Proof. As H is not perfect, [H, H] is a proper subgroup and the quotient H /[ H, H] is a non-
trivial abelian finitely generated group. It has therefore a proper finite-index subgroup, and
lifting the latter provides a proper finite-index subgroup for H, that contains [H, H|. [

On the amenable side, the class of non-perfect groups is huge. It includes for instance
«+ All solvable groups, in particular nilpotent and polycyclic groups;
« Lamplighters, lampshufflers and lampjugglers over amenable non-perfect groups;

+ More generally, any semi-direct product NV x () where N and () are amenable and ()
is non-perfect, as well as any subgroup of N x ();

« Houghton’s groups H,,, n > 2.

Henceforth, for an amenable non-perfect group H, Corollary 5.7.4 directly provides an
upper bound on the ¢’ —isoperimetric profiles of Shuffler(H).

We emphasize here that Corollary 5.7.4 can also cover cases that are not covered by
Proposition 5.7.1, since they are indeed examples of finitely generated torsion-free nilpotent
groups that are co-Hopfian [Bel03].

It is also worth mentioning that there do exist amenable perfect groups. Such groups
have been constructed by Juschenko and Monod in [JM13], and are even simple. Thus
Corollary 5.7.4 does not apply to them, and on the other hand it seems to be an open problem
whether they are co-Hopfian or not; see the list of open questions in [Corn14]. Note also
that we do not know the asymptotic behaviour of the isoperimetric profiles of these groups.

Remark 5.7.7. As pointed out above, lampshuffler groups over non-perfect groups are
themselves non-perfect. This simply follows from the set inclusions

[Shuffler(H ), Shuffler(H)] < FSym(H) x [H, H| < Shuffler(H).

In fact, it is true more generally that a lampshuffler Shuffler(H') over a non-trivial group H is
never perfect, regardless of the perfectness of H. Indeed, since the action of H on FSym(H)
preserves the parity of the permutations, the commutator subgroup of Shuffler(H) is con-
tained in A(H) x [H, H], where A(H) < FSym(H) is the set of even permutations. Since
A(H) is not equal to FSym(H) if |H| > 3, and since [H, H] is trivial if |H| = 2, we thus

see that Shuffler(H) is not equal to its commutator subgroup.

Lastly, regarding lampshufflers, non co-Hopficity can also be used to deduce the isoperi-
metric profile of iterated lampshufflers, since it is stable under iteration of lampshufflers:

Proposition 5.7.8. If H is not co-Hopfian, then Shuffler(H) is not co-Hopfian.

Proof. If H is not co-Hopfian, fix an injective morphism ¢: H — H which is not surjective,
and define the map

Shuffler(H) — Shuffler(H)

T (o9 — (3,0(9)
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where, for any o € FSym(H ), & € FSym(H) is defined as

H — H
G {w(a(w_l(g))) if ¢ is in the image of ¢ .
g >
g

otherwise

Then one checks directly that the correspondence o —— 7 is well-defined and that the
following two properties hold:

(i) 07 =07 o7 forany 0,7 € FSym(H);
(i) p-o =1(p) -7 forany p € H and o € FSym(H).

These two points imply that ¢ is a morphism, which is injective since v is, and which is
not surjective since 1) is not. [

Going further, it is also natural to ask whether these algebraic assumptions are preserved
under iteration of other halo products. First, it is immediate that a halo product over a non-
perfect group is not perfect, since the definition of the product law of .Z H directly gives

[ZH, #H) < L(H) x [H,H] < £H,

as we pointed out in Remark 5.7.7, in the special case of lampshufflers. In this remark,
we also pointed out that lampshufflers were in fact never perfect, using the parity of the
permutations, which is invariant by the action of the base group. Thus, for a general halo
group .Z H, it is enough to find a non-trivial morphism from L(H) to an abelian group,
which is invariant by the action of the base group. For instance, for lampcloners, we can
use the determinant of linear maps.

Regarding preservation of non-co-hopficity under iterations of halo products, we can
only find proofs in concrete examples. For lampcloners, we can adapt the above proof for
lampshufflers. Indeed, let us first note that a group morphism ¢: H — H gives rise to a
linear map 1): Vi; — Vj, by permuting the vector of the canonical basis given by H, and
if 1/ is injective but not bijective, then so is 1. Finally, it remains to define the map

Cloners(H) — Cloner¢(H)
(0:9)  — (@,%(9))

where, for any o € FGL(H), & € FGL(H) is defined as

Ve — Vi
o ?Z(U(&_I(U))) if v € Vy is in the image of 1) ,
U | ——
) otherwise

and to check that ¢ is an injective, but not bijective, group morphism.
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Chapter 6

On quantitative orbit equivalence for
lamplighter-like groups

This chapter presents the paper [CD26], written in collaboration with Corentin Correia.

6.1 Introduction . . . . . . . .. 235
6.2  Stability results for quantitative orbit equivalence . . . . . ... ... ... L. 239
6.3  Construction of orbit equivalence couplings using Falner tiling sequences . . . . . 248
6.4 Commentsand questions . . . . ... .. ... 263

6.1 Introduction

In this paper, we focus on the following class of groups, introduced in [GT24a]:

Definition 6.1.1. Let X be a set. A halo of groups £ over X is the data, for any subset
S < X, of a group L(S) such that:

« forall R, S < X,if R < Sthen L(R) < L(S);
« L(P) ={1}and L(X) = (L(S) : S < X finite);
o forall R, S < X, L(Rn S) = L(R) n L(5).

Given an action H —~ X and a morphism o: H — Aut(L(X)) satisfying
a(h)(L(S)) = L(hS) for any S < X and h € H, the permutational halo product Lx . H is
the semi-direct product

Lol = L(X) %, H.

In the case where X = H and H acts on itself by left-multiplication, we simply denote
Z H the corresponding halo product.
Examples of halo products include for instance wreath products, but also lampshufflers,
defined as
Shuffler(H) = FSym(H) x H
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and for which L(S) = FSym(S). These groups already appeared several times in the lit-
erature, in relations with many topics of interest in group theory, see for instance [Yad09;
HO16; BZ19; EZ21; SZ21; GT24a; Sil24].

As another instance of this construction, we can also mention lampcloners, of the form

Cloners(H) = FGL(H) x» H

with a field f, for which L(S) = FGL(S), where S denotes any subset of H. We refer the
reader to Section 5.3 for other examples.

The motivation of [GT24a] to introduce such a general framework is that the semi-
direct product structure provides a foliation of these spaces that must be, if / satisfies
additional mild assumptions, “quasi-preserved” by quasi-isometries, allowing the authors
to show strong rigidity phenomena for quasi-isometries between such spaces, and thus
extending the classification already obtained in [GT24b].

The starting point of this article is therefore the following, rather vague question:

Question 6.1.2. In the case where two halo products £ H and .Z K are not quasi-isometric,
how much do their geometries differ?

As explained in Section 1.4, quantitative orbit equivalence turns out to be a suitable
notion to compare groups, as it captures in a non-trivial way some important geomet-
ric information, such as the volume growth or the isoperimetric profile. Moreover, it is
an important result of Shalom that, for amenable groups, L™ —orbit equivalence coincides
with the notion of biLipschitz equivalence, and the weaker notion of mutual cobounded
L*—measure equivalence coincides with the corresponding weakening of biLipschitz
equivalences, namely quasi-isometries [Sha04]. Additionally, it is an important observation
contained (at least implicitly) in [GT24a] that, for many halo products .Z, a quasi-isometry
between . H and .Z K can often be upgraded to a biLipschitz equivalence. This interplay
can be summed up as:

Geometry Measure theory

BiLipschitz (Shjot 2000

. L*°—-0OE
equivalence for amendble groups \
I

I
I
I
for many halo products | (Furman 1999) LP—OE
I
I
I

for amendble groups LOO _ME
Quasi-isometry = mutually

(Shalon:n 2004)

cobounded

Figure 6.1: Geometric and measure-theoretic comparison of geometries of groups

In particular, if ZH and £ K are quasi-isometric, then they are LP—orbit equivalent
for all p > 0.
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This observation allows us to formulate a more precise version of the question we want
to answer in this chapter:

Question 6.1.3. In the case where two halo products .2 H and .Z K are not quasi-isometric,
can they still be LP—orbit equivalent for some values of p > 0?

The goal of this chapter is therefore to explain how to construct optimal orbit equiva-
lence couplings between halo products.

Orbit equivalence couplings for halo products. In [DKLMT22, Corollary 7.3] is es-
tablished a stability result for the existence of a coupling between two lamplighters A ¢ H
and A ! K provided a coupling between the base groups H and K. See Theorem 6.2.1 for a
more precise statement.

The first contributions of our article are similar stability results for other examples of
halo products, with a preservation of quantification.

Theorem VI.A (see Theorem 6.2.2). If two groups H and K are orbit equivalent, then
Shuffler(H) and Shuffler(K) are orbit equivalent. Moreover, given non-decreasing maps
o, v: Ry — Ry, if H and K are finitely generated and if there exists a (i, 1))—integrable
orbit equivalence coupling from H to K, then the same holds from Shuffler(H) to Shuffler(K).

This theorem is proved by constructing an explicit and natural free p.m.p. action of
Shuffler(H) on a standard probability space, provided such an action for H. In fact, we
explain in Section 6.2.1 a general method to construct a free p.m.p. action of a halo £ H
on a standard probability space given such an action of H. We therefore get similar results
for lampjugglers, lampcloners and lampdesigners.

As a consequence of Theorem VLA, given k£ > d, there exists an L” orbit equivalence
between Shuffler(Z?) and Shuffler(Z¥) for every p < £. By induction, the same holds for
Shuffler””(Z¢) and Shuffler(Z*), where Shuffler””(H) denotes an iterated lampshuffler,

defined inductively by
Shuffler®®(H) := H, Shuffler”(H) := Shuffler(Shuffler"™ =V (H)).

In [DKLMT22] is also introduced another technique, that relies on Falner tiling sequences,
to construct couplings between iterated wreath products but with different numbers of
iterations. We therefore also prove a stability property for the existence of Felner tiling
sequences of lampshufflers.

Theorem VI.B. Let H be a finitely generated amenable group. If H has a Folner tiling
sequence, then so has Shuffler(H ).

See Theorem 6.3.8 for a detailed statement and the additional properties satisfied by this
tiling. Here also we shall notice that the technique is not specific to lampshufflers, and can
be applied in a similar fashion to other instances of halo products.

As an application, we construct and quantify precisely couplings between iterated lamp-
shufflers, with different numbers of iterations:
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Theorem VI.C (see Corollary 6.3.14). Let n,m > 0 be natural integers such that m >
n. Let d,k > 1. Then there exists an orbit equivalence coupling from Shuffler”™(Z*) to
Shuffler™(Z%), which is (L=*, ¢y, 1. )—integrable for every ¢ > 0, where

(ln°i(a:))% .
<1no(i+1)(x)>1+k+£

For aninteger: > 0, In° denotes the i—th iteration of the logarithm, with the convention
that In°? is the identity.

Observe that Theorem 1.4.6(i) imposes an asymptotic upper bound on the integrability
of cocycles of an orbit equivalence between two finitely generated groups. Therefore, to
determine if our previous couplings are optimal, we need to know isoperimetric profiles of
lampshuffler groups.

Spi,kf(x) =

Optimality of orbit equivalence couplings. We now go back to the optimality of the
couplings provided by Theorem VI.A and Theorem VI.C. As a first application, using the
profile of Shuffler(Z™) which was already known by [SZ21] and [EZ21], we obtain that, for
integers k > d, Shuffler(Z*) and Shuffler(Z) are L? orbit equivalent if and only if p < <.
Our new computations of isoperimetric profiles enable us to get even more:

Theorem VI.D (see Theorem 6.2.6). Let k,d > 1 be positive integers such that k > d. Let

n = 0 be an integer. Then Shuffler"(Z*) and Shuffler®™(Z¢) are L? orbit equivalent if and

only ifp < %.

Theorem VLE (see Corollary 6.3.16). Letn, m > 1 be two integers such that m > n. There
o(m—n p

exists a ((mloﬂn(@—,n;lﬂ ,L0> —integrable orbit equivalence coupling from Shuffler™™(Z*) to

Shuffler”™(Z%) if and only if p < 1.

We emphasize here that optimality of many other couplings can be deduced from the
computations of isoperimetric profiles. We refer to the end of Section 6.3.3 for more details,
more precisely Corollary 6.3.17 and Remark 6.3.18.

On the other hand, we do not have precise estimates on the isoperimetric profile of
a lampcloner over a polynomial growth group, so we do not know if our couplings are

quantitatively optimal. The following statement on lampcloners is thus weaker than our
results on lampshufflers.

Theorem VLF (see Theorem 6.2.8). Let T be a finite field and let k,d > 1 be integers such
thatk > d. Then for every integern = 0, for everyp < <, Cloner;"(Z*) and Cloner{"(Z%) are
LP orbit equivalent. Moreover, if Cloner¢(Z%) and Cloners(Z¥) are LP orbit equivalent, then

2d

Theorem VI.G (see Corollary 6.3.21). Let T be a finite field. Let n,m > 0 be natural in-
tegers such that m > n. Let d,k > 1. Then there exists an orbit equivalence coupling
from Cloner;™(Z¥) to Clonerg™(Z¢), which is (=%, ¢y _n k. (7)) —integrable for every e > 0,

where o
In®(z)2%

<1n0<i+1>(x))
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On quantitative orbit equivalence for lamplighter-like groups

Plan of the chapter. Section 6.2 is devoted to the construction of orbit equivalence cou-
plings between lampjugglers and lampcloners, by building a natural action of the halo prod-
uct provided an action of the base group. For lampjugglers, we deduce that they are quanti-
tatively optimal, using precise estimates on the isoperimetric profile. In Section 6.3, we will
use Folner tiling sequences to get other orbit equivalence couplings, for instance between
Z% and Shuffler, (Z¥). Finally, Section 6.4 records various questions related to the article.

6.2 Stability results for quantitative orbit equivalence

6.2.1 General method

Orbit equivalence coupling between lamplighters, by [DKLMT22]. Let us start by
explaining a construction of orbit equivalence between the first examples of halo products:
lamplighter groups. Delabie, Koivisto, Le Maitre and Tessera proved the following:

Theorem 6.2.1 ([DKLMT22, Corollary 7.3]). Let A be a finite group. Let H and K be
finitely generated groups and ¢,1: R, — R, be increasing maps. Assume that there
exists a (p,1))—integrable orbit equivalence coupling from H to K. Then there exists a
(i, 1) —integrable orbit equivalence coupling from A H to A K.

Their statement is even stronger. In fact, they show that A; ! H and Ay ! K are
(p, 1) —integrably orbit equivalent if there exists such a coupling from a finitely gener-
ated group A; to another finitely generated group A, and such a coupling from H to K.
Here we only focus on the case where A := Ay = A, is a finite group, and we directly ex-
plain the construction they use within the appropriate formalism for our purposes. We refer
the reader to [DKLMT22, Section 7.1] where the more general notion of wreath product of
equivalence relations is introduced to prove Theorem 6.2.1.

Given a p.m.p. action H —~ (X, 1), we can define a p.m.p. action of the group A H on
(AH x X, my®" ® ), where my is the uniform distribution on A, in the following way.
Let us denote by 1: H — A the constant map equal to 1. Then, for every h € H, every
finitely supported f: H — A and every (({;),em, ) € A x X, we set

(L, 1) - (Cg)gert, x) = ((lhrg)ger, I - )
and
(f, 1m) - (bg)gen, @) = ((f(g_l)gg)geH’x) :
A direct computation shows that this provides a p.m.p. action At H — (A7 x X, m \®Z®@pu).
Now, given (X, ) a (¢, 1) —integrable orbit equivalence from H to K, if cyy i and cx g
are the associated cocycles, then the standard probability spaces (A% x X, m ® ® 1) and
(AE x X, mpy®% ® 1) provide an orbit equivalence coupling between A H and A K, via
the identification
M x X — AfxX
((Eh)h€H7 I) — ((ECK,H(’CJ))]CEK? I)
One can check directly that the latter is a measured isomorphism.
Additionally, we can describe the associated cocycle cymar: (AUH) x (A x X) —
A K (and similarly cayenz: (AU K) x (Af x X) — A H) on the generating set

Spmr = {08, 1g) : xe Ay U {(1,h): he H}
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of A H, where 55: H — A is the map which maps 15 to A and any h # 1y to 15. For
every A € A, we have

CNH MK ((557 1H>’ ((Eh)hdﬁx)) = (55\(7 1K>7

and, for every h € H,

enmnr (L h), ((Ch)rer, x)) = (1, ca k(b 2)).

Inspired by this construction of orbit equivalence couplings between lamplighters, we
can build such couplings between some examples of halo products. Before presenting the
applications for lampjugglers and lampcloners, let us explain informally the two main steps
of the strategy.

1. First, given a free p.m.p. action H —~ (X, 1), we want to build a standard probability
space (Xpg, uy) and a free p.m.p. action L H —~ (Xy, pig);

2. If now (X, p) is an orbit equivalence coupling between H and K, we want a natural
identification between (X, ) and (X, pgc) in order to get an orbit equivalence

coupling between ¥ H and LK.

For step (1), to build a free p.m.p. action £H —~ (Xy,py) from a free p.m.p. action
H —~ (X, u), we first need to find a free p.m.p. action A\ of L(H) on some probability space
Zp. Informally, H must “appear” in this set Zp. Let us be more explicit on this point:

« We want the action of H on itself to induce a free p.m.p. L(H)—action on Zy. For
instance, we will choose Zy = A for ¥H = A H; we will choose Zy = [0, 1]"
for #H = Shuffler(H); Zy = [0, 1]V# for £ H = Cloners( H) where the action of H
on [0, 1]V is induced by the action of H on V;, which is itself induced by the actions
of H on itself by left-multiplication. Combined with an action * of H on Zy, we thus
have a H— and a L(H)—action on Xy := Zy x X, which motivates the following
formula to deduce an action o of ZH on Xp:

(o,h)o(z,2) = (cA(h*2),h-x)

for every (0,h) € £ H and every (z,x) € Xy. For this formula to provide a well-
defined .¥ H —action, the H— and L(H )—actions on Zy must be compatible in a
certain way, namely they must satisfy

hx(cAz) = (h-qo)A(h*2) (6.2.1)

forevery he H,o € L(H) and z € Zy, where -, denotes the action H —~ L(H) used
to define the halo product .Z H. Indeed, if this relation holds, then we have
(0'1, hl) O ((O’Q, h2) ml (Z,I)) = (0'1, h1> o (UQA(hQ * Z) hQ : I)
(0’1 (hl * (O'QA(hQ * Z))), hl : (hg : I))
(0’1 [(hl a 0'2) (hl * (hg * Z))], hlhg : SL’)
((0’1 9] hl ‘o UQ)A(hIhQ * Z), hlhg : JJ)
= [(o1, 1) (02, ha)] o (2, 2)
)

for all (o4, hy), (02, hy) € £ H, (z,x) € Xy, using (6.2.1) in the fourth equality.
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« The second reason for H to “appear” in Zp is for step (2). To define a measured spaces
isomorphism between Zy x X and Zx x X, we use the fact that for every z € X,
the cocycle cx (-, x): K — H is a bijection and, in some sense, it allows us to go
from Zpy to Zk, with = being the second coordinate of an element of Zy x X. For
instance, for the lamplighters A ¢ H and A K, we define

AT x X — A x X
(e, x) > ((Lege (o) e, @)

For lampshufflers, where Zy = [0,1], we will rather use the bijection

cxn((-)hx) ' K — H and define

[0,1]7 x X — [0,1]F x X
((en)hem, v) ((QK,H(kfl,z)fl)keKJ)-

More subtle will be the case of lampcloners, where Zy = [0, 1]VH . In this case, we

will set
[0,1]"F x X — [0,1]V% x X
((

gv)'UEVH7 ) — ((gqﬁK,H(w@))WEVK’ 33)
where ¢xp: Vk — Vg is a bijection mapping >, - pwer € Vi to
D her Mey i (h—1,2)-1€n (again we use the bijection H — K provided by the cocycle
CH K )
Finally, steps (1) and (2) being achieved, it will remain to check, case by case, that we
indeed get an orbit equivalence coupling between .Z H and .Z K, and to quantify the co-

cycles. This strategy will then provide similar statements as the one of Theorem 6.2.1 for
lampjugglers and lampcloners.

6.2.2 Proof of Theorem VI.A

Similarly to Theorem 6.2.1, let us prove the following.

Theorem 6.2.2. Let H and K be groups and let r > 1 be an integer. If H and K are or-
bit equivalent, then Shuffler.(H) and Shuffler,(K') are orbit equivalent. Furthermore, given
non-decreasing maps ¢,1: Ry — R., if H and K are finitely generated and if there ex-
ists a (p,1))—integrable orbit equivalence coupling from H to K, then the same holds from
Shuffler,(H) to Shuffler, (K).

For the proof of the second part of this theorem, we will need the following intermediate
observation on word lengths of elements of Shuffler,.(H). Recall from Section 5.3.1 that

Sshuftler, (i) = { (T(gsi)(s)> 1ir) 5 € S, 1 < 4,5 < v} U {(idpxq1,..rp,h) : h e Sy}

is a finite generating set for Shuffler,.(H ), constructed from a finite generating set Sy of H.

Lemma 6.2.3. Let H be a finitely generated group and let Sy be a finite generating set. For
every g € H and all integers 1 < i,j < r, we have

’(T(lei)7(gvj)7 ]'H)|SShuferrr(H) < 4|g|SH‘
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Proof. Letus write g = hy ... h, withn = |g|s, and hy,..., h, € Sy U (Sg)~!. Let us also
set 79 1= 71, i) (hy. by and 0 1= T byt forany 1 < ¢ < n. Then we have

0 _
he ™ T = T i) b )

and
oDt 7)) = (D)

7 Y

which implies
(0(£)7 1H)(1dH><{1 ..... T}7 hf_l)(T(E)a 1H)(1dH><{1 ,,,,, T‘}a hg)(0(£)7 1H) = (T(Z+1)7 1H)

Thus it follows that |(7(), 1)
get

<4+ (7Y 1) so by induction we

‘SShuferrr (H) |SShufFIerT (H)?

|(T(1H:i)»(9:j)’ 1H)|55huff|er,.(H) = |(T(1)7 1H)|Sshuffler7-(H) <4d-n=4. |g|5H

and we are done. O]

Proof of Theorem 6.2.2. First, we must define free and p.m.p.  Shuffler.(H)— and
Shuffler, (K)—actions, provided such H— and K —actions. Following the techniques we
explained just above, we first define free p.m.p. H— and FSym(H x {1,...,r})—actions on

.....

where h 1o~ (g,1) = (h=tq', ) if 071 (g,i) = (¢’,4’) (action of H on H x {1,...,r}), de-
fines a Shuffler,(H)—action on Xy := [0, 1] x X, endowed with the probability measure

If now (X, p1) is an orbit equivalence coupling between H and K|, let us prove that (X g, )
and (Xg, px) are orbit equivalent couplings between Shuffler,.(H) and Shuffler,(K), via
the identification

0:

We first have to check that 6 is a measured isomorphism between these probability spaces,
this can be done by fixing the second coordinate x so that we fix the bijection X' — H given
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by the cocycle ck (-, z). Secondly, let us prove that we have an orbit equivalence. Given
generating sets Sy and Sk of H and K, we get generating sets Sspufrier, (7r) a0d Sshuffier, (k)
of Shuffler,(H) and Shuffler,.(K') respectively, as described before Lemma 6.2.3 (note that
these sets are not necessarily finite for now). We prove that we have an orbit equivalence
using Lemma 1.4.1. Let ((5h,i)(h,i)eH><{1,...,r}7 x) € Xpg. Given s € Sy, we have

0 ((id, ) - ((ens) hiyerrx ... T))

= ((53—1h,i)(h,i)eH><{1,...,r}7 S SC)
(Esfch,H(lrl,sm)*l,i)(k,i)er{1,...,r}, S ZE)
(E(erer(b=1,52))~1,1) (ki) x {1} » S T)

(Ecrert (h=2em i (5:2)0) 1) (osi)e K x {1} ChLE (8, T) - T)
(Eerm((em e (5,2 10)=1 )1 ,0) (o) x (1w} CHLK (8, ) - )
id, e i (5,2))  ((Eerep(b=1.0)-1,0) (bsi)e K x (1,00} T)

id, e i (5,2)) - 0 ((eh) (hiyerix(1,..0}+ T)
where the equality cx (k™! s - x)s = cx (k™ ek (s, ), z) holds since we have
cxkp(k s x)s-x =k (s-2) =klenk(s,7) v =cxu(ktenk(s, ), 1) o

for every x € X. For the sequel, we set the following notations: cx g ((k,i),z) =
(crpm(k,x),i) and (k,i)~' := (k7' 7). Then, for every s € Sy and j,0 € {1,...,r}, we
have

0 (79500 1) - ((Eni) ayerrxin,...ny> ©))

= 6 ((67(1}1’]')7(37@)(}1,7;))(h,i)EHX{l,...,T}7 x)

= <(gT(lHyj)’(S’g)(CK_’H(k‘fl,l‘)fl,i))(k,i)EKX{1,...,7’}7x)

= ( el 5 (CH’K(‘s_lﬁm)_l71,,)(1@,1‘)]—1@)—1)(k,z’)er{L...,r}, x)

(T(IK,_] (ca, k(s 1z)~1,0)s 1K) ) ((chyH(kfl,x)*l,ﬁ(k,i)er{1,...,7’}7x)
= (Taxd)(enx (s l,x)—l,f)le) -0 ((eng) (hietix {1, )+ T))

where we prove the equality

_ . NT— -1
T(1g,5),(s,0) (CK,H(k 17$) 7@) = CK,H ([T(lK,j),(cH,K(s*l,z)*l,e)(ky2)] lax)

depending on whether or not (k, %) lies in {(1x, j), (ca (s, )71, £)}.
Thus, we have proved

Q(SShufﬂerr(H) . Z) C ShufflerT(K) . 9(2)

for every z € Xy and we similarly get Sshusier, (1)-0(2) < 6(Shuffler,(H)-z), so Lemma 1.4.1
implies that we have built an orbit equivalence.
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Let us finally assume that H and K are finitely generated (i.e. Sy and Sk are finite) and
that (X, i) is a (i, 1) —integrable orbit equivalence from H to K. The last computations
in fact provide the cocycles on the generators: for every s € Sy, one has

Cshuffler,.(H),Shuffler,. (K) ((lda S)a (<5h)h€H7 $)) = (lda CH,K($7 $))

and

Cshuffler, (1), shuffler, (K) ((T(1.7).(5.00s 1i) > (En)nerrs @) = (Tt ) (em s (s=1.0)-1,0)5 1ic)

and similarly for the cocycle cspusfier, (i), Shuffler, (7). Hence, using Lemma 6.2.3, we easily get

|CShuferrT(H),ShufflerT(K) ((id, s), ((5h)heHax))‘SShufﬂerr(K) = |erk (8, )]s,

for every s € Sy, and

<Alear(s™,2)] 55

|CShuferrr(H),ShufflerT(K) ((T(IH,j),(s,Z)a 1H) ) (<5h)heH7 SU)) ‘SShufﬂerr(K)

and similarly for cspuffier, (k) Shuffler, (7). Thus the ¢— and 1)—integrabilities of cy x and

ck,n directly imply the same properties for csnfier,. (i), Shuffler, (k) @Nd Cshuffler,. (K),Shuffler,.(H)
on generators, and thus on all elements of the groups by Remark 1.4.4, so we get a

(, 1) —integrable orbit equivalence coupling from Shuffler,(H) to Shuffler, (K). O

Lampcloners. Similarly to Theorems 6.2.1 and 6.2.2, let us prove the following.

Theorem 6.2.4. Let H and K be groups and let T be a finite field. If H and K are or-
bit equivalent, then Cloner¢(H) and Cloners(K) are orbit equivalent. Furthermore, given
non-decreasing maps ¢,1: Ry — R., if H and K are finitely generated and if there ex-

ists a (p,1))—integrable orbit equivalence coupling from H to K, then the same holds from
Cloners(H) to Cloner¢(K).

For the proof, we will need the following intermediate observation on word lengths of
elements of Cloners(H ). Recall from Section 5.3.1 that

Scioners(ir) = {(61,(A), 1) : A e A\{0}} U {(T1,,.5(N), 1u) : s € Su} U {(id, s) : s € Sy}
is a finite generating set for Cloners( H ), constructed from a finite generating set Sy of H.

Lemma 6.2.5. Let H be a finitely generated group. For every g € H and every X € f, we have

(71,6 (A)s 1) < 14lglsy-

‘Sclonerf(H)

Proof. Letus write g = h; ... h, withn = |g|s, and hy, ..., h, € Sy U (Sg)~!. Let us also
set, forany 1 < i < n, 7 := 7, 5. 4 (A\) and 0@ the linear automorphism which acts
on the canonical basis of Vj in the following way: it swaps e, and e Bt and it fixes ey, for
any other h € H\{1y, h;'}. Then we have

h;l 70 = Thflvhwl---h"()\)
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and

which implies
(09, 1m) (g, b (79, 1) (id e, i) (0, 1m) = (7071 1),

Moreover, h;-0¥) can be written as a product of four dilatations and transvections supported

in {14, h;}, so we have (6D, 17)|cioners(zr) < 6. Thus it follows that |(7(9), L11) | Sctonerg ity <
14+ [(7079 1) | Scionerg(1r)» @0d by induction we get

’(TlH79<)\)7 1H)|SC|onerf(H) = |(T(n)7 1H)|SCIonerf(H) < ldn = 14’9‘5}1
as claimed. The proof is complete. O]

Proof of Theorem 6.2.4. Given generating sets Sy and Sk (not necessarily finite) of H and
K, we get generating subsets Scioners(z7) and Scioners(x) Of Cloners(H) and Cloners(K), as
described before Lemma 6.2.5.

We must first define free and p.m.p. Cloners(H)— and Cloner¢( K')—actions provided such
H— and K —actions on (X, p). Let us set

(X, prr) == ([0,1]"" x X, Leb® " @ 1) .
Then H and FGL(H) act on [0, 1]"# in the following way:

- <€v>v€VH = (50—1(1)))1)6\/1{

and

h - (gv)UEVH = <€h'v)UEVH

for every 0 € FGL(H), h € H and (&,) ey, € [0, 1]V#, using the action of H on V} given

by
h - (Z ;Lgeg> = Z fg€p—1g

geH geH

These H— and FGL(H)—actions are compatible in the sense of (6.2.1), and we get a free
p-m.p. Clonerg( H)—action on (Xy, pyy) defined by

(07 h) ’ ((€U>’UEVH7 i[}) = ((5h~a—1(v))v€VH7 h - l') .
We similarly define a free p.m.p. Clonerg( K')—action on
(Xre, i) i= ([0,1]"% x X, Leb®* @ 1) .

Now the map
9. [0,1]"" x X — [0,1]V% x X
- ((

( €U>UEVH7 I) | ((64,0K’H(w,a:))weVK7 SL’)
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is a measured isomorphism, where ¢ r: Vi — Vjy isabijection mapping >, - pnex € Vi
t0 X cpr Hex «(h—1,2)-1€x. Moreover, for every s € Sy, one has

0((id; s) - ((ev)vevyy, 7)) = (id, ca i (5,2)) - 0 (€0 )veviy, )

as well as

0 ((TlH,S()‘)v 1H) ’ ((gv)WEVH7$)> = (Tlx,CH,K(S_l,SL‘)_lv 1K) -0 ((gv)WEVHvx)

and
0 ((01,(N), 1) - ((€0)veviy, @) = (01 (A), Lic) - O ((Ev)vevyy s @) -

We thus have proved 0(Scioner;(rr)-2) < Cloners(K)-0(z) for every 2 € Xy and we similarly
get
Scioners (k) - 0(2) < 0 (Cloners(H) - 2)

so Lemma 1.4.1 implies that we have built an orbit equivalence. Finally, in the case of
finitely generated groups H and K, since we have identified the cocycles ccionere(#),Cloners(K)»
CCloners(K),Cloners(H) ON the generators, we conclude, similarly to the proof of Theorem 6.2.2
(using this time Lemma 6.2.5), that a (¢, 1) —integrable orbit equivalence coupling from
H to K provides a (p,1)—integrable orbit equivalence coupling from Cloners(H) to
Cloners(K). O

6.2.3 Proofs of Theorems VI.D and VL.F

We now establish that the couplings constructed in the previous section are optimal in
many cases. As a first application:

Theorem 6.2.6. Let k,d,r > 1 be integers such that k > d. Letn > 0 be an integer.
Letp > 0. If H and K are polynomial growth groups of degrees k and d respectively, then
Shuffler?" (H) and Shuffler;” (K) are L? orbit equivalent if and only if p < <.

Proof. Suppose first that p < %. From [DLIT25, Theorem 1.6], we know that H and K are
LP orbit equivalent, so the conclusion follows from Theorem 6.2.2.

Conversely, assume that Shuffler,” (H) and Shuffler," (K) are L” orbit equivalent. Then
Theorem 1.4.6(i) implies that

(j1,5huff|er:"(K)(I))p < J1,Shuffteron (1) ()

and thus, from Proposition V.C, we get

This domination forces § < %, ie.p < %. Lastly, from Theorem 1.4.8 we deduce that there

is no L% orbit equivalence coupling between Shuffler”(H) and Shuffler”™(K). O
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Other examples of quantitatively optimal orbit equivalence couplings have been found
in [DKLMT?22], for instance between Z and F'! Z, where I is a non-trivial finite group.
Combined with our stability result, we get the following.

Theorem 6.2.7. Let F' be a non-trivial finite group. Let n,r > 1 be integers. Let p >
0. Then there is an (exp, In”)—integrable orbit equivalence coupling from Shuffler)"(Z) to
Shuffler,” (F2 Z) if and only if p < 1.

Proof. Given e > 0, let ¢.: Ry — R, be the map defined by

In(x)

Ve(x) = Tn(In(z))1+

From [DKLMT22, Proposition 6.20], we know that, for any ¢ > 0, there exists an
(exp, 1. )—integrable orbit equivalence coupling from Z to F' ! Z. In particular, this
coupling is (exp, In”)—integrable for every p < 1. Hence Theorem 6.2.2 provides an
(exp, In”) —integrable orbit equivalence coupling from Shuffler,"(Z) to Shuffler," (F 1 Z)
for every p < 1.

Now let us assume the existence of an (exp, In”)—integrable orbit equivalence coupling
from Shuffler." (Z) to Shuffler,”" (F'? Z) and let us prove that p < 1. By Theorem 1.4.6(i), we
get

(In(j1shuftteren (2)(2)))” < J1 shufttersn (7iz) ()

p
namely <1n°(”+1)(x)> < In°*Y(z) using Propositions V.C and V.D, which forces p < 1.
Lastly, an orbit equivalence in the case p = 1 is excluded by Theorem 1.4.8. U

For lampcloners, we get similar results, except that we lose the “if and only if” in the
analogue of Theorem 6.2.6 since we do not have precise estimates for the isoperimetric
profile of iterated lampcloners over polynomial growth groups.

Theorem 6.2.8. Let f be a finite field and let k,d > 1 be integers such that k > d. Then, for
every integern = 0, for every p < <, Clonery"(Z") and Cloner{"(Z?) are L? orbit equivalent.
Conversely, if Cloners(Z?) and Cloner{(Z*) are L? orbit equivalent, then p < 22.

Proof. From [DKLMT22, Theorem 6.12], we know that ZF and Z? are LP orbit equiva-
lent when p < %, so Theorem 6.2.4 provides such a coupling between Cloner;”(Z*) and
Cloner;"(Z%). Conversely, if Cloner¢(Z*) and Cloners(Z¢) are L? orbit equivalent, then The-
orem 1.4.6(i) implies

(J1,croners(za) (%)) < J1,cloners(zt) (2)- (6.2.2)

We know from Corollary V.H that

e

jl,CIonerf(Zk) (.T) < h’l(iC)

and

£~

jl,CIonerf(Zd)(x) Z hl(:E)
and thus (6.2.2) forces o; < %, namely p < %d.
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6.3 Construction of orbit equivalence couplings using

Folner tiling sequences

In this section, given a halo product .# (for instance a lampshuffler or a lampjuggler), we
construct orbit equivalence couplings between Z¢ and .ZZ*. A powerful tool to construct
such equivalences is provided by Falner tiling sequences, introduced first in [DKLMT22] and
that we present now. Combined with a composition result of couplings from [DKLMT22]
and our stability results (Theorems 6.2.2 and 6.2.4), we also construct couplings between
iterated halo products. These applications are presented in the subsequent subsections.

6.3.1 Preliminaries

Given an amenable group G, a (right) Felner tiling sequence (F,,),>o is a (right) Felner
sequence of G satisfying the tiling condition: for every n > 0, there exists a finite subset ,,
of GG such that

« the translates g F,,, for g € X,,, are pairwise disjoint;
¢ 'n+l = EnFn

The set F), is a tile, ¥, is a set of shifts, and the sequence (X,,),>0 is the Falner tiling shift
associated to the Folner tiling sequence (F,),>o. We can define analogously left Folner
tiling sequences, but we will only work with right Felner tiling sequences in this paper.
For convenience, we also assume Fy = {1}, so that any element of F,,; can be uniquely
written as ,2,_1 ... %o with z; € X;.

Example 6.3.1. Given integer m > 2 and d > 1, the sequence (F},),>0 defined by
F,:={0,1,...,m" —1}¢
is a Folner tiling sequence of Z¢, with Felner tiling shifts (3,,),>0 given by
Y, = {0,m",2m", ..., (m — 1)m"}".

A Folner tiling sequence gives rise to a probability measure-preserving G—action on the

Cantor set
Xpi=[]%n

n=0

endowed with the product measure of uniform distributions on each ¥,,. It is defined in
the following way: the Folner condition implies that, for almost every (z,,),>0, for every
g € GG, we have

TNTN_1-.-%0g € Fivy1 (6.3.1)
for a large enough integer IV, so it can uniquely be written as 2y ... z{, with z} € ¥;, and
we define

g- (mn)nZO = (x;)nzo
with 2, := x; for every i = N + 1. This definition does not depend on the integer N for
which Equation (6.3.1) occurs.
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The main interest of this action is that the equivalence relation it generates is (up to a
null set) the cofinite equivalence relation: for almost every x = (2,,),>0 € X, for every
g € G, we have z,, = (gx),, for large enough integers n. Moreover, if (I} ),>0 is a Felner
tiling sequence of another finitely generated group H satisfying |F,| = |F!| for every
n = 0, then using a bijection ¥,, — X! for eachn > 0, we get a measure isomorphism
between X and Xp . This is actually an orbit equivalence between the underlying actions
since they generate the cofinite equivalence relation. We now present a criterion, proved
in [DKLMT?22], to quantify this orbit equivalence.

Definition 6.3.2. Let GG be a finitely generated group with a finite generating set S¢;. Given
sequences R = (R,,)n>0 and € = (€,,),>0 of positive real numbers, we say that the sequence
(Fh)n>o0 is an (R, €)—Felner tiling sequence of G if

¢ (Fy)n>o0 is a Folner tiling sequence of G}

o for every n > 0, diam F,, < R,;

Fns\Fy
« for every n > 0 and every s € Sg, % < &p,

where diam F’ denotes the diameter of a finite subset F' of GG, defined as

diam F := sup |f 'gls,-
f.9eF

Here is then a sufficient condition to check on the tilings to ensure that the couplings
constructed above have the desired level of integrability.

Theorem 6.3.3 ([DKLMT22, Proposition 6.9]). Let G and H be two finitely generated
groups, and ¢,1: Ry — R, be non-decreasing maps. Assume that there exist sequences
R = (Rp)nz0, B = (R))n>0, € = (en)nz0 and &' = (€))n=0 of positive real numbers, an

(R, e)—Folner tiling sequence (F),)nen of G and an (R’ ¢’")—Folner tiling sequence (F))),en of
H such that |F,,| = |F!| for anyn € N, and assume that the series

D, e(Rin)en and ) d(Run)e,

n=0 n=0
converge. Then the orbit equivalence coupling built above from G to H is (¢, 1))— integrable.

Note that, when one wants to get quantitative orbit equivalences between two groups GG
and H, Felner tiling sequences are particularly useful if one of the two groups is Z. Indeed,
if we find a Felner tiling sequence of G, then a natural Felner tiling sequence (£} ),,>o for
H = Z, satisfying |F, | = |F/|, is

F! :={0,1,...,|F.| — 1}
However the tiling condition and the condition on the cardinalities make the problem

harder when H is bigger than Z, even for H = Z2 A clever choice of Folner tiling se-
quence of free abelian groups yields the following.
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Theorem 6.3.4 ([DKLMT22, Theorem 6.12]). Let k > d be two positive integers. Then there
exists an orbit equivalence coupling from Z* to Z% which is (¢.,1).)—integrable for every
e > 0, where

; d
— 7 aiuilb5<lﬂ = —————STIE.

Note that, if £ > d and p > %, Theorems 1.4.6 and 1.4.8 imply that we cannot have an
(L, L) orbit equivalence coupling from Z* to Z¢. Therefore the orbit equivalence coupling
built in the last statement is optimal.

It is also possible to find a nice Folner tiling sequence for the lamplighter group Z/2ZZ,
producing a quantitatively optimal coupling with Z (see [DKLMT22, Proposition 6.20]).
Using these techniques, Escalier also built in [Esc24] optimal couplings between Z and
Brieussel-Zheng’s groups defined in [BZ21], which have prescribed isoperimetric profiles.

6.3.2 Folner tiling sequences of halo products

A general observation. By [DKLMT22, Proposition 6.19], we know a Felner tiling
(Ly)ns>1 of the lamplighter ' Z, where F is a finite group. It is defined by

L,:={(f,h)e F1Z:supp f < {0,1,...,n—1},he{0,1,...,n —1}}. (6.3.2)

In this section, we describe a general phenomenon that will be useful to construct Felner
tiling sequences for our favorite halo products.

Proposition 6.3.5. Let H be an amenable group and £ H be a halo product over H. Assume
that (F,,)nen is a Folner tiling sequence of H, with an associated shift sequence (¥,,),en, and
that L(F,,) is finite for any n € N. Assume furthermore that for every h € ¥,,, there exists a
finite subset X, ,, of L(F,,+1) such that we have

L(Fu1) = | | oL(hF,).

O’EZhyn

Then (L(F,,) X F,,)nen satisfies the tiling condition (as defined in the beginning of Section 6.3.1),
with shift sequence (| ey, (Snn x {h}))

neN’

For instance, for the Falner tiling sequence described in (6.3.2), we start from the Folner
tiling sequence ({0, 1,...,2" — 1}),,>¢ of Z, with shift sequence ({0,2"}),>1, and we get
L, =L({0,1,...,2" — 1}). Given h € {0,2"}, L({h,h + 1,...,h + 2" — 1}) is the set of
functions Z — F of supportin {h, h+1,..., h+2"—1}. Thus, to get L({0,1,...,2""1 —1})
from L({h,h + 1,...,h 4+ 2" — 1}), we have to translate it by all functions supported in
{0,1,..., 27" \{h,h + 1,...,h + 2" — 1}, this is exactly %, ,,.
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Proof. Using the composition law, we see that

U U @n@E) <F) =) |J (6L(F,) x hF,)

he¥, o€l , he¥, o€Xy

- | oL(hF,) | x hE,

heXx, O’EEh’n
= |J (L(Fui1) x hF)
heX,

= L(Fn+1) X Fn—i—la

and it is straightforward to prove that the unions are disjoint. [

For the sequel, we will need to check that the sequence (L(F,,) x F},)qen provided by this
proposition is in fact a Felner sequence, and, in view of Theorem 6.3.3, we will actually need
to quantify this Felner sequence, namely finding sequences R = (R,,),>0 and € = (£,,)n>0
such that (L(F},) x F,,),>0 is an (R, €)—Felner tiling sequence. The following result goes
in this direction.

Proposition 6.3.6. Let H be a finitely generated amenable group and £ H be a halo product
over H with finite blocks. Let (F,),en be a sequence of non empty subsets of H and Sy be a
finite generating set of H. For anyn = 0, let

L,:={(o,h)e XH :0¢€ L(F,),he F,}.
Then, for any s € Sy, one has

|L,, - (1L(H)»3)\Ln| _ | Fus\Fh|

as well as
‘Ln (o, 1H)\Ln| < ‘FnS\Fn|

| L T

forany o, € L({1y, s}).

Proof. Let (0,h) € L, and let s € Sy. The composition law of .Z H directly implies that
(0,h)(1rmy, s) = (0, hs) and (o,h)(0s, 1) = (o(h - 04),h). Therefore (o, h)(1Lm), s)
lies in L, if and only if hs lies in F},, and since h - o, lies in L({h, hs}), we know that
(0,h)(0s, 1) lies in L,, if hs lies in F,. It thus follows that

| L - (1L(H)73)\Ln| _ |Ln| - | Fus\ | _ | Fs\ I

|Ln‘ ’Ln| ’ ‘Fn’ |Fn’
and that
‘Ln'(gsle)\Ln’ < |Ln‘ ’ ‘FnS\Fn‘ _ ‘FnS\Fn|
|Ln| |Ln| ’ |Fn| |Fn‘
and we are done. O]
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Corollary 6.3.7. Let H be a finitely generated amenable group and £ H be a halo product
over H. Suppose that & H is naturally generated and has finite blocks. Let (F,),en be a Folner
sequence of H and Sy be a finite generating set of H. For anyn > 0, let L,, := L(F,) x F,.
Then the set

Son = {(1rmy,s): s€ Sy} v U {(o,1y) e LH :0€ L({1y,s})}

SESH

generates £ H. Furthermore, for anyn > 1, one has

L,o\L, F,s\F,
o ALl (BB
B VN R S N

This applies for instance to lamplighters, as was done in [DKLMT22, Proposition 6.19],
and also to lampjugglers and lampcloners, as we will see in the next subsection. Thus,
we find ¢,, from the quantitative information of the Folner tiling sequence (F,),>0 of H,
and we compute the diameter R,, with the generating set Sy provided by this last result.
Furthermore, if the halo has consistent blocks, then the sets of the Falner tiling sequence
have cardinality A 5 (| F,|) - | Fy.|, where A ¢y is the lamp growth sequence of £ H.

In the sequel, we illustrate these results for lampjugglers and lampcloners. Note that,
for simplicity, we will only consider Folner tiling sequences (F},)nen for the base group H

satisfying 1 € F,, for every n € N. This will be the case in our applications, when picking
H =27

Folner tiling sequences of lampshufflers and lampjugglers. Let us recall that if Sy
is a finite generating subset of H, then a finite generating set of Shuffler,.(H) is

Son = {(Tamisgs 1) s € Sm, 1 <i,j <r}u{(id,s): s € Sy}

where 7(y) () H x {1,...,r} — H x {1,...,r} denotes the transposition that swaps

(9,7) and (h, 7).
Let us now apply Proposition 6.3.5 and Corollary 6.3.7 to get a Folner tiling sequence of
Shuffler,.(H) from a tiling sequence of H, with the associated quantitative informations.

Theorem 6.3.8. Let H be a finitely generated amenable group. If (F},)nen is a right Folner
tiling sequence of H satisfying
|[Fns\Fyl
[ . < n
|2l

for all s € Sy and some sequence (£,,)nen tending to 0, then there exists a right Folner tiling
sequence (L, )nen of Shuffler,.(H) with the following properties:

L,| = (T|Fn|)‘ : |Fn

(i) foranyn e N, ;

(ii) foranyn € N, diam L,, <5 |F,| - diam F,;

(iii) for all p € Sshuster, (i), 1! < en.

To prove the upper bound on the diameter, we will need the following claim.
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Lemma 6.3.9. Let I be a finite subset of H. Then, for every ¢ € Sym(F x {1,...,r}), we
have

12 1H)’Shuff|erT(H) < 2K + (5|F| — 6)diam F,

K := .
where max |h| s,

Proof. Let us decompose ¢ as a product of cycles ¢ = c¢icz...cp on F' x {1,... r} with
disjoint supports. For 1 < i < k, ¢; is an ¢;—cycle

(@ins s ig,) = ((Rias Jin)s - s (Ris, Jies))

which can itself be written as a product of transpositions

G = Twi,l,ﬂcdefiz,m,s . 'Txi,éi—lyxi,éi'

For any 1 < m < {; — 1, the transposition 7,, can be written as

xi,m+l
hi m

Txi/m7xixm+1 = ’ T(leji,m)z(hZ;«Lhi,m+l7ji,m+1)

with the convention that h; 4,11 := h;1 and j; 4,41 := Ji1, so that we have
. . -1
(Txi,m’zi,m+17 1H) = (1d7 hi’m)<T(1H7ji,m))(h;71nhi,m+l7ji,7n,+1)7 1H)(1d7 hi,m)'

Setting y; m = (g, jim) and 2, := (h;ﬁlhhmﬂ,ji’mﬂ), the element (¢;, 1) is thus equal
to

(id, i) (g 1z 1) (0, By P 2) (T 2 L) - (s iy Pt 1) (T g L) (s By ),
namely (¢;, 1) = (id, h; 1)k (id, h;eli_l), where
|Kil shuftier, (ry < (406 — 1) + (€ — 2)) diam F' = (5¢; — 6)diam F
using Lemma 6.2.3. Since we have
(0, 1a) = (id, hya)ra(id, by, hoq)ko(id, hyg,_yhsa) ... (d, bty i) ke(id, hyg o),

we finally get

k
(@, 111) [shuftier, a1y < 2K + (K — 1) - diam F' + Z (5¢; — 6) - diam F
i=1
< 2K + (k— 1+ (5|F| — 6k)) - diam F
< 2K + (5|F| - 6) - diam F

which concludes the proof. [
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Proof of Theorem 6.3.8. For n € N, let us set

L, := {(o,h) € Shuffler.(H) : 0 € Sym(F,, x {1,...,r}),h € F,}

where Sym(F' x {1,...,r}) denotes the set of permutations supported in a finite subset
F x{1,...,r} of H. Clearly, (i) holds, as well as (iii) by Corollary 6.3.7.
Given (o, h) and (o', 1) in L, let us find an upper bound for |(o, h) "' (o', 1) |SShufﬂerr(H). We
first have
(o,h) (o', B) = (Kt - a7 R Y (o', W)

= ([h" oo [h " d'],hH)

= ([h" ool 0], 1x) (id, h7'1)
so that

-1 -1, -1 -1 1 -1

‘<U’ h) (UI’ h/)|SShuferrr(H) < |([h i ] © [h . U/]’ 1H)|S5hufflerT(H) + ’(ld’ h h/)‘SShufﬂerT(H)

<|([p" oo [h 0], + diam £,

1H) |SShuff|er7»(H)

and it remains to find an upper bound for |([A™" -0~ o [A™" - '], 14)|g, .- But the
permutation [h~1 -0~ o [h™! ¢’ lies in Sym((h ™' F,,) x {1, ...,7}), so using Lemma 6.3.9,

it follows that

([ oo [n"- o], < 2K + (5|h'F,| — 6) - diam h ',

1H) |SShuferrT(H)

with K := max |h~'k|s,, < diam F,, so that we have
ey,

([ oo [h 0], 1x | < (B|Fy| = 4) - diam F,.

) |SShuferrr (H

Hence, we have

(o, )" (o’ | S 5|F,| - diam F,

! h/) ‘SShufﬂerT(H
and we are done for the proof of (ii).

Lastly, we show the tiling condition, using Proposition 6.3.5. Let (¥, ),en be a sequence of
Folner shifts for (F},),en, satisfying F, 1 = X, F),. Let us fix h € 3, and let us find a finite
subset 3, ,, of L(F},+1) such that we have the following disjoint union:

Sym(Fy11) = |_| o Sym(hF,). (6.3.3)
O'Ezhyn
For every A < F,y1 x {1,...,r} of cardinality r|F,| and every family x =

Aud{zg;:(g,9) € (Fna\RE,) x {1,...,r}} = Fopr x {1,...,1}, (6.3.4)
let us choose one permutation 7% € Sym(F,, ) satisfying

T4 ((hF,) x{1,...,r}) = Aand ¥(g,i) € (F1\hEF,) x {1,... 7}, TA’x(g, i) = x4,
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then the set
{t"" 00 :0eSym(hE, x {1,...,7})}

describes all permutations p € Sym(F, 1 x {1,...,r}) satisfying
p(hEF, x {1,...,r}) = Aand V(g,7) € (F,11\hE,) x {1,...,7},p(g,1) = x4,

It remains to define 3, as the set of all chosen permutations 74 for every subset A <

Fo1 x {1,...,r} of cardinality r|F),| and every family x = (2y)ge(r, . \nFn)x{1,..r} Such
that (6.3.4) holds, and we get (6.3.3). So the Folner sequence (L, ).en satisfies the tiling
condition by Proposition 6.3.5. O]

Folner tiling sequences of lampcloners. Let us recall that if Sy is a finite generating
subset of H, then a finite generating set of Cloners(H) is

Scioners(i) = {(01,(N), 1) : A e A\{0}} U {(11,,.s(N), 1) : s€ Su}u {(id, s) : s € Sy}

where the elements ,(\) are diagonal matrices and elements 7,,(\) are transvections.

Let us now apply Propositions 6.3.5 and Corollary 6.3.7 to get a Folner tiling sequence
of Cloner¢(H) from a tiling sequence of H, with the associated quantitative information on
it.

Theorem 6.3.10. Let H be a finitely generated amenable group. If (F),),en is a right Folner
tiling sequence of H satisfying
[ Fns\F|
.
for all s € Sy and some sequence (&,,)nen tending to 0, then there exists a right Folner tiling
sequence (Ly,)nen of Clonerg(H) with the following properties:

Ln| = ACIonerf(H)(‘FnD : |Fn

(i) foranyn e N,

ii) there exists a constant C' > 0 such that for anyn € N, diam L,, < C|F,,|*diam F,;
y

(iii) fOF all P e SCIonerf(H), % < Ep-
To prove the upper bound on the diameter, we will need the following claim.

Lemma 6.3.11. Let F' be a finite subset of H. Then there exists a constant C' > 0 such that,
for every p € FGL(F), we have

3 .
(¢, 1H>|Sc|onerf<H) < 2K + C|FJ° - diam F
with K := max |h|g,,.
heF

Proof. By Gaussian elimination, we need /N basic operations to get ¢ from the identity
in FGL(F), with N = O(|F|?). By operations, we mean transvections and dilatations of
support in F'. Let us notice that we have

Ton(A) = 9 Tiyg-10(A)
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for transvections, so that we get
(Tgn(AN), 1rr) = (id, 9) (715 g-10(A); 1) (id, g71)
in Cloner¢(H). Also, for dilatations, we have
dg(A) = g+ 01, (A)
and this can be written in Cloner¢(H) as
(05(N), 1ar) = (id, g) (1, (A), 1) (id, g71).

We thus get (¢, 1) as a product of the following form

(907 1H) = (1d7 hl)(gplﬁ 1H)(1d7 hl_th)(Qp% 1H)<1d7 h2_1h3) s (1d7 h]_\fl—th)(SOJ\U 1H)(1d7 h]_\fl)

with basic operations ; of support in {1z, F~'F'} and elements h; € F. Now using
Lemma 6.2.5, we get

(2, 111)|Sctanery () < 2K+ N - diam F' + 14N - diam F

and we are done. O]

Proof of Theorem 6.3.10. For n € N, let us set
L, :={(o,h) € Cloner{(H) : 0 € FGL(F,),h € F,}.

Clearly, (i) holds by definition of the lamp growth sequence Acioners(#), as well as (iii) by
Corollary 6.3.7.

Given (o, h) and (¢, h') in L,, let us find an upper bound for |(c, h) (o', 1)
first have

We

|SC|0nerf(H) )

(a,h) (o' ) = (W o~ R0, 1)
Koo o[hto'),hTH)

ht. 071] o [if1 o], 1H) (id, hilh')
so that

‘<J’ h>71(0’l’ h,>|SC|One|’f S ‘([hil ’ 0-71] © [h‘il : OJ]v

(H)

+|(id, A

1H) ‘SCIOnerf(H) ) ‘SCIonerf(H)

1H)‘SC|onerf(H> + diam F,

and it remains to find an upper bound for |([A™! - o] o [A71 - &’], 1i)ls, - But the
Onerf
linear automorphism [2~! - 071 o [ - 0] lies in FGL(h™'F,), so using Lemma 6.3.11, it

follows that

([ oo [h 0], 1x < 2K + Clh'F,]* - diam h™'F,,

) |SCIonerf(H)
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with K := maxyer, |h7'k|s,, < diam F,, and for some constant C' > 0, so that we have

([0 o[h" 0], 1x < (C + 2)|F,|*diam F,.

) ‘Sclonerf(H)

Hence, we have

[CAD RGN < (C + 3)|F,)? - diam F,

) ’SCIOnerf(H)

and we are done for the proof of (ii).

Lastly, we show the tiling condition, using Proposition 6.3.5. Let (¥, ),en be a sequence of
Folner shifts for (F,,),en, satisfying F,,.; = ¥, F,,. Let us fix h € ¥,, and let us find a finite
subset 3, ,, of L(F}, ;1) such that we have the following disjoint union:

FGL(Fp1) = | | o FGL(RE,). (6.3.5)

UEZh’n

For every subspace A of Vp, ., of dimension |F),| and every family z = (xv)veanH\th
satisfying

Aufz, :veVp, urt = Vi, (6.3.6)

+17

let us choose, if it exists, one linear automorphism 74% € FGL(F}, 1) satisfying
TA’x(Vth) = A and Yv € VFn+1\th’ TA’x(U) = Ty,
then the set
{r"" o0 :0eFGL(hE,)}

describes all the linear automorphisms p € FGL(F},, 1) satisfying
p(Vth) = Aand Vv e VFn+1\th7 p(U) = Ty.

It remains to define XJ;,,, as the set of all the chosen linear automorphisms 4% for ev-
ery subspace A of Vp,,,, of dimension |F,| and every family z = (x,)vev; L1VhFR such
that (6.3.6) holds and such that such a 74 exists, and we get (6.3.5). Hence the Folner

sequence (L, )nen satisfies the tiling condition by Proposition 6.3.5. [

6.3.3 Applications to quantitatively optimal orbit equivalence cou-
plings

Lampshufflers and lampjugglers. As a first application of our construction of Felner

tiling sequences, we give an explicit orbit equivalence coupling between Shuffler,.(Z*) and
z4,

Theorem 6.3.12. Letd, k,r > 1 be three integers. There exists an orbit equivalence coupling
from Shuffler,.(Z¥) to Z%, which is (py ., 1) —integrable for every e > 0, where

(@)t e
(pk,e(‘r) T ln(ln($))1+%+5 andw(;p) xr :
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1

In(z) )E is (asymptotically) the isoperimetric profile of

In(In(x))
Shuffler,(Z¥). Theorem 6.3.12 implies in particular that, for every ¢ > 0, there is a

jl,ShufFIerr(Zk) (z)
In(In(zx))1+=

Remark 6.3.13. Note that (

) L<“’> —integrable orbit equivalence coupling from Shuffler,(Z*) to Z<.

Proof of Theorem 6.3.12. Endow Z* (resp. Z%) with its standard generating set Sz (resp.
Sza). Using Theorem 6.3.8, the Folner tiling sequence

(Fo)nen = ({0,...,d" — 1})

neN

of Z* provides a Folner tiling sequence (L, )qen of Shuffler, (Z¥) satisfying
o |Ln| = (rd®m™)! - d%*" for all n € N;

« diam L,, < 5d%¢+Dn+1 foralln e N;

. |Lns\Ln|

1
L] < —dms forall s e SShuferrr(Zk)-

dd
Given a positive integer n, let us define, for every i € {1, 2, ...d}, the integer
li(n) = H (dj +1).
jeN
dj+isn
These quantities satisfy
l1(n)ly(n) ... Le(n) = nl,
l1(dn) < ly(dn) < --- < lg(dn) < 41(d(n + 1))
and
dn\"
ly(dn) = d" - n! ~ (—) 21

e

using Stirling’s formula. Now, we find a Felner tiling sequence (G,,),en of Z% satisfying

|Ln| = |Gn

, setting

Gyi= ] {0,1,....d"t:(rd™")}.

1<i<d
It satisfies
o foralln € N, diam G,, < d*" (£, (rd®") + ... + L4(rd®*™)) < d*F10y(rd%*m);

5+Gn)\Gn| 1 < 1
|Gnl = dkn min (61 (rddkn),.. L (rddkn)) TS dkngy(rddkn—1) e

o forall s € Sz, I

Observe that we have
In(d" Ly (rd™™)) ~ rd®* =t n(rd™") = rd*"'dknIn(d)

and
In(In(d* 1 Ly(rd®*m™))) ~ dknln(d),
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which in turn implies

@k’€<dkn+1€d<ddkn)) K

~

ddn n1+6

(dkn+1£d(ddkn))
ddn

for some constant K > 0. Hence the series 2 Phe converges. Secondly,

n=0
we get

n o ddkn
P(5CAMHIT) 0 (((50d)(50d)kﬁ1 (f) B 50D FT d(k+1) d"+dg> >

dkngd(rddkn71> r

for every C' > 0. Taking C' small enough, the quantity (5Cd)*+1 P d(k + 1) — & is negative

and the series ) % converges. By Theorem 6.3.3, we get a (¢, ¢)—mtegrable
orbit equivalence coupling from Shuffler, (Z*) to Z<. N

Next, we consider the case of iterated lampjugglers over free abelian groups. Using the
notion of composition of couplings (see Theorem 1.4.14), we deduce the following.

Corollary 6.3.14. Let n,m > 0 be natural integers such that m > n. Let d, k,v > 1.
Then there exists an orbit equivalence coupling from Shuffler?™(Z¥) to Shuffler?™(Z%), which
is (Om—n.k.e(x), L=*)—integrable for every ¢ > 0, where

In® (z)*
punela) im e N
<1no(z+1) ($)>
One remark is in order before the proof.
Remark 6.3.15. Note that we have
In°™ (z) \*
. 1
Jl,Shufflergm(Zk) 9 jl,ShufFIerfﬂ”(Zd) (ZE) ~ (—ln o(m—n+1) (x) (637)

for all natural integers m, n, k, d satisfying m > n and d, k > 1. Indeed, if we denote by f
the inverse of the isoperimetric profile of Shuffler:”(Z4), we get

"D (f(z)) ~ dInz
using the equality j; spyfferon(z4)(f(2)) = . This implies

, _ b W™ (f(x))
1
(jlvsh”fﬂe":m(zk) © jl,Shuferrfﬂ"(Zd) (ZL‘)) - 1no(m+1) (f(l’))
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and (6.3.7) follows.
In particular, Corollary 6.3.14 implies that, for every ¢ > 0, there is a (¢, L=*)-integrable
orbit equivalence coupling from Shuffler:™ (Z*) to Shuffler;” (Z%), with

J1,Shufflerom (ZF) © j;éhuff|e,3n(zd) (z)
(‘0(1‘) - 1+e
<1no(m—n+1) (IE))

Proof of Corollary 6.3.14. From Theorem 6.3.12, there is an orbit equivalence from
Shuffler,(Z¢) to Z¢ which is (¢y 4., L?)—integrable for all ¢ > 0. Applying i > 1 times

Theorem 6.2.2, it follows that there is an orbit equivalence coupling from Shuffler?(+1(z4)

to Shuffler’(Z4), which is (¢; 4., L?)—integrable for all ¢ > 0. In particular, we have a
coupling from Shuffler®™*Y(Z4) to Shuffler™(Z%), a coupling from Shuffler?™*2)(Z4) to
Shuffler?™*(Z%),.. ., and a coupling from Shuffler>™ = (Z%) to Shuffler’(™~?)(Z4), which
are all (1 4., L?)—integrable for all ¢ > 0. By Theorem 1.4.14, composing these suc-
cessive couplings yields a coupling from Shuffler®™ 1 (Z9) to Shuffler®®(Z%), which is

(gpifgfa_n_l), L?)—integrable for all ¢ > 0. Using the asymptotic equivalence

wifgj‘;”*l)(x) = @m—n—l,d,e(x)
and the second item of Remark 1.4.4, this coupling is (@.,—n—1,4,, L?)—integrable for all
q > 0.
By the same techniques, there is an orbit equivalence coupling from Shuffler?™(Z*) to
Shuffler>™ =1 (z%), which is (1 1., L?)—integrable for all ¢ > 0, and composing this cou-
pling with the one of the previous paragraph, we get a (©,,—n ., L=°)—integrable orbit
equivalence from Shuffler’™(Z*) to Shuffler:”(Z%). This proves the corollary. O

Hence, we can also prove that:

Corollary 6.3.16. Let n,mm > 1 be two integers such that m > n. There ex-

In°(m=") (z)

p
m) ,LO> —integrable orbit equivalence coupling from Shuffler’™(Z*) to
Shuffler;”(Z%) if and only if p < 1.

s

Once again, before the proof, let us recall that j; shufiersm (z#) © J; Slhufflero" (z4) (x) is asymp-

1
) (z) )> * (see Remark 6.3.15).

Ine(m—n+1) (I

totically equivalent to <

Proof. Assume first that such an orbit equivalence exists. Then Theorem 1.4.6(i) implies

that
In°(m=") (J1.shuffleren (24 ()
lno(m—n-i- 1) (

p
: < J1,Shufflersm (z) (). (6.3.8)
J1,Shufflero™(Z4) (f))

From Proposition V.C, we know that, for any integers ¢, j > 1, the isoperimetric profile of

. 1
Shuffler®? (Z?) is ~ <M> ', so that (6.3.8) implies

In°U+D) ()
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This inequality now forces p < 1, and once again the fact that there is no

1
<M) ", LO) —orbit equivalence coupling follows from Remark 6.3.15 and The-

G ()
orem 1.4.8.

Conversely, assume that p < % From Corollary 6.3.14, we have an orbit equivalence
coupling from Shuffler;™(Z") to Shuffler;" (Z%) which is (¢, —p ke, L= ) —integrable for all
e > 0. Since p < %, we have

") () ’
(M) :O<Q0m—n,k,€(x>>

and it follows that our coupling is also ((LH)(I))Y , L0> —integrable, as claimed. [

lno(m—n-i-l)(z

About iterated lampjugglers with different number of iterations, let us point out the
following result when the base groups are finitely generated and have slow profiles, which
does not use Folner tiling sequences but our work on isoperimetric profiles presented in
Chapter 5.

Corollary 6.3.17. Let n,n > 1 be two integers such that m > n. Let H be a finitely
generated amenable group with isoperimetric profile j, g (x) ~ (IHOk(aj))a, for some integer
k > 0 and a > 0. If there exists a ((hlo(m*”)(x))p : L0> —integrable orbit equivalence
coupling from Shuffler,™ (H) to Shuffler.," (H), thenp < c.

Proof. We immediately get p < « by Theorem 1.4.6. With similar techniques as in Re-
mark 6.3.15, we show that ji spuffierom (1) © J; éhufﬂeron(m is asymptotically equivalent to

(lno(m_") (x)) , so that Theorem 1.4.8 implies p # . O
Remark 6.3.18. Following our methods, we can deduce much more examples of quan-

titatively optimal couplings. For instance, we get an optimal coupling between Z and
Shuffler,.(F' Z) (with a non-trivial finite group F') by composing two couplings:

« an optimal coupling between Z and Shuffler,.(Z);

« an optimal coupling between Shuffler,(Z) and Shuffler,.(F' ¢ Z), coming from our
stability result (Theorem 6.2.2) and a coupling between Z and F' ! Z, coming
from [DKLMT22, Proposition 6.20].

Lampcloners. Let us finally apply our construction of Felner tiling sequences for cou-
plings between Cloner¢(Z*) and Z¢.

Theorem 6.3.19. Let d, k > 1 be integers. There exists an orbit equivalence coupling from
Cloner¢(Z¥) to Z%, which is (py ., 1) —integrable for every e > 0, where

1 o SR
Ore() 1= % and Y(x) = 2" .
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Remark 6.3.20. Theorem 6.3.12 tells us that, for every ¢ > 0, there is a
(#, L<°°> —integrable orbit equivalence coupling from Cloners(Z¥) to Z¢, where

j(z) := In(z)2* is a lower bound for J1,Cloners(z+) () that we find in Corollary V.H (recall
that we do not have precise estimates of the isoperimetric profile in this case).

Proof of Theorem 6.3.19. Endow Z* (resp. Z%) with its standard generating set Sz (resp.
Sza). Using Theorem 6.3.10, the Folner tiling sequence

(Fa)nen = ({0,...,d"™ = 1}%)
of Z¥ provides a Folner tiling sequence (L,,)nen of Cloners(Z*) satisfying
o |L,| = Acioners(z#) (d¥*) . dkn for all n e N;

« there exists a constant C' > 0 such that diam L,, < Cd?Ck+Dn+1 for all m e N;

[Lns\Ln|
® |Ln| = gdn o

for all s € Scignere(z*)-

Let us recall that the lamp growth sequence of Cloner¢(Z*) is given by

V1 =0, Acioners(zk) (1 n q"—q"
=1

where ¢ := |f|. Given a positive integer n, let us define, for every i € {1,2,...d}, the
integer
tin) o= [T (@ =)
jeN
dj-+i<n

These quantities satisfy

0 (n)€2 (n) s Ed(n) = ACIonerf(Zk)(n)a

l1(dn) < ly(dn) < ... < Ly(dn) < l(d(n+ 1))

and

—_

n—1
dn dj+1)) _ qdn2 1_[ (1 —q ]+1)) C/ dn?

:0 7=0

n—

.

where C" is the limit of the convergent product [ [~ (1 — q~%*D). Now, we find a Felner
tiling sequence (G, )nen of Z% satisfying | L,,| = |G|, setting

Gpi= ] {0,1,....d"e(d")}.
1<i<d

It satisfies

o foralln € N, diam G,, < d*(£;(d¥*™) + -+ + Ly(d¥*™)) < dPF10(d9*n),

[(s+Gn)\Gn| 1

1
o forall s € SZd, G =GR min (6 (d9FY),. 04 (d7RnY) < dFng g (ddkn=T)"
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Observe that we have
ln (dknJrlgd(ddkn)) ~ deknfl h’l q

and

In(In(d* 44 (rd®*™))) ~ 2dknIn(d),

which in turn implies

@k’g(dkn+1€d<ddkn)) K

~

ddn n1+6

(dknJrlfd(dd’m))
ddn

for some constant KX > 0. Hence the series Z Phe converges. Secondly,

n=0
we get

dkn
¢(Cdd(3k+1)n 1) cd T cd ﬁd 3kt1)n  —ddkn ¢
dk’néd (rddkn—l) 0 (Cd)( ) d( ) ( ) q

(3k+1)n
so the series )’ %Cdd ) converges. By Theorem 6.3.3, we get a (., t)—integrable

- dRrlg(dden=T)
orbit equivalence coupling from Cloner¢(Z*) to Z4. ]

Hence, as in Corollary 6.3.14, we can deduce the following.

Corollary 6.3.21. Let T be a finite field. Let n,m > 0 be natural integers such that m >
n. Let d,k,r > 1. Then there exists an orbit equivalence coupling from Cloner{"(Z¢) to
Clonery™(Z"), which is (L=%, @y, 1. (x))—integrable for every e > 0, where

In®(z) 2
. 1+e”
<1n0(2+1) ($)>

Proof. This is the same proof as Corollary 6.3.14. O

‘Pz}k,a(w) =

6.4 Comments and questions

In this final section, we record some questions that naturally arise from what has been done
in the article.

One of our main results is the construction of an explicit orbit equivalence coupling
between the lampjugglers Shuffler, (H) and Shuffler,(K'), provided a coupling between H
and K. Additionally, our construction preserves quantification. Hence:

Question 6.4.1. Let r,s > 1, r # s. How can one construct an orbit equivalence coupling
between Shuffler,(H) and Shuffler,.(K') from a coupling between H and K? Moreover, if
H and K are (i, 1)) —integrably orbit equivalent, does the same hold for Shuffler;(H) and
Shuffler,. (K)?

Beyond the quasi-isometric classification of lampshufflers established in [GT24a], an-
other important direction of the latter is to compare geometrically different classes of halo
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products, that to rule out, or to establish, the existence of a quasi-isometry (resp. quasi-
isometric/coarse/regular embedding) between, for instance, a lampshuffler and a lamp-
lighter, or a lampdesigner and a lamplighter. Analogous questions are also relevant from
the measured point of view. For example, note that the isoperimetric profiles of Shuffler(Z)
and Z/2Z 1 Z are asymptotically equivalent up to a logarithmic factor, so we may wonder:

Question 6.4.2. Are Shuffler(Z) and Z/2Z ¢ Z LP-orbit equivalent for p € |0, 1[?

Moreover, there are pairs of amenable groups with asymptotically equivalent isoperi-
metric profiles, such as

« Shuffler(Z) and Z? Z;

« Shuffler(H) and Z/2Z ! H, with H such that Assumption () holds and
i () = jua(in()),

and thus, we may wonder whether these pairs of groups are L? orbit equivalent for every
p > 0.

More generally, even without quantifications, it would be interesting to have an explicit
description of actions from a wreath product and a lampshuffler on a common probability
space sharing the same orbits.

Question 6.4.3. What could be an explicit orbit equivalence coupling between a lampshuf-
fler and a wreath product?

Alternatively, another useful technique to produce orbit equivalences is the one of Falner
tiling sequences, recalled and implemented in Section 6.3 in the case of lampshufflers. More
precisely, Theorem 6.3.8 provides an explicit description of a Felner tiling sequence for
Shuffler,.(H) from such a sequence for H. However, this technique remains hard to apply
for the comparison between lamplighters and lampjugglers, and we did not manage to find
Felner tiling sequences of both groups whose tiles have the same cardinalities. Also for
lampcloners, we have a explicit description of Felner tiling sequences (Theorem 6.3.10)
which does not enable us to get a coupling between a lampcloner and a lamplighter, or
between a lampcloner and a lampshuffler.
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