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Résumé

Titre : Aspects analytiques, géométriques et mesurés de variantes des allumeurs
de réverbères

Mots-clés : Quasi-isométries, produits en couronne permutationnels, produits en
halo, profils isopérimétriques, équivalence orbitale quantitative.

Les produits en couronne forment une classe très étudiée en théorie des groupes. En
effet, leur définition est, d’une part, suffisamment explicite pour en comprendre la struc-
ture précisément et, d’autre part, suffisamment élaborée pour refléter des comportements
exotiques et inattendus, non-observés dans des classes de groupes plus « classiques ». En
théorie géométrique des groupes, ils sont connus pour exhiber souvent des propriétés in-
téressantes et fournissent des contre-exemples à des questions cruciales. Ils permettent par
exemple de démontrer que la résolubilité virtuelle n’est pas stable par quasi-isométries, ou
que deux groupes moyennables peuvent être quasi-isométriques mais non bijectivement
quasi-isométriques.

Dans cette thèse, on étudie, sous plusieurs angles, des groupes de type fini proches des
produits en couronne, tous structurés comme des produits semi-directs. Le premier résul-
tat majeur est une classification à quasi-isométrie près d’une certaine classe de produits en
couronne permutationnels. La stratégie présentée repose sur des travaux récents, pour les
produits en couronne standard, de Genevois et Tessera, mais nous mène à un phénomène
de rigidité plus fort : sous certaines hypothèses, une quasi-isométrie entre deux produits en
couronne permutationnels induit toujours une quasi-isométrie de paires entre les groupes
de base munis des sous-groupes normaux correspondants. On montre aussi que, dans
certains cas spécifiques, être quasi-isométrique est équivalent à être bijectivement quasi-
isométrique.

Un chapitre est également dédié à l’étude de produits en couronne standard mais avec
groupes de lampes à croissance polynomiale. On établit un résultat de rigidité pour les
quasi-isométries entre de tels espaces : elles doivent toutes être « measure-scaling ». En
particulier, les auto-quasi-isométries d’un tel produit en couronne sont toutes à distance
bornée d’une bijection. On montre également que cette classe d’allumeurs de réverbères
fournit, elle aussi, des exemples de groupes moyennables quasi-isométriques mais non bi-
jectivement quasi-isométriques.
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La deuxième partie de cette thèse s’appuie sur des travaux en commun avec Corentin
Correia, dans lesquels on étudie la classe des produits en halo de Genevois et Tessera d’un
point de vue mesuré. On construit des couplages d’équivalence orbitale entre deux produits
en halo de même type, et, en exploitant la technologie des Følner tilings, introduite récem-
ment, on exhibe des couplages entre produits en halo et groupes abéliens libres. On établit
également plusieurs estimations asymptotiques des profils ℓp de tels groupes, améliorant
des résultats antérieurs d’Erschler-Zheng et Saloff-Coste-Zheng. Ces calculs nous permet-
tent de montrer que, dans bien des cas, les couplages d’équivalence orbitale ainsi obtenus
sont quantitativement optimaux.
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Abstract

Title : Analytic, geometric and measured aspects of lamplighter-like groups

Keywords : quasi-isometries, permutationalwreath products, halo products, isoperi-
metric profiles, quantitative orbit equivalence.

Wreath products are intensively studied in group theory. Their definition is, on the one
hand, explicit enough to understand precisely their structure and, on the other hand, elab-
orate enough to reflect unexpected and exotic behaviours that do not occur in more “clas-
sical” classes of groups. In geometric group theory, wreath products often offer counter-
examples to important questions. For instance, they allow us to prove that virtual solvability
is not stable under quasi-isometries, or that two amenable groups can be quasi-isometric
without being bijectively quasi-isometric.

In this thesis, we study finitely generated groups close to wreath products, all defined as
semi-direct products, from various perspectives. The first main result is a quasi-isometric
classification of some permutational wreath products. The strategy we follow relies on
recent work of Genevois and Tessera, but yields a stronger rigidity phenomenon: under
suitable assumptions, a quasi-isometry between two permutational lamplighters always
induces a quasi-isometry of pairs between the base groups equipped with the correspond-
ing normal subgroups. We also show that, in some specific cases, being quasi-isometric is
equivalent to being bijectively quasi-isometric.

A chapter is also dedicated to the study of standard wreath products whose lamp groups
have polynomial growth. We establish a rigidity result for quasi-isometries between such
wreath products: they must all be “measure-scaling”. In particular, self-quasi-isometries of
such wreath products all lie at bounded distance from bijections. We also prove that this
class of lamplighters provides examples of amenable quasi-isometric groups that are not
bijectively quasi-isometric.

The second part of this thesis relies on joint works with Corentin Correia, in which we
study halo products of Genevois and Tessera from a measured point of view. We construct
orbit equivalence couplings between two halo products of the same kind and, using the
recent technology of Følner tilings, we exhibit couplings between halo products and free
abelian groups. We also establish several asymptotic estimates of the ℓp´isoperimetric
profiles of these groups, improving previous results of Erschler-Zheng and Saloff-Coste-
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Zheng. These computations allow us to prove that, in many cases, the orbit equivalence
couplings thus obtained are quantitatively optimal.
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« Ce qui ne me tue pas me rend plus fort »

Friedrich Nietzsche, Crépuscule des idoles ou Comment on philosophe avec un marteau,
1888.
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Résumé long en français

Si pX, dXq et pY, dY q sont deux espaces métriques, une quasi-isométrie entreX et Y est une
application f : X Ñ Y pour laquelle il existe deux constantes C ě 1, K ě 0 telles que

1

C
¨ dXpx, yq ´ K ď dY pfpxq, fpyqq ď C ¨ dXpx, yq ` K

pour tous x, y P X , et dY py, fpXqq ď K pour tout y P Y . Quand une telle application ex-
iste, on dit queX et Y sont quasi-isométriques. Il est souvent difficile de déterminer si deux
espaces métriques sont quasi-isométriques et, lorsque c’est le cas, de décrire explicitement
l’ensemble des quasi-isométries entre ces deux espaces. On se restreint donc souvent à des
espaces ayant une structure supplémentaire.

Une telle classe est celle des groupes de type fini, qui ont naturellement une structure
métrique. Comprendre ces espaces à quasi-isométrie près est motivé en particulier par
un résultat célèbre de Gromov sur les groupes à croissance polynomiale, qui montre que
la structure algébrique d’un groupe de type fini est gouvernée par sa géométrie à grande
échelle :

Théorème 1 ([Gro81]). Soit G un groupe de type fini. Alors G est à croissance polynomiale
si et seulement s’il contient un sous-groupe nilpotent d’indice fini.

La croissance d’un groupe est peut-être l’exemple le plus élémentaire d’un invariant de
quasi-isométrie ; cette fonction compte le nombre d’éléments dans une boule centrée en
1G en fonction du rayon de la boule. Le fait que cette fonction ait un comportement poly-
nomial lorsque le rayon grandit est préservé par les quasi-isométries et, avec le théorème
de Gromov, il suit qu’avoir un sous-groupe nilpotent d’indice fini est aussi un invariant de
quasi-isométrie.

La thèse aborde plusieurs autres invariants de quasi-isométrie, connus sous le nom de
profils isopérimétriques ℓp. Ayant une définition plus élaborée, ces profils sont plus durs à
calculer que les fonctions de croissance, mais renferment aussi plus d’informations sur la
géométrie du groupe. On renvoie à la Section 1.3.3 pour plus de détails.

Dans une autre direction, la littérature est abondante sur les groupes de type fini qui
sont quasi-isométriquement rigides. Un groupe G est quasi-isométriquement rigide si, pour
tout groupe G1 quasi-isométrique à G, G1 est isomorphe à un sous-groupe d’indice fini
de G ou à un quotient de G par un sous-groupe normal fini. Par exemple, les groupes
libres abéliens [Sha04] et non-abéliens sont quasi-isométriquement rigides [Sta68; Dun85],
de même que les groupes de Baumslag-Solitar résolubles [FM98]. La question est ouverte
pour beaucoup d’autres classes, comme les groupes polycycliques, les groupes d’Artin à
angles droits et les groupes d’automorphismes extérieurs de groupes libres.
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Enfin, la littérature montre aussi que, même restreint à une classe particulière, des tech-
niques poussées sont nécessaires pour espérer décrire toutes les quasi-isométries entre deux
groupes de la classe. À titre d’exemple, mentionnons le résultat célèbre de Farb et Mosher
sur la classification à quasi-isométrie près des groupes de Baumslag-Solitar résolubles :

Théorème 2 ([FM98, Théorème 7.1]). Soient n,m ě 2. Alors BSp1, nq et BSp1,mq sont
quasi-isométriques si et seulement si n etm sont puissances d’un même nombre.

Le problème de rigidité quasi-isométrique a été, jusqu’à maintenant, exploré principale-
ment pour deux grandes familles de groupes : ceux qui exhibent des propriétés de courbure
négative, et ceux qui sont moyennables (et souvent plus, par exemple résolubles). Cette
thèse explore une troisième direction : la classe des produits en couronne et toutes leurs
variantes, qu’on présente maintenant.

Les principaux protagonistes de cette thèse. Etant donnés deux groupes de type fini
A et B, leur produit en couronne est le groupe de type fini A ≀B défini comme

A ≀B ¨̈“

˜

à

B

A

¸

¸ B

oùB agit sur la somme directe en permutant les coordonnées selon son action sur lui-même
par translation à gauche. Le groupe A s’appelle classiquement le groupe des « lampes », et
le groupe B est le groupe « de base », à cause d’une description visuelle des éléments d’un
produit en couronne selon des coloriages de graphes et une flèche (ou un petit personnage)
qui se déplace sur ce graphe. En effet, soit par exemple pc, pq P Z{2Z ≀ Z. On imagine
que c P

À

Z Z{2Z est un coloriage des sommets du graphe de Cayley de Z, qui est une
rue infinie, avec seulement deux couleurs possibles : 0 ou 1. On imagine que p P Z est
la position d’un allumeur de réverbères. Un ensemble générateur de Z{2Z ≀ Z peut être
construit en deux parties : une partie correspond aux changements de coloriages, et l’autre
partie correspond aux changements de position de l’allumeur. Il y a alors deux façons de se
déplacer de pc, pq à un voisin dans CaypZ{2Z ≀ Z, Uq :

• soit l’allumeur se déplace dans Z, allant de p à un voisin de p, et le coloriage reste
inchangé;

• soit l’allumeur reste à sa position, mais il modifie la couleur du sommet où il se trouve,
allant à 1 si cette couleur est 0, et à 0 si cette couleur est 1.

L’exemple 1.2.30 contient une description plus générale.
Maintenant, dans le cadre du programme de Gromov, on peut se demander :

Question 3. Soient A1, A2, B1, B2 des groupes de type fini. Quand est-ce que A1 ≀ B1 et
A2 ≀B2 sont quasi-isométriques ?

Classifications à quasi-isométrie près. En 2013, Alex Eskin, David Fisher et Kevin
Whyte ont répondu complètement à cette question pour des allumeurs de réverbères au-
dessus de groupes cycliques.
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Résumé long en français

Théorème 4 ([EFW13, Théorème 1.2]). Soient F1, F2 deux groupes finis non-triviaux. Alors
F1 ≀Z et F2 ≀Z sont quasi-isométriques si et seulement s’il existe des entiers a, r, s ě 1 tels que
|F1| “ ar et |F2| “ as.

En particulier, ce résultat fait apparaître clairement une dépendance entre l’existence
d’une quasi-isométrie entre les groupes concernés et la cardinalité des groupes de lampes
qu’on choisit.

Une deuxième contribution majeure est due à Anthony Genevois et Romain Tessera :

Théorème 5 ([GT24b, Corollaire 1.6]). SoientF1 etF2 deux groupes finis non-triviaux. Soient
H1 et H2 deux groupes de présentation finie. Supposons que H1 est à un bout.

(i) SiH1 n’est pasmoyennable, alorsF1≀H1 etF2≀H2 sont quasi-isométriques si et seulement
si |F1|, |F2| ont les mêmes diviseurs premiers et il existe une quasi-isométrie H1 Ñ H2.

(ii) SiH1 est moyennable, alors F1 ≀H1 et F2 ≀H2 sont quasi-isométriques si et seulement s’il
existe des entiers a, r, s ě 1 tels que |F1| “ ar, |F2| “ as et il existe une quasi- s

r
-to-one

quasi-isométrie H1 Ñ H2.

Deux remarques s’imposent ici : d’abord, ce résultat s’applique lorsque les groupes de
base sont de présentation finie et à un bout, ce qui couvre déjà un grand nombre de cas,
de telles propriétés étant courantes pour des groupes infinis de type fini. Ensuite, il rend
encore plus explicite la dépendance entre la quasi-isométrie qui relie les groupes de base
et les cardinalités des groupes de lampes, en recourant, dans le cas moyennable, à la no-
tion de « quasi-(something)-to-one » quasi-isométrie. Ce raffinement quantitatif des quasi-
isométries a été introduit formellement dans [GT22], et nous occupera largement dans cette
thèse (cf. en particulier la Section 1.5 et le Chapitre 4).

Enfin, mentionnons qu’il existe une version plus générale du Théorème 5, avec des hy-
pothèses plus faibles, établie dans [GT24a]. On revient sur cet énoncé plus large dans le
Chapitre 2. Dans cette introduction, le Théorème 5 est suffisant en guise de motivation.

Le match quasi-isométries vs équivalences biLipschitz. Dans une autre direction,
c’est une question importante de comprendre à quel point les notions de quasi-isométrie et
de quasi-isométrie bijective (qu’on appelle aussi équivalence biLipschitz) sont différentes. Il
suit d’un résultat de KevinWhyte (cf. Théorème 1.5.2) que les deux notions coïncident dans
le monde non-moyennable, et pour le monde moyennable, la question était restée ouverte
jusqu’en 2010 et un premier contre-exemple dû à Tullia Dymarz :

Théorème 6 ([Dym10, Théorème 1]). Soit F un groupe fini non-trivial, et soit k ě 2 un
entier. Alors F ≀ Z et F k ≀ Z ne sont pas biLipschitz équivalents si k n’est pas un produit de
nombres premiers apparaissant dans la décomposition de |F |.

Le Théorème 5 fournit aussi les premiers exemples de groupesmoyennables ayant toutes
leurs auto-quasi-isométries à distance bornée d’une bijection :

Corollaire 7 ([GT24b, Corollaire 1.16]). SoitF un groupe fini non-trivial, et soitK un groupe
moyennable de présentation finie à un bout. Alors toute quasi-isométrie F ≀K ÝÑ F ≀K est
à distance bornée d’une bijection.
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Produits en halo. Dans un article plus récent [GT24a], Genevois et Tessera ont poussé
leurs méthodes encore plus loin et les ont généralisées au cadre des produits en halo :

Définition 8 (cf. Définition 5.1.5). Soit H un groupe. Un produit en halo L au-dessus de H
est la donnée, pour tout S Ă H , d’un groupe LpSq tel que :

• pour tous R,S Ă H , si R Ă S alors LpRq ď LpSq;

• LpHq “ t1u et LpHq “ xLpSq : S Ă H finiy;

• pour tous R,S Ă H , LpR X Sq “ LpRq X LpSq.

Etant donné une action α : H ñ LpHq, le produit en halo LH au-dessus deH est alors
le produit semi-direct

LH ¨̈“ LpHq ¸α H.

Par exemple, si F est un groupe fini non-trivial, la famille LpSq “
À

S F , S Ă H donne
le produit en halo LH “ F ≀ H , et si on choisit plutôt LpSq “ FSympSq le groupe des
permutations à support fini S Ñ S, le produit en halo LH est habituellement appelé
le lampshuffler au-dessus de H :

ShufflerpHq ¨̈“ FSympHq ¸ H.

où FSympHq désigne le groupe des permutations à support fini H Ñ H . On fournit une
liste plus détaillée de constructions similaires dans la Section 5.3.1.

La motivation de [GT24a] pour introduire un tel formalisme vient du fait que, en réalité,
le phénomène de rigidité pour les quasi-isométries entre produits en couronne observé
dans [GT24b] (cf. Théorème 5) est rendu possible par la structure de produit semi-direct, et
le fait que le groupe de base satisfait certaines hypothèses de non-séparation par certains
sous-espaces. On explique cette observation et les techniques mises en place plus en détail
dans le Chapitre 2.

Fonction de Følner et profil isopérimétrique. Il n’est pas difficile de voir qu’un pro-
duit en couronne A ≀ B est à croissance exponentielle dès que B est infini et que A est
non-trivial. Pour pouvoir les distinguer à quasi-isométrie près, il faut considérer d’autres
invariants. L’un d’entre eux, qui se révèle très utile en pratique, est la fonction de Følner :

Définition 9. SoitG un groupe de type fini avec SG un ensemble générateur fini. La fonction
de Følner de G par rapport à SG est l’application

FølG : N ÝÑ R`

n ÞÝÑ inf

"

|A| :
|BGA|

|A|
ď

1

n

*

où la frontière d’un ensemble fini A Ă G est définie par

BGA ¨̈“ ty P GzA : Ds P SG, Da P A, y “ asu.
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Résumé long en français

La fonction de Følner d’un groupe G doit être vue comme un moyen de « mesurer »
sa moyennabilité : plus cette fonction tend vers l’infini rapidement, moins le groupe est
moyennable.

De façon équivalente, on peut aussi travailler avec son inverse généralisé, appelé le profil
isopérimétrique de G, qui est la fonction j1,G : N Ñ R` définie par

j1,Gpnq ¨̈“ sup

"

|A|

|BGA|
: |A| ď n

*

.

Une formule d’Erschler est particulièrement pratique pour calculer les fonctions de Føl-
ner des produits en couronne :

Théorème 10 ([Ers03, Théorème 1]). Soient G et H des groupes moyennables de type fini.
On suppose que la fonction de Følner de H vérifie :

@C ą 0, DK ą 0, C ¨ FølHpnq ď FølHpKnq pour tout n assez grand.

Alors on a
FølG≀Hpnq » FølGpnq

FølHpnq.

On discute l’hypothèse dans cet énoncé plus en détail dans la Section 5.5.1, puisqu’on y
fait aussi largement appel pour calculer les fonctions de Følner des lampshufflers et autres
produits en halo.

Équivalence orbitale quantitative... En plus d’être un invariant de quasi-isométrie, le
profil isopérimétrique est aussi étroitement relié à une méthode de comparaison mesurée
des groupes de type fini.

Si Γ et Λ sont deux groupes de type fini, un couplage d’équivalence orbitale entre eux
est la donnée d’un espace de probabilité standard pX,µq et de deux actions libres et p.m.p.
Γ,Λ ñ pX,µq ayant les mêmes orbites :

Λ ¨ x “ Γ ¨ x

pour µ´presque tout x P X .
Un résultat célèbre d’Ornstein et Weiss affirme en fait qu’un tel couplage existe toujours

entre deux groupes moyennables infinis.

Théorème 11 ([OW80]). Deux groupes infinis moyennables sont orbitalement équivalents.

L’équivalence orbitale est dès lors trop faible pour distinguer deux groupesmoyennables,
et n’encode aucune information géométrique. Il est cependant possible de renforcer la déf-
inition en imposant des contraintes quantitatives sur les cocycles.

En effet, un tel couplage d’équivalence orbitale vient avec deux applications cΓ,Λ : Γ ˆ

X Ñ Λ, cΛ,Γ : Λ ˆ X Ñ Γ, définies de façon unique par les identités

γ ¨ x “ cΓ,Λpγ, xq ¨ x, λ ¨ x “ cΛ,Γpλ, xq ¨ x

pour tous γ P Γ, λ P Λ et µ´presque tout x P X . Ces applications sont appelées des
cocycles associés au couplage, puisque cΓ,Λ satisfait l’identité

cΓ,Λpγγ1, xq “ cΓ,Λpγ, γ1
¨ xqcΓ,Λpγ1, xq, γ, γ1

P Γ, x P X
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et une identité similaire est vérifiée par cΛ,Γ. Pour p ě 0, on dit alors que cΓ,Λ estLp´intégrable
si

ż

X

|cΓ,Λpγ, xq|
p
SΛ

dµpxq ă `8

pour tout γ P SΓ, et on dit qu’il est L8 si pour tout γ P Γ, l’application |cΓ,Λpγ, ¨q|SΛ
: X Ñ

N est essentiellement bornée. On peut en fait définir la φ´intégrabilité d’un cocycle pour
des fonctions φ plus générales, cf. Définition 1.4.3.

En plus, on a des résultats de rigidité, qui nous disent que l’existence d’un couplage
d’équivalence orbitale entre deux groupes de type fini avec une certaine quantification im-
pose une borne supérieure sur cette quantification. Cette borne peut souvent être exprimée
en termes des profils isopérimétriques des groupes couplés :

Théorème 12 ([DKLMT22, Théorème 1.1]). SoientG etH deux groupesmoyennables de type
fini. Soit φ : R` Ñ R`. Supposons qu’il existe un couplage pφ,L0q-intégrable d’équivalence
orbitale de G vers H .

(i) Si φ et t ÞÝÑ t
φptq

sont croissantes, alors φ ˝ j1,Hpnq ď j1,Gpnq.

(ii) Si φpxq “ xp pour un p ě 1, alors jp,Hpnq ď jp,Gpnq.

...entre produits en couronne. Il est établi dans [DKLMT22] que la construction du
produit en couronne est compatible avec l’équivalence orbitale quantitative, dans le sens
suivant :

Théorème 13 ([DKLMT22, Corollaire 7.3]). Soit Λ un groupe fini. Soient H et K deux
groupes de type fini et φ, ψ : R` Ñ R` deux applications croissantes. Supposons qu’il existe
un couplage pφ, ψq´intégrable d’équivalence orbitale deH versK . Alors il existe un couplage
pφ, ψq´intégrable d’équivalence orbitale de Λ ≀H vers Λ ≀K .

Le fait de connaître le profil isopérimétrique des produits en couronne (Théorème 10)
permet alors de déduire la caractérisation suivante :

Corollaire 14. Soient k, ℓ ě 1 des entiers. Soit p ě 0. Soit F un groupe fini. Alors il existe
un couplage pLp,L0q´intégrable d’équivalence orbitale de F ≀Zk`ℓ vers F ≀Zk si et seulement
si p ă k

k`ℓ
.

Ce résultat fournit une borne supérieure sur la Lp´intégrabilité d’un cocycle du plus
gros groupe Zk`ℓ vers le plus petit Zk. Comme les cocycles mesurent la distorsion requise
pour passer d’un graphe de Cayley d’un groupe à l’autre, ce dernier énoncé peut être vu
comme une comparaison précise des géométries des deux groupes.

Nouveaux résultats présentés dans cette thèse

Présentons maintenant les contributions de cette thèse.
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Résumé long en français

Rigidité quasi-isométrique des allumeurs de réverbères permutationnels. Dans le
Chapitre 3, on établit une classification quasi-isométrique de certains produits en couronne
permutationnels, ayant groupes de lampes finis. L’énoncé est le suivant.

Théorème 15 (cf. Théorème III.A). Soient E, F des groupes finis non-triviaux. Soient G et
H des groupes de présentation finie, avec des sous-groupes normaux infinis de type finiM◁G,
N◁H . Supposons queM a indice infini dansG, etG (resp. H) n’est pas grossièrement séparé
par une collection de sous-espaces qui se plonge uniformément quasi-isométriquement dansM
(resp. N ). Les assertions suivantes sont vraies.

• SiM n’est pas co-moyennable dansG, alorsE≀G{MG etF ≀H{NH sont quasi-isométriques
si et seulement si |E| et |F | ont les mêmes diviseurs premiers et il existe une quasi-
isométrie de paires pG,Mq ÝÑ pH,Nq.

• SiM est co-moyennable dans G, alors E ≀G{M G et F ≀H{N H sont quasi-isométriques
si et seulement si |E| “ nr, |F | “ ns pour certains n, r, s ě 1 et il existe une quasi-
isométrie de paires pG,Mq ÝÑ pH,Nq induisant une quasi- s

r
-to-one quasi-isométrie

G{M Ñ H{N .

Comme dans le Théorème 5, les cas non-moyennable et moyennable doivent être distin-
gués, le second étant plus rigide que le premier.

Comme application, on obtient par exemple :

Corollaire 16 (cf. Corollaire III.B). Soient E, F des groupes finis non-triviaux, et soient
m,m1, n, n1 quatre entiers tels que m ě n ě 2, m1 ě n1 ě 2. Alors E ≀Zn Zm et F ≀Zn1 Zm1

sont quasi-isométriques si et seulement si m “ m1, n “ n1 et |E|, |F | sont puissances d’un
même nombre.

Plus de scaling groups. Comme expliqué dans la Section 2.4, la description générale des
quasi-isométries entre deux produits en couronne permet de déduire qu’elles sont toutes «
scaling », et de calculer précisément le « scaling group » d’allumeurs de réverbères.

Il s’avère qu’une telle description est aussi accessible pour certains allumeurs de réver-
bères ayant des lampes infinies, comme montré dans [BGT24]. On utilise ce fait dans le
Chapitre 4 pour établir la propriété de rigidité suivante :

Théorème 17 (cf. Théorème IV.B). Soient N et M des groupes de type fini à croissance
polynomiale, avec degrés de croissance n et m respectivement. Soient G et H deux groupes
moyennables de présentation finie dans Mexp. Alors toute quasi-isométrie N ≀ G ÝÑ M ≀H
est quasi-m

n
-to-one.

On renvoie à la Section 4.1 pour des détails sur ces hypothèses et la définition de la classe
Mexp. Pour l’instant, il suffit de remarquer que le « scaling factor » d’une quasi-isométrie
entre deux produits en couronne avec lampes à croissance polynomiale peut être calculé en
fonction des degrés de croissance impliqués. Cette observation, combinée au Théorème 5,
permet de déduire une contrainte arithmétique qui permet de distinguer certains produits
en couronne itérés à quasi-isométrie près :
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Proposition 18 (cf. Proposition IV.G). Soient n,m ě 2 deux entiers. Soient N1 et N2 deux
groupes de type fini à croissance polynomiale, avec degrés de croissancen1 etn2 respectivement.
Soient G etH deux groupes moyennables de présentation finie dansMexp. Si Zn ≀ pN1 ≀Gq et
Zm ≀ pN2 ≀Hq sont quasi-isométriques, alors il existe a, r, s ě 1 tels que n “ ar,m “ as, et

s

r
“
n2

n1

.

Par exemple, ce résultat permet de déduire qu’il n’existe pas de quasi-isométrie

Z2 ≀ pZ2 ≀ SOLpZqq ÝÑ Z4 ≀ pZ3 ≀ SOLpZqq.

De plus, on obtient une classification complète quandN1 etN2 sont virtuellement abéliens,
cf. Corollaire IV.H.

On présente maintenant, dans le reste de cette introduction, deux travaux en commun
avec Corentin Correia [CD25; CD26], dans lesquels onmontre que la structure de produit en
halo est aussi particulièrement adaptée pour calculer le profil isopérimétrique et construire
des couplages d’équivalence orbitale.

Profils isopérimétriques des lampshufflers. Le Chapitre 5 contient des résultats pour
beaucoup d’exemples de produits en halo, mais on se restreint ici au cas des lampshufflers,
pour simplifier la présentation.

Pour de tels groupes, Erschler et Zheng ont prouvé une borne inférieure sur leur fonction
de Følner :

Théorème 19 ([EZ21, Corollaire 1.4]). Soit H un groupe moyennable de type fini. Alors on
a

FølShufflerpHqpxq ě βHpxq
βHpxq

où βH est la fonction de croissance de H . De plus, cette borne est optimale lorsque H est à
croissance polynomiale.

En particulier, quand H est à croissance exponentielle, on obtient la borne supérieure

j1,ShufflerpHqpxq ď lnplnpxqq

sur le profil de ShufflerpHq. Cette borne ne peut pas être optimale dans beaucoup de cas,
puisqu’elle ne dépend que du fait que le groupe de base est à croissance exponentielle. Par
exemple, F ≀ Z et F ≀ pF ≀ Zq sont tous deux à croissance exponentielle, mais on s’attend à
ce que le profil de ShufflerpF ≀ pF ≀ Zqq soit plus lent que celui de ShufflerpF ≀ Zq.

Un des principaux résultats de [CD25] fournit un encadrement plus fin du profil de
ShufflerpHq, en fonction du profil de H :

Théorème 20 (cf. Théorème V.A). Soit p ě 1. Soit H un groupe moyennable de type fini
dont le profil jp,H satisfait l’hypothèse p‹q. Alors, le profil jp,ShufflerpHq de ShufflerpHq satisfait

jp,H

ˆ

lnpxq

lnplnpxqq

˙

ď jp,ShufflerpHqpxq ď j1,Hplnpxqq.
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Dans cet énoncé, l’hypothèse p‹q est celle apparaissant dans le Théorème 10, et en effet,
la stratégie de preuve consiste à trouver, dans un lampshuffler, de bonnes copies de pro-
duits en couronne et à appliquer le théorème de monotonie du profil ℓp, combiné avec le
Théorème 10.

Du Théorème 20, il est aussi possible de dériver des estimations pour le profil ℓp des
lampshufflers itérés, définis inductivement par Shuffler˝0

pHq ¨̈“ H et

Shuffler˝n
pHq ¨̈“ ShufflerpShuffler˝n´1

pHqq

lorsque n ě 1. Par exemple, pour des groupes de base à croissance polynomiale, on a :

Proposition 21 (cf. Proposition V.C). SoitH un groupe de type fini à croissance polynomiale
de degré d ě 1. Alors on a

jp,Shuffler˝npHqpxq »

ˆ

ln˝n
pxq

ln˝pn`1q
pxq

˙
1
d

pour tout entier n ě 1 et tout nombre réel p ě 1.

Ces estimées ont aussi des conséquences sur le programme de classification commencé
dans [GT24a], et on peut aussi prouver que, dans certains cas, être quasi-isométrique revient
à être bijectivement quasi-isométrique. Par exemple :

Corollaire 22 (cf. Théorème V.I). Soient d, k ě 1 et n,m ě 0 des entiers. Alors les lamp-
shufflers itérés Shuffler˝n

pZdq et Shuffler˝m
pZkq sont quasi-isométriques si et seulement s’ils

sont biLipschitz équivalents, ce qui arrive si et seulement si n “ m et d “ k.

Équivalence orbitale quantitative pour les lampshufflers. Lorsque deux groupes ne
sont pas quasi-isométriques, l’équivalence orbitale quantitative est appropriée pour com-
parer un peu plus précisément leurs géométries. Pour les allumeurs de réverbères, l’exis-
tence de couplages d’équivalence orbitale quantitativement optimaux a été établie dans [DKLMT22]
et [Cor25]. Dans [CD26], on entreprend une étude similaire pour d’autres produits en halo.

Par exemple, pour les lampshufflers, on établit que :

Théorème 23 (cf. Théorème VI.A). Si deux groupes H et K sont orbitalement équivalents,
alors ShufflerpHq et ShufflerpKq sont orbitalement équivalents. De plus, siH etK sont de type
fini, si φ, ψ : R` Ñ R` sont croissantes, et s’il existe un couplage pφ, ψq´intégrable d’équiv-
alence orbitale de H vers K , alors il existe un tel couplage de ShufflerpHq vers ShufflerpKq.

Cet énoncé doit être mis en relation avec le Théorème 13, et en fait on extrait de la preuve
de ce résultat une méthode générale qui peut, en pratique, être appliquée pour tout produit
en halo satisfaisant des hypothèses peu contraignantes. On renvoie à la Section 6.2.1 pour
plus de détails.

Couplé avec nos calculs de profils isopérimétriques de lampshufflers itérés (cf. Propo-
sition 21), on peut déduire des couplages quantitativement optimaux entre lampshufflers
itérés au-dessus de groupes abéliens libres :

Corollaire 24 (cf. Théorème VI.D). Soient k, d ě 1 des entiers tels que k ą d. Soit n ě 0 un
entier. Alors Shuffler˝n

pZkq et Shuffler˝n
pZdq sont Lp orbitalement équivalents si et seulement

si p ă d
k
.
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Structure de la thèse

Le Chapitre 1 contient le matériel et les prérequis nécessaires de géométrie des groupes
pour la lecture des chapitres suivants. Le lecteur familier avec le domaine peut sans autre
s’en exonérer et aborder le Chapitre 2, dont le but est de présenter, dans les grandes lignes,
le contenu de [GT24a] et [GT24b], puisque la première partie de la thèse repose grandement
sur le contenu de ces papiers. Le Chapitre 3 présente l’article [Dum24] et établit en partic-
ulier le Théorème 15. Le Chapitre 4 présente les contributions de [Dum25] concernant les
allumeurs de réverbères à lampes infinies (notamment le Théorème 17 et la Proposition 18).
On étudie les profils isopérimétriques de produits en halo dans le Chapitre 5, qui contient
aussi nos applications au problème d’existence de quasi-isométries et plongements réguliers
entre tels produits en halo (par exemple le Corollaire 22). Nos résultats sur l’équivalence
orbitale quantitative sont présentés dans le Chapitre 6 et reposent sur le contenu de [CD26].
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If pX, dXq and pY, dY q are two metric spaces, a quasi-isometry between X and Y is a map
f : X Ñ Y for which there are two constants C ě 1, K ě 0 such that

1

C
¨ dXpx, yq ´ K ď dY pfpxq, fpyqq ď C ¨ dXpx, yq ` K

for all x, y P X , and dY py, fpXqq ď K for any y P Y . When such a map exists, we say
thatX and Y are quasi-isometric. It is in general a hard problem to determine whether two
given metric spaces X and Y are quasi-isometric and, when they are, it is an even harder
problem to reach a complete description of all quasi-isometries that exist between X and
Y . To address such questions, we therefore look at classes of metric spaces carrying an
additional structure.

One such class is that of finitely generated groups, which are naturally endowed with
their word metrics. In his seminal work in the 1980s, Gromov started the ambitious pro-
gram of trying to classify finitely generated groups up to quasi-isometry. This program
is motivated by his celebrated result on groups of polynomial growth, which is the most
striking illustration of the fact that the large-scale geometry of a group, defined only from
a chosen word metric, is in fact intimately related to its algebraic structure:

Theorem 25 ([Gro81]). Let G be a finitely generated group. Then G has polynomial growth
if and only if it contains a finite-index nilpotent subgroup.

More generally, to prove that two groups are not quasi-isometric, it is often fruitful
to seek quasi-isometry invariants, namely a property P which is invariant under quasi-
isometry (i.e. if G has P and if there is a quasi-isometry G Ñ H , then H has P). Then,
if one of our groups has P but the other does not, then we can rule out the existence of a
quasi-isometry between them.

The growth of a group is, perhaps, the most elementary example of a quasi-isometry
invariant; it counts the number of elements in a ball of a given radius centered at 1G when
G is endowed with a word-metric; see Section 1.3.1 for details. Since having polynomial
growth is a quasi-isometry invariant, it follows from Gromov’s result that being virtually
nilpotent is a geometric property.

The thesis explores in detail another family of invariants, usually finer than the volume
growth, and referred to as the ℓp´isoperimetric profiles. Such profiles have amore elaborate
definition and therefore are harder to compute than the volume growth, but, in return, they
also encodemore information about the large-scale geometry of the group. See Section 1.3.3
for details.

Another direction of research is to find groups that are quasi-isometrically rigid. A
group G is quasi-isometrically rigid if, for any group G1 quasi-isometric to G, G1 is ei-
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ther isomorphic to a finite-index subgroup of G or to a quotient of G by a finite nor-
mal subgroup. For instance, free abelian [Sha04] and free non-abelian groups are quasi-
isometrically rigid [Sta68; Dun85], as well as mapping class groups [Beh+12] or solvable
Baumslag-Solitar groups [FM98]. There are also a wide range of classes of groups that are
conjectured to be quasi-isometrically rigid, such as polycyclic groups, right-angled Artin
groups and outer automorphism groups of free groups.

Going even further, one may also try to describe all groups that are quasi-isometric to a
given metric space. In this direction, Pekka Tukia proved the following:

Theorem 26 ([Tuk86; Tuk94]). Let n ě 2. If G is a finitely generated group quasi-isometric
to Hn`1, then G acts geometrically on Hn`1. In particular, G is virtually isomorphic to a
uniform lattice in IsompHn`1q.

Tukia’s work also led to impressive quasi-isometric rigidity results for certain solvable
Lie groups; see [DFX23; DFX25].

Lastly, the literature also shows that, even in a specific class, tracking quasi-isometries
that relate two groups is hard, and requires involved techniques. A good illustrative in-
stance is the work of Farb and Mosher on solvable Baumslag-Solitar groups, who managed
to prove the following classification criterion:

Theorem 27 ([FM98, Theorem 7.1]). Let n,m ě 2. Then BSp1, nq and BSp1,mq are quasi-
isometric if and only if n andm are powers of a common integer.

This result in particular shows that the large-scale geometries of Baumslag-Solitar groups
heavily depend on the parameters that define them.

So far, it appears that quasi-isometric rigidity problems have been investigated in the
literature for twomain classes of groups: those that exhibit non-positive curvature features,
and those that are amenable (and often even more, for instance solvable). One goal of this
thesis is to explore such problems in a third direction: the class of wreath products and all
their related variants, that we present now.

Our fellow partners for the thesis. Given two finitely generated groups A and B,
their wreath product is the finitely generated group defined by

A ≀B ¨̈“

˜

à

B

A

¸

¸ B

where B acts on the direct sum by permutation of the coordinates. We usually call A
the lamp group, and B the base group, mostly because of a nice and visual description of
elements of a wreath product in terms of colourings of graphs and arrows moving along this
graph.

Indeed, consider a group element pc, pq P Z{2Z≀Z. Think of c P
À

Z Z{2Z as a colouring
of the vertices of the canonical Cayley graph of Z, which looks like an infinite street, with
only two possible colours: 0 or 1. Think of p P Z as being the position of a lamplighter.
As explained below, a natural generating set U of Z{2Z ≀ Z can be made of two parts,
one part corresponding to changing the colourings, and the other part corresponding to
changing the lamplighter position. Then, there are two possible moves to go from pc, pq to
a neighbouring vertex in CaypZ{2Z ≀ Z, Uq:
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• either we only move the arrow to a neighbouring vertex in Z, and the colouring stays
the same;

• or the arrow stays on the vertex where it stands, but changes the colour of this vertex,
that goes to 1 if it was 0, and to 0 if it was 1.

See Example 1.2.30 for a more general explanation. This description led some authors
to use the word lamplighter to refer to a wreath product having a finite lamp group. We
follow this convention throughout the entire text.

In the light of Gromov’s program, one may ask:

Question 28. LetA1,A2,B1,B2 be finitely generated groups. When areA1 ≀B1 andA2 ≀B2

quasi-isometric?

A first piece of answer was provided by Anna Erschler in 2000, when she proved that the
wreath product construction is compatible with bijective quasi-isometries (i.e. biLipschitz
equivalences).

Theorem 29 ([Dyu00]). Let A, B and C be finitely generated groups. If A and B are biLip-
schitz equivalent, then A ≀ C and B ≀ C are biLipschitz equivalent.

Using this stability result, Erschler managed to prove that virtual solvability and vir-
tual torsion-freeness are not quasi-isometry invariants, a question that was left open since
Gromov’s result on polynomial growth groups; see [Dyu00, Proposition 1]. Let us notice
here that it is still an open question whether virtual solvability is a quasi-isometry invariant
among finitely presented groups.

Quasi-isometric classifications. In 2013, Alex Eskin, David Fisher and Kevin Whyte
managed to provide a complete answer to Question 28 for lamplighters over cyclic groups
(that are amenable groups).

Theorem 30 ([EFW13, Theorem 1.2]). Let F1, F2 be non-trivial finite groups. Then F1 ≀ Z
and F2 ≀Z are quasi-isometric if and only if there exist integers a, r, s ě 1 such that |F1| “ ar

and |F2| “ as.

In particular, this result is the first one to exhibit a dependency between the presence
of a quasi-isometry between two lamplighters and the cardinalities of the involved lamp
groups.

A second major contribution to Question 28 was recently made by Anthony Genevois
and Romain Tessera:

Theorem 31 ([GT24b, Corollary 1.6]). Let F1 and F2 be non-trivial finite groups. Let H1

and H2 be finitely presented groups. Suppose that H1 is one-ended.

(i) If H1 is not amenable, then F1 ≀H1 and F2 ≀H2 are quasi-isometric if and only if |F1|,
|F2| have the same prime divisors and there exists a quasi-isometry H1 Ñ H2.

(ii) IfH1 is amenable, then F1 ≀H1 and F2 ≀H2 are quasi-isometric if and only if there exist
integers a, r, s ě 1 such that |F1| “ ar, |F2| “ as and there exists a quasi- s

r
-to-one

quasi-isometry H1 Ñ H2.
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We notice two important points here: firstly, this result applies to base groups that are
finitely presented and one-ended, which already covers a large number of new cases, such
properties being encountered in many classes of infinite finitely generated groups. Sec-
ondly, it makes even more explicit the dependency between the quasi-isometry between
the base groups and the cardinalities of the lamp groups, appealing, for the amenable case,
to the notion of scaling quasi-isometries (which is trivial if groups are not amenable). The
authors of [GT24b] have formally introduced the concept in an earlier work [GT22], that
we explain in detail in Section 1.5.

There exists in fact a more general version of Theorem 31, with weaker assumptions,
proved in the more recent paper [GT24a]. We state and explain this result in details in
Chapter 2, but for the purpose of this introduction, Theorem 31 will be sufficient.

Quasi-isometries vs biLipschitz equivalences. An important direction of research that
emerged is the understanding of the difference between being quasi-isometric and being
biLipschitz equivalent. Following Gromov’s work, it was indeed an open question to know
whether there are amenable quasi-isometric groups that are not biLipschitz equivalent. This
problem has been solved by Tullia Dymarz in 2010, using lamplighters over Z:

Theorem 32 ([Dym10, Theorem 1]). Let F be a non-trivial finite group, and let k ě 2 be an
integer. Then F ≀Z and F k ≀Z are not biLipschitz equivalent if k is not a product of the prime
numbers appearing in the decomposition of |F |.

Between non-amenable groups, it is known since 1999 and a famous result of Kevin
Whyte that any quasi-isometry can be turned into a biLipschitz equivalence, up to a fi-
nite distance change; see Theorem 1.5.2 and the references therein. In particular, a non-
amenable group has all its self-quasi-isometries lying at bounded distance from bijections.

On the other hand, as a nice consequence, one can deduce from Theorem 31 the first
examples of amenable groups having all their self-quasi-isometries at bounded distance
from bijections.

Corollary 33 ([GT24b, Corollary 1.16]). Let F be a non-trivial finite group, and letK be an
amenable one-ended finitely presented group. Then any quasi-isometry F ≀K ÝÑ F ≀K is at
bounded distance from a bijection.

This result is in fact a straightforward consequence of a result appearing implicitly in
Theorem 31: any quasi-isometry between two lamplighters (with our running assumptions)
must actually be scaling. In particular, the scaling group of F ≀K must be reduced to t1u.

Halo products. In a subsequent article [GT24a], Genevois and Tessera have pushed their
techniques even further, generalizing them to a more general framework, that of halo prod-
ucts:

Definition 34 (see Definition 5.1.5). Let H be a group. A halo of groups L over H is the
data, for any subset S Ă H , of a group LpSq such that:

• for all R,S Ă H , if R Ă S then LpRq ď LpSq;

• LpHq “ t1u and LpHq “ xLpSq : S Ă H finitey;
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• for all R,S Ă H , LpR X Sq “ LpRq X LpSq.

Given an action α : H ñ LpHq, we then define the halo product LH over H as the
semi-direct product

LH ¨̈“ LpHq ¸α H.

For instance, if F is a non-trivial group, choosing LpSq “
À

S F for all S Ă H yields
LH “ F ≀H , while choosing LpSq “ FSympSq the group of finitely supported permuta-
tions S Ñ S allows to define the lampshuffler over H :

ShufflerpHq ¨̈“ FSympHq ¸ H

where FSympHq stands for the group of finitely supported permutations H Ñ H . Many
other constructions are possible; we refer to Section 5.3 for a richer list.

The initial motivation to introduce such a formalism is to notice that the semi-direct
product structure is in fact the key ingredient for proving Theorem 31, as left cosets of
the base groups of lamplighters must be quasi-preserved by quasi-isometries. A similar
approach therefore yields many other classification results for lampshufflers, lampcloners
or lampdesigners. As an illustration:

Theorem 35 ([GT24a, Corollary 8.9]). LetH andK be finitely presented one-ended groups.
Then ShufflerpHq and ShufflerpKq are quasi-isometric if and only ifH andK are biLipschitz
equivalent.

We refer to Chapter 2 for a detailed explanation of the techniques and the results exposed
in [GT24a].

Følner functions and isoperimetric profiles. Let us now turn to a more analytic study
of the large-scale geometry of wreath products. Such groups have exponential growth as
soon as the base group is infinite. We therefore need more subtle geometric invariants
to distinguish wreath products from one another. One such invariant, that carries more
information than the volume growth, is the Følner function:

Definition 36. LetG be a finitely generated group with SG a finite generating set. The Føl-
ner function of G with respect to SG is the map

FølG : N ÝÑ R`

n ÞÝÑ inf

"

|A| :
|BGA|

|A|
ď

1

n

*

where the boundary of a finite subset A Ă G is given by

BGA ¨̈“ ty P GzA : Ds P SG, Da P A, y “ asu.

Intuitively, the Følner function of a group indicates how amenable it is; the faster it tends
to infinity, the less the group is amenable.

Rather than the Følner function, it is also possible to work with its generalized inverse,
called the isoperimetric profile, which is the function j1,G : N Ñ R` defined by

j1,Gpnq ¨̈“ sup

"

|A|

|BGA|
: |A| ď n

*

.
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We refer to Section 1.3.3 for further details on the isoperimetric profile and its more general
ℓp´version. At this point, it will be enough for us to stick to the following result, that
gives a precise formula to compute Følner functions of wreath products in terms of Følner
functions of the factors.

Theorem 37 ([Ers03, Theorem 1]). Let G and H be finitely generated amenable groups.
Suppose that the Følner function of H satisfies:

@C ą 0, DK ą 0, C ¨ FølHpnq ď FølHpKnq for all n large enough.

Then one has
FølG≀Hpnq » FølGpnq

FølHpnq.

We discuss further the assumption of Theorem 37 in Section 5.5.1. Let us simply mention
that, in practice, it holds for any finitely generated amenable group for which we know the
Følner function.

Quantitative orbit equivalence... In addition to being a rather thin quasi-isometry in-
variant, isoperimetric profiles are in fact tightly connected to ameasured way of comparing
the large-scale geometries of finitely generated groups.

Given finitely generated groups Γ and Λ, an orbit equivalence coupling between them is
the data of a standard probability space pX,µq and two free p.m.p. actions Γ,Λ ñ pX,µq

sharing the same orbits:
Λ ¨ x “ Γ ¨ x

for µ´almost every x P X .
A famous result of Ornstein-Weiss says that, in fact, such couplings always exist for

amenable groups.

Theorem 38 ([OW80]). Any two infinite amenable groups are orbit equivalent.

Thus, this form of orbit equivalence is too weak to distinguish amenable groups from
a geometric point of view. It is therefore necessary to strengthen the definition of orbit
equivalence, by imposing constraints on maps that derive from the coupling.

Indeed, an orbit equivalence coupling naturally gives rise to two maps cΓ,Λ : ΓˆX Ñ Λ,
cΛ,Γ : Λ ˆ X Ñ Γ, uniquely defined by the equations

γ ¨ x “ cΓ,Λpγ, xq ¨ x, λ ¨ x “ cΛ,Γpλ, xq ¨ x

for all γ P Γ, λ P Λ and µ´almost every x P X . These maps are called the cocycles
associated to the coupling, because they satisfy the identity

cΓ,Λpγγ1, xq “ cΓ,Λpγ, γ1
¨ xqcΓ,Λpγ1, xq, γ P Γ, λ P Λ, x P X

and similarly for cΛ,Γ.
As it turns out, these maps contain valuable information about geometries of Γ and Λ.

Indeed, orbits of a free action of Γ (resp. Λ) on a probability space look like a Cayley graph
of Γ (resp. Λq with respect to a fixed generating set SΓ (resp. SΛ). In every orbit, we put an
edge between x and γ ¨x (resp. x and λ ¨x) if γ P SΓ YS´1

Γ (resp. λ P SΛ YS´1
Λ ). Set-wisely,
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Γ ¨ x equals Λ ¨ x, and the cocycles encode the distortion needed to transform the edges of
one orbit into those of the other. This distortion is measured by computing |cΓ,Λpγ, xq|SΛ

and |cΛ,Γpλ, xq|SΓ
, for generators γ P SΓ, λ P SΛ. The bigger these values are, the bigger

is the distortion from one orbit to the other. This leads us to define Lp´integrability of
cocycles: for p ě 0, we say that cΓ,Λ is Lp if

ż

X

|cΓ,Λpγ, xq|
p
SΛ

dµpxq ă `8

for every γ P SΓ, and we say it is L8 if for any γ P Γ, the map |cΓ,Λpγ, ¨q|SΛ
: X Ñ N

is essentially bounded. We make similar definitions for cΛ,Γ. Then, for p, q ě 0, an
pLp,Lqq´coupling from Γ to Λ is therefore a coupling pX,µq for which cΓ,Λ is Lp and
cΛ,Γ is Lq. It is possible to consider similar integrability conditions for more general func-
tions, which lead to the notion of pφ, ψq´integrable orbit equivalence couplings; see Defi-
nition 1.4.3.

In addition to existence results, we need rigidity statements, i.e. statements saying that
the existence of a quantified orbit equivalence coupling between two finitely generated
groups ensures an upper bound on the possible quantifications. This is actually the main
observation of [DKLMT22], namely the quantified version of orbit equivalence is suitable
for detecting geometric differences between amenable groups. Themost important obstruc-
tion implies ℓp´isoperimetric profiles.

Theorem 39 ([DKLMT22, Theorem 1.1]). Let G and H be finitely generated amenable
groups. Let φ : R` Ñ R`. Assume that there is a pφ,L0q-integrable orbit equivalence coupling
from G to H .

(i) If φ and t ÞÝÑ t
φptq

are increasing, then φ ˝ j1,Hpnq ď j1,Gpnq.

(ii) If φpxq “ xp for some p ě 1, then jp,Hpnq ď jp,Gpnq.

We refer to [DKLMT22, Theorem 3.1] for another obstruction implying rather the vol-
ume growth.

Remark 40. Orbit equivalence is in fact a particular instance of measured equivalence,
introduced by Gromov as a measured analog of the notion of quasi-isometry. There are
important connections between the two points of view: for instance, two amenable groups
are biLipschitz equivalent if and only if they are L8 orbit equivalent [Sha04], and they are
quasi-isometric if and only if there exists a mutually cobounded L8 measure equivalence
between them. This thesis however only presents and deals with orbit equivalence.

...between wreath products. It is proved in [DKLMT22] that the wreath product con-
struction is also compatible with quantitative orbit equivalence, in the following sense:

Theorem 41 ([DKLMT22, Corollary 7.3]). Let Λ be a finite group. Let H and K be finitely
generated groups and φ, ψ : R` Ñ R` be increasing maps. If there exists a pφ, ψq´integrable
orbit equivalence coupling from H to K , then the same holds from Λ ≀H to Λ ≀K .

Hence, the knowledge of the isoperimetric profiles of lamplighters (Theorem 37) allows
us to deduce the next characterisation:
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Corollary 42. Let k, ℓ ě 1 be integers. Let p ě 0. Let F be a finite group. Then there exists
an pLp,L0q´orbit equivalence from F ≀ Zk`ℓ to F ≀ Zk if and only if p ă k

k`ℓ
.

Indeed, if p ă k
k`ℓ

, it is proved in [DKLMT22] that there exists an pLp,L0q´orbit equiv-
alence from Zk`ℓ to Zk, whence the same claim from F ≀ Zk`ℓ to F ≀ Zk by Theorem 41.
Conversely, if such a coupling exists, then Theorem 39(i) implies

lnpnq
p
k » j1,F ≀Zkpnq

p ď j1,F ≀Zk`ℓpnq » lnpnq
1

k`ℓ

whence p ď k
k`ℓ

, and the equality case is excluded by [Cor25, Theorem B].
Corollary 42 gives an explicit upper bound on the degree of Lp´integrability of a co-

cycle from the bigger group Zk`ℓ to the smaller Zk. Since cocycles measure the required
distortion to pass from a Cayley graph of one group to the other, the last statement can be
seen as a precise comparison of the geometries of the two groups.

New results presented in the thesis

After this brief overview of the state of the art, let us present the contributions of this
thesis.

Quasi-isometric rigidity for permutational lamplighters. Chapter 3 aims at proving
a quasi-isometric classification of some permutational wreath products whose lamp groups
are finite. The precise statement is the following.

Theorem 43 (see Theorem III.A). Let E, F be two non-trivial finite groups. Let G, H be
finitely presented groups, with finitely generated normal infinite subgroupsM ◁ G, N ◁H .
Suppose that M has infinite index in G, and that G (resp. H) is not coarsely separable by
any collection of subspaces that uniformly quasi-isometrically embed intoM (resp. N ). The
following claims hold.

• IfM is not co-amenable in G, then E ≀G{M G and F ≀H{N H are quasi-isometric if and
only if |E| and |F | have the same prime divisors and there exists a quasi-isometry of
pairs pG,Mq ÝÑ pH,Nq.

• IfM is co-amenable inG, then E ≀G{M G and F ≀H{N H are quasi-isometric if and only
if |E| “ nr, |F | “ ns for some n, r, s ě 1 and there exists a quasi-isometry of pairs
pG,Mq ÝÑ pH,Nq inducing a quasi- s

r
-to-one quasi-isometry G{M Ñ H{N .

As for Theorem 31, the non-amenable situationmust be distinguished from the amenable
one, the latter bringing more rigidity. Moreover, the undertaken strategy for proving The-
orem 43 is similar to that of [GT24b], explained in the preliminary Chapter 2.

The main difference with the standard case is that, additionally to preserving cosets
of the base groups, a quasi-isometry between two such permutational lamplighters must
also preserve the cosets of the involved normal subgroups. We refer to Section 1.6 for the
precise terminology. At this point, let us just emphasize the fact that the presence of a
quasi-isometry E ≀G{M G ÝÑ F ≀H{N H is sufficient to detect the large-scale geometries of
the quotients G{M and H{N , since a quasi-isometry of pairs pG,Mq ÝÑ pH,Nq induces
a quasi-isometry G{M Ñ H{N .
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As an application, we obtain the next corollary, which was in fact the initial motivation
for proving the more general Theorem 43:

Corollary 44 (see Corollary III.B). LetE, F be two non-trivial finite groups. Letm,m1, n, n1

be four integers such that m ě n ě 2, m1 ě n1 ě 2. Then E ≀Zn Zm and F ≀Zn1 Zm1 are
quasi-isometric if and only ifm “ m1, n “ n1 and |E|, |F | are powers of a common number.

In specific cases, where explicit constructions are accessible, it is possible to have more
information on the induced quasi-isometry between the quotients. As an application, we
show that, for permutational lamplighters over free abelian groups, being quasi-isometric
is the same as being biLipschitz equivalent.

Corollary 45 (see Corollary III.F). LetE and F be two non-trivial finite groups, and letm,n
be two integers such thatm ą n ě 2. Then E ≀Zn Zm and F ≀Zn Zm are biLipschitz equivalent
if and only if they are quasi-isometric, which happens if and only if |E| and |F | are powers of
a common number.

In contrast, two standard wreath products can be quasi-isometric without being biLips-
chitz equivalent (e.g. Z2 ≀ Z2 and Z4 ≀ Z2; see [GT24b, Corollary 1.15]).

More scaling groups. Anice consequence of these classification results is that they allow
us to identify the scaling group of our spaces, information available only for very specific
families of amenable groups. Theorem 31 extends this list, as it implies that the scaling
group of F ≀K is t1u when F is finite andK is amenable, finitely presented and one-ended.
As explained in Section 2.4, this computation is a consequence of the general form of quasi-
isometries between lamplighters, that must be aptolic (see Definition 2.2.9 for the precise
definition).

As proved in [BGT24], the aptolicity phenomenon also holds for quasi-isometries be-
tween some wreath products having an infinite lamp group. We exploit this in Chapter 4
to prove the following rigidity property.

Theorem 46 (see Theorem IV.B). Let N andM be finitely generated groups of polynomial
growth, with growth degrees n andm respectively. LetG andH be finitely presented amenable
groups fromMexp. Then any quasi-isometry N ≀G ÝÑ M ≀H is quasi-m

n
-to-one.

We refer to Section 4.1 for explanations on the assumptions and the class Mexp. Notice
that, in the case of polynomial growth lamp groups, the scaling factor of the quasi-isometry
is parametrized by the involved growth degrees. In particular, it follows that:

Corollary 47 (see Corollary IV.E). Let N be a finitely generated group with polynomial
growth. Let G be a finitely presented amenable group from Mexp. Then any quasi-isometry
N ≀G ÝÑ N ≀G lies at bounded distance from a bijection. In particular, ScpN ≀Gq “ t1u.

These results have two interesting consequences. The first one is that wreath products
of the form N ≀ G are lamplighter-rigid, in the sense that when forming lamplighters over
such groups, no flexibility with respect to quasi-isometries is possible.
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Proposition 48 (see Proposition IV.F). Let n,m ě 2 be two integers. Let N be a finitely
generated group with polynomial growth, and let G be a finitely presented amenable group
from Mexp. Then the lamplighters Zn ≀ pN ≀ Gq and Zm ≀ pN ≀ Gq are quasi-isometric if and
only if n “ m.

Pushing the idea further, we derive an arithmetic condition which is able to distinguish
some iterated wreath products up to quasi-isometry:

Proposition 49 (see Proposition IV.G). Let n,m ě 2 be two integers. Let N1 and N2 be
finitely generated groups of polynomial growth, with growth degrees n1 and n2 respectively.
LetG andH be finitely presented amenable groups fromMexp. If Zn≀pN1≀Gq andZm≀pN2≀Hq

are quasi-isometric, then there exist a, r, s ě 1 such that n “ ar,m “ as, and s
r

“ n2

n1
.

For instance, there is no quasi-isometry

Z2 ≀ pZ2 ≀ SOLpZqq ÝÑ Z4 ≀ pZ3 ≀ SOLpZqq.

The key observation for getting the last equality in Proposition 49 is that the aptolicity
phenomenon implies a mixing of two scaling conditions, so the proposition follows from
Theorems 46 and 31. In fact, we can get a complete classification when N1 and N2 are
virtually abelian; see Corollary IV.H.

In the remaining part of this introduction, we present the two articles [CD25; CD26],
written jointly with Corentin Correia, in which we show that the halo structure is also
particularly well-suited for tracking isoperimetric profiles and orbit equivalence couplings
for these spaces.

Isoperimetric profiles of lampshufflers. Chapter 5 contains results for many classes
of halo products, but for conciseness let us focus in this introduction on the case of lamp-
shufflers.

For such groups, a general lower bound on their Følner function has been proved by
Erschler and Zheng.

Theorem 50 ([EZ21, Corollary 1.4]). Let H be a finitely generated amenable group. Then
we have

FølShufflerpHqpxq ě βHpxq
βHpxq

where βH is the growth function ofH . Moreover, this lower bound is optimal ifH has polyno-
mial growth.

In particular, when H has exponential growth, inverting this lower bound shows that

j1,ShufflerpHqpxq ď lnplnpxqq.

However, this bound cannot be optimal in many cases, since for instance two iterated lamp-
lighters over Z with different numbers of iterations (e.g. F ≀ Z and F ≀ pF ≀ Zq) both have
exponential growth, whereas we expect the isoperimetric profile of ShufflerpF ≀ pF ≀Zqq to
be slower than the one of ShufflerpF ≀ Zq.

One of the main results of [CD25] provides finer bounds, connecting the isoperimetric
profile of ShufflerpHq directly to the profile of H :
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Theorem 51 (see Theorem V.A). Let p ě 1. Let H be a finitely generated amenable group
whose ℓp´isoperimetric profile jp,H satisfies Assumption p‹q. Then the ℓp´isoperimetric profile
jp,ShufflerpHq of ShufflerpHq satisfies

jp,H

ˆ

lnpxq

lnplnpxqq

˙

ď jp,ShufflerpHqpxq ď j1,Hplnpxqq.

In this statement, Assumption p‹q is the one appearing in Theorem 37, and indeed the
technique for achieving the upper bound is to find, inside ShufflerpHq, copies of lamplighter
graphs and to use the monotonicity of the ℓp´isoperimetric profile combined with (a slight
extension of) Erschler’s formula (Theorem 37).

From Theorem 51, it is also possible to derive exact estimates for the ℓp´profile of iter-
ated lampshufflers, defined inductively by

Shuffler˝n
pHq ¨̈“ ShufflerpShuffler˝n´1

pHqq

if n ě 1 and Shuffler˝0
pHq ¨̈“ H . For instance, in the polynomial growth range, this gives:

Proposition 52 (see Proposition V.C). Let H be a finitely generated group of polynomial
growth of degree d ě 1. Then one has

jp,Shuffler˝npHqpxq »

ˆ

ln˝n
pxq

ln˝pn`1q
pxq

˙
1
d

for any integer n ě 1 and any real number p ě 1.

In turn, these computations also contribute to the quasi-isometric classification program
initiated in [GT24a], and we are also able to prove that, in some cases, being quasi-isometric
is the same as being biLipschitz equivalent. As an illustration:

Corollary 53 (see Theorem V.I). Let d, k ě 1 and n,m ě 0 be integers. Then the iterated
lampshufflers Shuffler˝n

pZdq and Shuffler˝m
pZkq are quasi-isometric if and only if they are

biLipschitz equivalent, which happens if and only if n “ m and d “ k.

Quantitative orbit equivalence for lampshufflers. As we explained above, when two
groups are not quasi-isometric, quantitative orbit equivalence is suitable for comparing a
bit more precisely their geometries. The existence of optimal orbit equivalence couplings
for lamplighters has been established in [DKLMT22] and [Cor25]. In [CD26], we undertake
a similar study for other halo products.

For instance, for lampshufflers, we establish the following stability result:

Theorem54 (see TheoremVI.A). If two groupsH andK are orbit equivalent, then ShufflerpHq

and ShufflerpKq are orbit equivalent. Moreover, ifH andK are finitely generated, ifφ, ψ : R` Ñ

R` are non-decreasingmaps, and if there exists a pφ, ψq´integrable orbit equivalence coupling
from H to K , then the same holds from ShufflerpHq to ShufflerpKq.

This statement should be compared to Theorem 41, and in fact we extract from the proof
of the latter a general method that can, in practice, be applied for any halo product satisfying
some mild assumptions. See Section 6.2.1 for more details.
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Combined with our computations of isoperimetric profiles of iterated lampshufflers (cf.
Proposition 52), we can deduce optimal orbit equivalence couplings between iterated lamp-
shufflers and lampjugglers over free abelian groups using to Theorem 39.

Corollary 55 (see Theorem VI.D). Let k, d ě 1 be positive integers such that k ą d. Let
n ě 0 be an integer. Then Shuffler˝n

pZkq and Shuffler˝n
pZdq are Lp orbit equivalent if and

only if p ă d
k
.

Structure of the thesis

Chapter 1 contains all the required material on geometric group theory to dive into
the subsequent chapters. Chapter 2 aims at presenting, in a concise manner, the content
of the articles [GT24a; GT24b], since the first part of the thesis relies heavily on results
from these papers. Chapter 3 presents the content of [Dum24] and establishes in particu-
lar Theorem 43. Chapter 4 presents the contributions of [Dum25] about wreath products
with infinite lamp groups (Theorem 46, Corollary 47, Propositions 48 and 49). We study
isoperimetric profiles of halo products in Chapter 5, which also contains our applications
to questions concerning the existence of regular maps and quasi-isometries between such
halo products (among which Corollary 53). Our results on quantitative orbit equivalence
are contained in Chapter 6 and rely on the paper [CD26].





Chapter 1

Generalities on geometric group
theory

The goal of this chapter is to develop the necessary tools to study finitely generated groups
as metric spaces.

1.1 Finitely generated groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

1.2 The metric coarse category . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

1.3 Coarse geometric invariants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

1.4 Orbit equivalence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

1.5 Measure-scaling quasi-isometries . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

1.6 Quasi-isometries of pairs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

1.1 Finitely generated groups

The goal of this subsection is to introduce several classes of finitely generated groups of
interest. They will constitute our running examples that will follow us for the rest of this
text.

Example 1.1.1. (i) Finite groups are finitely generated.
(ii) The group pZ,`q is finitely generated, and S “ t´1, 1u is a finite generating set. More
generally, if p, q P Z are coprime, then t˘p,˘qu is a symmetric generating set for Z.
(iii) In fact, for any d ě 1, the group Zd is finitely generated, and a symmetric generating
set is given by the canonical basis

t˘p1, 0, . . . , 0q,˘p0, 1, 0, . . . , 0q, . . . ,˘p0, 0, . . . , 0, 1qu.

(iv) If d ě 1, the non-abelian free group Fd of rank d is finitely generated, a generating set
being given by the equivalence classes of words of length one over a set S of cardinality d.
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(v) It is not hard to check that the Heisenberg group

HpZq ¨̈“

#

¨

˝

1 a c

0 1 b

0 0 1

˛

‚: a, b, c P Z

+

is generated by the three matrices

x “

¨

˝

1 1 0

0 1 0

0 0 1

˛

‚, y “

¨

˝

1 0 0

0 1 1

0 0 1

˛

‚, z “

¨

˝

1 0 1

0 1 0

0 0 1

˛

‚.

(vi) The group pQ,`q is not finitely generated. Indeed, suppose for a contradiction that Q is
generated by finitely many rationals p1

q1
, . . . , pn

qn
. Any finite sum of these fractions or their

inverses is a rational number with denominator at most q1 . . . qn. LettingN ¨̈“ q1 . . . qn`1,
it follows that 1

N
cannot be written using p1

q1
, . . . , pn

qn
or their inverses, a contradiction.

(vii) The group D8 ¨̈“ xa, t : a2 “ 1, ata´1 “ t´1y is called the infinite dihedral group, and
generalises finite dihedral groups allowing a rotation of infinite order. In fact, this group is
isomorphic to

xa, b : a2 “ b2 “ 1y “ Z2 ˚ Z2

the free product of two cyclic groups of order 2.

Note that a finitely generated group is always countable, but the converse does not hold,
as shown by Example 1.1.1(vi).

The following proposition shows that being finitely generated is stable under group
extensions.

Proposition 1.1.2. Let G be a group and N ◁ G. If G is finitely generated, then G{N is
finitely generated. Conversely, if N,G{N are finitely generated, then G is finitely generated.

Proof. IfG is finitely generated and π : G Ñ G{N is the natural surjection, then the image
under π of a generating set for G is a generating set for G{N .
Conversely, let tg1, . . . , gnu be a generating set for N and th1N, . . . , hmNu a generating
set for G{N . Fix g P G. Then there exists ε1, . . . , εm P t´1, 1u such that

gN “ ph1Nq
ε1 . . . phmNq

εm “ phε11 . . . hεmm qN

and it follows that gphε11 . . . hεmm q´1 P N . We can then write

gphε11 . . . hεmm q
´1

“ gδ11 . . . gδnn

for some δ1, . . . , δn P t´1, 1u, and thus g “ gδ11 . . . gδnn h
ε1
1 . . . hεmm . This proves that

tg1, . . . , gn, h1, . . . , hmu

is a finite generating set for G, and the proof is complete.
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On the other hand, it is in general not true that subgroups of finitely generated groups
are themselves finitely generated. To produce such an example, we introduce an additional
group construction, which is the central definition for this thesis.

Definition 1.1.3. Let A and B be two groups. Their wreath product A ≀ B is the group
defined by

ˆ

à

B

A

˙

¸ B

where B acts on the direct sum via

pb ¨ fqpb1
q ¨̈“ fpb´1b1

q

for any b, b1 P B and any f P
À

B A.
Hence, elements of A ≀ B are pairs pf, bq where f is a finitely supported function on B

(i.e. fpbq “ eA for all but finitely many b P B) and b P B. The multiplication law is given
by

pf, bqpf 1, b1
q “ pf ` b ¨ f 1, bb1

q

for all f, f 1 P
À

B A, b, b1 P B, where “`” stands for the composition law in the direct sum.
We then prove that this construction preserves finite generation.

Proposition 1.1.4. If A and B are finitely generated, then A ≀B is finitely generated.

Proof. Let S “ ta1, . . . , anu be a generating set for A, and let T “ tb1, . . . , bmu be a gener-
ating set for B. For any a P A, let δa P

À

B A be defined by δapeBq “ a and δapbq “ eA for
any b ‰ eB . Let also 1 denote the neutral element of the direct sum, defined as 1pbq “ eA
for any b P B. We claim that the finite set

U ¨̈“ tpδai , eBq, p1, bjq : 1 ď i ď n, 1 ď j ď mu

is a generating set for A ≀B.
First, as the multiplication inA ≀B is the multiplication ofB in the second component, and
as T generates B, it is enough to prove that any pair of the form pf, eBq is a product of

pδa1 , eBq, . . . , pδan , eBq.

Since f is finitely supported, it is enough to prove that any pair of the form pδa, eBq, a P A,
is a product of pδa1 , eBq, . . . , pδan , eBq. For a P A, write

a “ ai1 . . . aik

for some i1, . . . , ik P t1, . . . , nu, and then it follows that

pδa, eBq “ pδai1 , eBq . . . pδaik , eBq.

Thus A ≀B is finitely generated.

From Proposition 1.1.4, it follows that Z{2Z ≀ Z is finitely generated, but it contains
À

Z Z{2Z as a subgroup, and the latter is not finitely generated.
In Sections 2.3 and 5.3, we introduce similar group constructions, called halo products,

that also provide examples of finitely generated groups with non-finitely generated sub-
groups.
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1.2 The metric coarse category

Now the objects are defined, let us introduce morphisms that relate them. In this section,
we give definitions in a slightly more general framework, namely the one of pseudo-metric
spaces, and we explain in Section 1.2.3 how finitely generated groups fit in this setup. We
follow mainly the exposition of [CH16].

1.2.1 Coarsely Lipschitz maps and large-scale Lipschitz maps
An upper control is a non-decreasing function Φ` : R` Ñ R`, and a lower control is a non-
decreasing function Φ´ : R` Ñ R` Y t8u such that lim

tÑ8
Φ´ptq “ 8.

If X and Y are pseudo-metric spaces and f : X Ñ Y is a map, an upper control for f is
an upper control Φ` such that

dY pfpxq, fpx1
qq ď Φ`pdXpx, x1

qq

for any x, x1 P X , and dually a lower control for f is a lower control Φ´ such that

Φ´pdXpx, x1
qq ď dY pfpxq, fpx1

qq

for any x, x1 P X .

Definition 1.2.1. Let X, Y be pseudo-metric spaces and let f : X Ñ Y be a map. We say
that f is

(i) coarsely Lipschitz if there exists an upper control for f .

(ii) coarsely expansive if there exists a lower control for f .

(iii) a coarse embedding if it is coarsely Lipschitz and coarsely expansive.

(iv) essentially surjective if fpXq is co-bounded in Y .

(v) a metric coarse equivalence if it is an essentially surjective coarse embedding.

If there exists a metric coarse equivalence f : X Ñ Y , we say thatX and Y are coarsely
equivalent.

Let us start with equivalent reformulations of the above conditions.

Proposition 1.2.2. Let X, Y be pseudo-metric spaces and f : X Ñ Y a map. The following
are equivalent.

(i) The map f is coarsely Lipschitz.

(ii) For all R ě 0, there exists S ě 0 such that if x, x1 P X satisfy dXpx, x1q ď R, then
dY pfpxq, fpx1qq ď S.

(iii) For any sequence of points pxnqnPN, px
1
nqnPN in X with sup

nPN
dXpxn, x

1
nq ă 8, we have

sup
nPN

dY pfpxnq, fpx1
nqq ă 8.
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Proof. (i) ùñ (ii): Suppose that f is coarsely Lipschitz, and denote Φ` an upper control for
f . Let R ě 0, and set S ¨̈“ Φ`pRq ě 0. Then, if x, x1 P X are such that dXpx, x1q ď R, it
follows that

dY pfpxq, fpx1
qq ď Φ`pdXpx, x1

qq ď Φ`pRq “ S

since f is coarsely Lipschitz and Φ` is non-decreasing. Thus (ii) holds.
(ii) ùñ (iii): Let pxnqnPN, px

1
nqnPN be two sequences of points in X with

C ¨̈“ sup
nPN

dXpxn, x
1
nq ă 8.

Using (ii), there is S ě 0 such that

dY pfpxq, fpx1
qq ď S

if dXpx, x1q ď C . As dXpxn, x
1
nq ď C for any n P N, we thus have

dY pfpxnq, fpx1
nqq ď S

for any n P N, hence supnPN dY pfpxnq, fpx1
nqq ď S ă 8, which shows (iii).

(iii) ùñ (i): For c P R`, define

Φ`pcq ¨̈“ suptdY pfpxq, fpx1
qq : x, x1

P X, dXpx, x1
q ď cu.

ThenΦ` is positive and non-decreasing. Towards a contradiction, suppose thatΦ`pcq “ 8

for some c P R`. This implies that there exist two sequences pxnqnPN, px
1
nqnPN Ă X with

dXpxn, x
1
nq ď c for any n P N and

lim
nÑ8

dY pfpxnq, fpx1
nqq “ Φ`pcq “ 8

which is excluded by (iii). Hence Φ` takes only finite values, and thus is indeed an upper
control for f .

Dualising the above proof, one gets the same statement for coarsely expansive maps.

Proposition 1.2.3. Let X, Y be pseudo-metric spaces and f : X Ñ Y a map. The following
are equivalent.

(i) The map f is coarsely expansive.

(ii) For all r ě 0, there exists s ě 0 such that if x, x1 P X have dXpx, x1q ě r, then one has
dY pfpxq, fpx1qq ě s.

(iii) For any sequence of points pxnqnPN, px
1
nqnPN in X with lim

nÑ8
dXpxn, x

1
nq “ 8, we have

lim
nÑ8

dY pfpxnq, fpx1
nqq “ 8.
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Given two maps f, f 1 : X Ñ Y between pseudo-metric spaces, we say that f 1 is close to
f , or also that f 1 is at bounded distance from f , if there exists C ą 0 such that

dY pfpxq, f 1
pxqq ď C

for any x P X . This is the same as requiring that

sup
xPX

dY pfpxq, f 1
pxqq ă 8

and, in this case, we write f „c f
1.

Lemma 1.2.4. Closeness is an equivalence relation.

Proof. Clearly f „c f as dY pfpxq, fpxqq “ 0 for any x P X . Symmetry of „c follows from
symmetry of dY , and transitivity follows from the triangle inequality for dY .

The next result shows that properties from Definition 1.2.1 are invariant by finite dis-
tance changes.

Proposition 1.2.5. Let X,Y, Z be pseudo-metric spaces, f, f 1 : X Ñ Y two close maps, and
g, g1 : Y Ñ Z two close maps.
(i) The map f is coarsely Lipschitz (resp. coarsely expansive, a coarse embedding, essentially
surjective, a metric coarse equivalence) if and only if f 1 is coarsely Lipschitz (resp. coarsely
expansive, a coarse embedding, essentially surjective, a metric coarse equivalence).
(ii) If f, g are both coarsely Lipschitz (resp. coarsely expansive, coarse embeddings, essentially
surjective, metric coarse equivalences), then g˝f is coarsely Lipschitz (resp. coarsely expansive,
a coarse embedding, essentially surjective, a metric coarse equivalence).
(iii) If g is coarsely Lipschitz, then g ˝ f and g1 ˝ f 1 are close.

Proof. (i) Suppose f is coarsely Lipschitz, and let C ą 0 be such that dY pfpxq, f 1pxqq ď C

for any x P X . Let R ě 0. As f is coarsely Lipschitz, we find K ě 0 such that

dXpx, x1
q ď R ùñ dY pfpxq, fpx1

qq ď K.

Set S ¨̈“ K ` 2C , and let x, x1 P X with dXpx, x1q ď R. Then it follows that

dY pf 1
pxq, f 1

px1
qq ď dY pf 1

pxq, fpxqq ` dY pfpxq, fpx1
qq ` dY pfpx1

q, f 1
px1

qq

ď K ` 2C

“ S.

As R ě 0 was arbitrary, Proposition 1.2.2 guarantees that f 1 is coarsely Lipschitz as well.
The converse follows swapping the roles of f and f 1.
Now, suppose that f is essentially surjective. As above, let C ą 0 be such that

dY pfpxq, f 1
pxqq ď C

– 28 –



Generalities on geometric group theory

for any xl P X , and let C 1 ą 0 be such that any point in Y is at distance at most C 1 from
the image of f . Let y P Y , and choose x P X with dY pfpxq, yq ď C 1. Then we get that

dY pf 1
pxq, yq ď dY pf 1

pxq, fpxqq ` dY pfpxq, yq ď C ` C 1.

Hence any point of Y is at distance at mostC`C 1 from the image of f 1, i.e. f 1 is essentially
surjective. Once again, the converse follows by symmetry, and the proofs for the other
properties are completely similar.
(ii) Here also we only do the proof for one of the properties, and similar arguments apply
for the others. Suppose for instance that f and g are both coarsely expansive. Let r ě 0.
Applying Proposition 1.2.3(ii) to f , we find s ě 0 such that

dXpx, x1
q ě r ùñ dY pfpxq, fpx1

qq ě s

and applying now Proposition 1.2.3(ii) to g, there is t ě 0 such that

dY py, y1
q ě s ùñ dZpgpyq, gpy1

qq ě t.

Combining these two implications, we conclude that if x, x1 P X are such that dXpx, x1q ě

r, then
dZ

`

pg ˝ fqpxq, pg ˝ fqpx1
q
˘

ě t

proving that g ˝ f is coarsely expansive.
(iii) Let C ą 0 be such that dY pfpxq, f 1pxqq ď C for any x P X , and let C 1 ą 0 playing the
same role for g and g1. As g is coarsely Lipschitz, there isK ě 0 such that dZpgpyq, gpy1qq ď

K if dY py, y1q ď C . Then for any x P X one has

dZ
`

gpfpxqq, g1
pf 1

pxqq
˘

ď dZ
`

gpfpxqq, gpf 1
pxqq

˘

` dZ
`

gpf 1
pxqq, g1

pf 1
pxqq

˘

ď K ` C 1

whence g ˝ f and g1 ˝ f 1 are close.

This proposition motivates then the next definition.

Definition 1.2.6. Let X, Y be pseudo-metric spaces. A coarse morphism from X to Y
is a closeness class of coarsely Lipschitz maps from X to Y . The metric coarse category
is the category whose objects are pseudo-metric spaces and whose morphisms are coarse
morphisms.

Definition 1.2.7. LetX, Y be pseudo-metric spaces and f : X Ñ Y be a map. We say that
f is

(i) large-scale Lipschitz if it has an affine upper control, i.e. there exist c` ą 0, c1
` ě 0

such that
dY pfpxq, fpx1

qq ď c` ¨ dXpx, x1
q ` c1

`

for any x, x1 P X .
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(ii) large-scale expansive if it has an affine lower control, i.e. there exist c´ ą 0, c1
´ ě 0

such that
dY pfpxq, fpx1

qq ě c´ ¨ dXpx, x1
q ´ c1

´

for any x, x1 P X .

(iii) a quasi-isometric embedding if it is large-scale Lipschitz and large-scale expansive.

(iv) a quasi-isometry if it is an essentially surjective quasi-isometric embedding.

If there is a quasi-isometry f : X Ñ Y , we say thatX and Y are quasi-isometric, and we
denote X „Q.I. Y . As we will see below, „Q.I. is an equivalence relation among pseudo-
metric spaces.

In particular, notice that any large-scale Lipschitz map is coarsely Lipschitz, and any
large-scale expansive map is coarsely expansive.

Example 1.2.8. (i) For any n ě 1, the natural inclusion Zn ãÑ Rn is a quasi-isometry, since
it is an isometry and since any n´tuple of real numbers px1, . . . , xnq is at distance at most
?
n from an n´tuple of integers, namely ptx1u, . . . , txnuq.

(ii) Likewise, the natural inclusion 2Z ãÑ Z is also a quasi-isometry, since it is an isometric
map and since any integer is at distance at most 1 from an even integer.

Here goes the natural analog of Proposition 1.2.5 for large-scale Lipschitz and expansive
maps.

Proposition 1.2.9. Let X,Y, Z be pseudo-metric spaces, f, f 1 : X Ñ Y two close maps, and
g, g1 : Y Ñ Z two close maps.
(i) Themap f is large-scale Lipschitz (resp. large-scale expansive, a quasi-isometric embedding,
a quasi-isometry) if and only if f 1 is large-scale Lipschitz (resp. large-scale expansive, a quasi-
isometric embedding, a quasi-isometry).
(ii) If f, g are both large-scale Lipschitz (resp. large-scale expansive, quasi-isometric embed-
dings, quasi-isometries), then g˝f is large-scale Lipschitz (resp. large-scale expansive, a quasi-
isometric embedding, a quasi-isometry).

This in turn leads to a natural analog of the metric coarse category for large-scale Lips-
chitz maps.

Definition 1.2.10. Let X and Y be pseudo-metric spaces. A large-scale morphism from X

to Y is a closeness class of large-scale Lipschitz maps fromX to Y . The large-scale category
is the subcategory of the metric coarse category whose objects are pseudo-metric spaces
and whose morphisms are large-scale Lipschitz morphisms.

Definition 1.2.11. Let X, Y be pseudo-metric spaces and f : X Ñ Y be a map. We say
that f is

(i) Lipschitz if there is c` ą 0 such that

dY pfpxq, fpx1
qq ď c` ¨ dXpx, x1

q

for any x, x1 P X .
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(ii) biLipschitz if there exist c` ą 0, c´ ą 0 such that

c´ ¨ dXpx, x1
q ď dY pfpxq, fpx1

qq ď c` ¨ dXpx, x1
q

for any x, x1 P X .

(iii) a biLipschitz equivalence if it is biLipschitz and surjective.

Let us now give additional examples of such maps.

Example 1.2.12. (i) Let f : X Ñ Y be a map between two pseudo-metric spaces. IfX has
finite diameter, then f is large-scale expansive, since

dY pfpxq, fpx1
qq ě 0 ě dXpx, x1

q ´ diampXq

for all x, x1 P X . If rather fpXq has finite diameter, then f is large-scale Lipschitz, since

dY pfpxq, fpx1
qq ď diampfpXqq

for all x, x1 P X . Lastly, if Y has finite diameter andX ‰ H, then f is essentially surjective.
Combining these three facts, it follows that any non-empty pseudo-metric space of finite
diameter is quasi-isometric to the one point space.
(ii) For any p ě 1, the map IdRn : pRn, d8q Ñ pRn, dpq is a biLipschitz equivalence, since

d8px, yq ď dppx, yq ď n
1
p ¨ d8px, yq

for any x, y P Rn, where the metrics dp, d8 are defined as

dppx, yq ¨̈“

ˆ n
ÿ

i“1

|xi ´ yi|
p

˙
1
p

, d8px, yq ¨̈“ max
1ďiďn

|xi ´ yi|

for any x “ px1, . . . , xnq, y “ py1, . . . , ynq P Rn.
(iii) Let pX, dq be a pseudo-metric space. Define a metric d1 by setting

d1px, x1
q ¨̈“ max

`

1, dpx, x1
q
˘

for all x ‰ x1 P X and d1px, xq “ 0 for all x P X . Then the map IdX : pX, dq Ñ pX, d1q is
a quasi-isometry. Define now another metric dln on X by the formula

dlnpx, x1
q ¨̈“ ln

`

1 ` dpx, x1
q
˘

, x, x1
P X.

The map IdX : pX, dq Ñ pX, dlnq is a metric coarse equivalence, since it is surjective and
the functions Φ´ptq “ Φ`ptq “ lnp1 ` tq are lower and upper controls for IdX . We claim
that IdX : pX, dq Ñ pX, dlnq is large-scale expansive if and only if pX, dq has finite diameter.

Proof. If pX, dq has finite diameter, IdX is large-scale expansive by (i) above. Conversely,
assume there exist c´ ą 0, c1

´ ě 0 with

dlnpx, x1
q “ ln

`

1 ` dpx, x1
q
˘

ě c´ ¨ dpx, x1
q ´ c1

´
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for all x, x1 P X . Towards a contradiction, assume that diampX, dq “ 8, and pick two
sequences pxnqnPN, px1

nqnPN in X such that dpxn, x
1
nq Ñ 8 as n Ñ 8. It follows from the

assumption that
ln
`

1 ` dpxn, x
1
nq
˘

dpxn, x1
nq

ě c´ ´
c1

´

dpxn, x1
nq

for all n P N large enough. Letting n Ñ 8 in this inequality provides c´ ď 0, a contradic-
tion. Thus pX, dq must have finite diameter.

(iv) A pseudo-metric space X is hyperdiscrete if the set
␣

px, x1
q P X2 : dXpx, x1

q ď c, x ‰ x1
(

is finite for any c ą 0. Then any map from a hyperdiscrete pseudo-metric space to any
pseudo-metric space is coarsely Lipschitz.
(v) Let X be a metric space, Y a pseudo-metric space, and suppose there is c ą 0 so that
dXpx, x1q ě c for all x ‰ x1 P X . Then a map f : X Ñ Y is large-scale Lipschitz if and
only if it is Lipschitz. Indeed, suppose that f is large-scale Lipschitz, which means there
exist c` ą 0, c1

` ě 0 such that

dY pfpxq, fpx1
qq ď c` ¨ dXpx, x1

q ` c1
`

for any x, x1 P X . Now 1 ď
dXpx,x1q

c
for all x, x1 P X , and it follows that

dY pfpxq, fpx1
qq ď

ˆ

c` `
c1

`

c

˙

¨ dXpx, x1
q

for any x, x1 P X .

The next lemma ensures that control functions are almost invertible.

Lemma 1.2.13. (i) Let Φ` : R` Ñ R` be an upper control. The function Ψ´ : R` Ñ R` Y

t8u defined by
Ψ´psq ¨̈“ inftr ě 0 : Φ`prq ě su, s ě 0

is a lower control such that Ψ´pΦ`ptqq ď t for all t ě 0.
(ii) Let Φ´ : R` Ñ R` Y t8u be a lower control. The function Ψ` : R` Ñ R` defined by

Ψ`psq ¨̈“ suptr ě 0 : Φ´prq ď su, s ě 0

is an upper control such that Ψ`pΦ´ptqq ě t for all t ě 0.

Proof. We only prove (i) since the proof of (ii) is identical. Clearly Ψ´psq ě 0 for any
s ě 0. Next, if s1 ď s2, and if r ě 0 is so that Φ`prq ě s2, then also Φ`prq ě s1, whence
Ψ´ps1q ď r. It follows that Ψ´ps1q ď inftr ě 0 : Φ`prq ě s2u “ Ψ´ps2q, and Ψ´ is
non-decreasing. Lastly, if t ě 0, we have

Ψ´pΦ`ptqq “ inftr ě 0 : Φ`prq ě Φ`ptqu ď t

since t P tr ě 0 : Φ`prq ě Φ`ptqu.
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Proposition 1.2.14. Let X and Y be pseudo-metric spaces, f : X Ñ Y a coarsely Lipschitz
map, and f the corresponding morphism in the metric coarse category. The following claims
hold.

(i) If X ‰ H, f is an epimorphism if and only if f is essentially surjective.

(ii) The morphism f is a monomorphism if and only if f is coarsely expansive.

(iii) The morphism f is an isomorphism if and only if f is a metric coarse equivalence. More-
over, if X ‰ H, this holds if and only if f is an epimorphism and a monomorphism.

Proof. (i) Assume first that f is essentially surjective, and let c ¨̈“ sup
yPY

dY py, fpXqq. Con-

sider a pseudo-metric space Z and two coarsely Lipschitz maps h1, h2 : Y Ñ Z such that
h1 ˝ f „c h2 ˝ f . Hence there is c1 ą 0 such that

dZ
`

h1pfpxqq, h2pfpxqq
˘

ď c1

for any x P X . Moreover, as h1, h2 are coarsely Lipschitz, we can find c1, c2 ą 0 so that

dY py, y1
q ď c ùñ dZ

`

h1pyq, h1py1
q
˘

ď c1, dY py, y1
q ď c ùñ dZ

`

h2pyq, h2py
1
q
˘

ď c2

for all y, y1 P Y . Let now y P Y , and choose x P X with dY py, fpxqq ď c. It then follows
from the above implications that

dZ
`

h1pyq, h2pyq
˘

ď dZ
`

h1pyq, h1pfpxqq
˘

` dZ
`

h1pfpxqq, h2pfpxqq
˘

` dZ
`

h2pfpxqq, h2pyq
˘

ď c1 ` c1
` c2.

As y P Y was arbitrary, this proves that h1 „c h2, so f is an epimorphism.
Conversely, suppose f is not essentially surjective. Define h1, h2 : Y Ñ R` by h1pyq “ 0,
and h2pyq “ dY py, fpXqq. Then h1 ˝ f “ h2 ˝ f “ 0, so h1 ˝ f „c h2 ˝ f , but h1 ȷc h2,
as h1pY q “ t0u is bounded in R` while h2pY q is not. As h1, h2 are coarsely Lipschitz (and
thus morphisms in the metric coarse category), we deduce that f is not an epimorphism.
(ii) Suppose now that f is coarsely expansive. Let Φ´ be a lower control for f and Ψ` an
upper control as in Lemma 1.2.13. LetW be a pseudo-metric space and let h1, h2 : W Ñ X

be two coarsely Lipschitz maps such that f ˝ h1 „c f ˝ h2. Hence there is c ą 0 such that

dY
`

fph1pwqq, fph2pwqq
˘

ď c

for any w P W . It follows that

dXph1pwq, h2pwqq ď Ψ`

`

Φ´pdXph1pwq, h2pwqqq
˘

ď Ψ`

`

dY pfph1pwqq, fph2pwqqq
˘

ď Ψ`pcq

for any w P W , which shows that h1 „c h2. Thus f is a monomorphism.
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Conversely, suppose that f is not coarsely expansive. This implies there exist c ą 0 and
pxnqnPN, px

1
nqnPN Ă X with lim

nÑ8
dXpxn, x

1
nq “ 8 and

dY pfpxnq, fpx1
nqq ď c

for all n P N. Consider now W ¨̈“ tn2 : n P Nu endowed with the usual metric
pdW pn2,m2q “ |n2´m2|, n,m P Nq, and the maps h1, h2 : W Ñ X , h1pn2q “ xn, h2pn

2q “

x1
n. AsW is a hyperdiscrete pseudo-metric space, Example 1.2.12(iv) guarantees that h1, h2

are coarsely Lipschitz. Now f ˝ h1 „c f ˝ h2, but h1 ȷc h2 as dXpxn, x
1
nq Ñ 8 when

n Ñ 8. Hence f is not a monomorphism.
(iii) Suppose that f is a metric coarse equivalence. If X “ Y “ H, there is nothing to
prove. If Y ‰ H, then so is X (since the only map H Ñ Y is not essentially surjective).
Let Φ´, Φ` be lower and upper controls for f and let c ą 0 be such that dY py, fpXqq ď c

for any y P Y . Let Ψ` be as in Lemma 1.2.13 and let Ψ´ be the lower control given by

Ψ´psq “ inf
␣

r ě 0 : Φ`prq ` 2c ě s
(

, s ě 0.

For each y P Y , pick xy P X such that dY py, fpxyqq ď c, and define g : Y Ñ X by
gpyq ¨̈“ xy. Let y, y1 P Y . Then we have

dXpgpyq, gpy1
qq ď Ψ`

`

Φ´

`

dXpgpyq, gpy1
qq
˘˘

ď Ψ`

`

dY
`

fpgpyqq, fpgpy1
qq
˘˘

“ Ψ`

`

dY
`

fpxyq, fpxy1q
˘˘

ď Ψ`

`

dY py, y1
q ` 2c

˘

which proves that s ÞÝÑ Ψ`ps ` 2cq is an upper control for g, which is then coarsely
Lipschitz. On the other hand, we have

dY py, y1
q ď dY

`

y, fpgpyqq
˘

` dY
`

fpgpyqq, fpgpy1
qq
˘

` dY
`

fpgpy1
qq, y1

˘

ď Φ`

`

dXpgpyq, gpy1
q
˘

` 2c

“ ĂΦ`

`

dXpgpyq, gpy1
qq
˘

for any y, y1 P Y , where ĂΦ`psq ¨̈“ Φ`psq ` 2c, s ě 0. It follows that

Ψ´pdY py, y1
qq ď Ψ´

`

ĂΦ`

`

dXpgpyq, gpy1
qq
˘˘

ď dXpgpyq, gpy1
qq

for all y, y1 P Y . Therefore g is coarsely expansive as well. By construction, we have
f ˝ g „c IdY , so f ˝ g ˝ f „c f , and as f is a monomorphism by (ii), we conclude that
g ˝ f „c IdX , and finally that f is an isomorphism with inverse g.
Conversely, if f is an isomorphism, then f is essentially surjective by (i) and coarsely ex-
pansive by (ii), thus it is a metric coarse equivalence.

It follows from this result, and the fact that compositions of metric coarse equivalences,
are metric coarse equivalences that being coarsely equivalent is an equivalence relation
among pseudo-metric spaces.
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Definition 1.2.15. Let X, Y be pseudo-metric spaces and let f : X Ñ Y be a coarsely
Lipschitz map. We say that f is

(i) coarsely right-invertible if there exists a coarsely Lipschitz map g : Y Ñ X such that
f ˝ g „c IdY .

(ii) coarsely left-invertible if there exists a coarsely Lipschitz map g : Y Ñ X such that
g ˝ f „c IdX .

(iii) coarsely invertible if it is both left-invertible and right-invertible.

Remark 1.2.16. If f : X Ñ Y is coarsely Lipschitz and coarsely right-invertible, then f
is an epimorphism. Dually, if f is coarsely left-invertible, then f is a monomorphism. In
particular, f is coarsely invertible if and only if f is an isomorphism, i.e. if and only if f is
a metric coarse equivalence.

Definition 1.2.17. Let Y be a pseudo-metric space. A subspace Z of Y is a coarse retract
of Y if the inclusion map i : Z ãÑ Y is left-invertible, i.e. there exists a coarsely Lipschitz
map r : Y Ñ Z such that r ˝ i „c IdZ .

Retractions provide an alternative characterization of coarse expansiveness and coarse
left-invertibility.

Proposition 1.2.18. LetX,Y be pseudo-metric spaces and f : X Ñ Y be a coarsely Lipschitz
map. Denote fim : X Ñ fpXq the map induced by f . Then the following holds.

(i) The map f is coarsely expansive if and only if fim is a metric coarse equivalence.

(ii) The map f is coarsely left-invertible if and only if it is coarsely expansive and fpXq is
a coarse retract.

Proof. (i) directly follows from the definitions.
(ii) Suppose that f is coarsely left-invertible and let g : Y Ñ X be a coarsely Lipschitz
map such that g ˝ f „c IdX . Denote i the natural inclusion of fpXq into Y . It follows from
Remark 1.2.16 that f is a monomorphism, so f is coarsely expansive by Proposition 1.2.14.
Now we have

IdfpXq ˝ fim “ f ˝ IdX „ fim ˝ pg ˝ i ˝ fimq

and since fim is a metric coarse equivalence by (i) we conclude that IdX „c pfim ˝ gq ˝ i, and
fim ˝ g is a coarse retraction from Y to fpXq.
Conversely, suppose f is coarsely expansive and that fpXq is a coarse retract. Let r : Y Ñ

fpXq be a coarse retraction. By (i), fim is a metric coarse equivalence, so let j : fpXq Ñ X

be a coarsely Lipschitz map such that j and f are inverses of each other. Then one has

pj ˝ rq ˝ f “ j ˝ pr ˝ iq ˝ fim

„c j ˝ IdfpXq ˝ fim

“ j ˝ fim

„c IdX

whence j ˝ r is a coarse left inverse for f .
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Definition 1.2.19. LetX, Y be pseudo-metric spaces. We say that Y is coarsely retractable
on X if there is a coarsely right-invertible coarsely Lipschitz map from Y to X , or equiva-
lently if there is a coarsely left-invertible coarsely Lipschitz map from X to Y .

We conclude this part by the analog of Proposition 1.2.14 in the large-scale category.

Proposition 1.2.20. Let X,Y be pseudo-metric spaces, f : X Ñ Y a large-scale Lipschitz
map, and f the corresponding morphism in the large-scale category. The following equiva-
lences hold.

(i) If X ‰ H, f is an epimorphism if and only if f is essentially surjective.

(ii) The morphism f is a monomorphism if and only if f is large-scale expansive.

(iii) The morphism f is an isomorphism if and only if f is a quasi-isometry. Moreover, if
X ‰ H, this holds if and only if f is an epimorphism and a monomorphism.

1.2.2 Coarse and large-scale properties

Let pX, dXq be a pseudo-metric space and c ą 0. If x, x1 P X and n ě 0, a c´path of n steps
from x to x1 in X is a sequence

x “ x0, x1, . . . , xn´1, xn “ x1

of points in X such that dXpxi´1, xiq ď c for all i “ 1, . . . , n.

Definition 1.2.21. Let pX, dXq be a pseudo-metric space and c ą 0. We say that X is

(i) c´coarsely connected if for any pair of points x, x1 P X , there is a c´path from x to
x1.

(ii) c´coarsely geodesic if there exists an upper controlΦ such that, for any pair of points
x, x1 P X , there is a c´path of at most ΦpdXpx, x1qq steps from x to x1.

(iii) c´large-scale geodesic if there exist a ą 0, b ě 0 such that for any pair of points
x, x1 P X , there is a c´path of at most adXpx, x1q ` b steps from x to x1.

(iv) c´geodesic if for any pair of points x, x1 P X , there is a c´path x “ x0, x1, . . . , xn “

x1 such that

dXpx, x1
q “

n
ÿ

i“1

dXpxi´1, xiq.

(v) geodesic if for any pair of points x, x1 P X with dXpx, x1q ą 0, there exists an
isometric map σ : r0, dXpx, x1qs Ñ X such that σp0q “ x and σpdXpx, x1qq “ x1.

We say that X is coarsely connected (resp. coarsely geodesic, large-scale geodesic) if it is
c´coarsely connected (resp. c´coarsely geodesic, c´large-scale geodesic) for some c ą 0.
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Remark 1.2.22. (i) Clearly, we have

X geodesic ùñ X c´geodesic
ùñ X large-scale geodesic
ùñ X coarsely geodesic
ùñ X coarsely connected.

(ii) If X is c´coarsely connected (resp. c´coarsely geodesic, c´large-scale geodesic or
c´geodesic) for some c ą 0, thenX is C´coarsely connected (resp. C´coarsely geodesic,
C´large-scale geodesic or C´geodesic) for any C ě c.

Proposition 1.2.23. Coarse connectedness, coarse geodesicity (resp. large-scale geodesicity)
are invariant under metric coarse equivalences (resp. quasi-isometries).

Proof. We show the proof for large-scale geodesicity, and the others are completely similar.
Suppose that f : X Ñ Y is a pC,Kq´quasi-isometry, with C ě 1 andK ě 0, and let c ą 0

be such that X is c´large scale geodesic and any point of Y is at distance at most c from
fpXq. Let y, y1 P Y and let x, x1 P X be such that

dY py, fpxqq, dY py1, fpx1
qq ď c.

As X is c´large scale geodesic, there exist a ą 0, b ě 0 and a c´path

x “ x0, x1, . . . , xn “ x1

such that n ď a ¨ dXpx, x1q ` b. Set

y0 ¨̈“ y, y1 ¨̈“ fpx1q, y2 ¨̈“ fpx2q, . . . , yn´1 ¨̈“ fpxn´1q, yn ¨̈“ y1.

Then one has

dY pyi´1, yiq “ dY pfpxi´1q, fpxiqq

ď C ¨ dXpxi´1, xiq ` K

ď C ¨ c ` K

for all i “ 2, . . . , n ´ 1, and also

dY py0, y1q “ dY py, fpx1qq

ď dY py, fpxqq ` dY pfpx0q, fpx1qq

ď c ` C ¨ c ` K

“ pC ` 1qc ` K

and

dY pyn´1, ynq “ dY pfpxn´1q, y
1
q

ď dY pfpxn´1q, fpxnqq ` dY pfpx1
q, y1

q

ď c ` C ¨ c ` K

“ pC ` 1qc ` K.
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Thus y “ y0, y1, . . . , yn “ y1 is a
`

pC ` 1qc ` K
˘

´path between y and y1 in Y :

x0

x1

x2

xn−2

xn−1

xn

≤ c

≤ c

f

y0 = y

y1

y2

yn−3

yn−2

yn−1

yn = y′

≤ C · c+K

Figure 1.1: Configuration from the proof of Proposition 1.2.23.

It is made of at most

n ď a ¨ dXpx, x1
q ` b ď a

`

CdY pfpxq, fpx1
qq ` CK

˘

` b

ď aC
`

2c ` dY py, y1
q
˘

` aCK ` b

steps, and the latter is indeed an affine upper bound on the length n of the path in term of
the distance dY py, y1q between y and y1. As y, y1 P Y were arbitrary, it follows that Y is
large-scale geodesic as well.

Large-scale geodesicity can also be used to boost coarse properties for maps to large-
scale properties.

Proposition 1.2.24. Let X, Y be pseudo-metric spaces and f : X Ñ Y a map.

(i) If X is large-scale geodesic and f is coarsely Lipschitz, then f is large-scale Lipschitz.

(ii) If X, Y are large-scale geodesic and f is a metric coarse equivalence, then f is a quasi-
isometry.

Proof. (i) Assume that X is c´large-scale geodesic, and let a ą 0, b ě 0 be such that any
pair of points x, x1 P X can be joined by a c´path of at most a ¨ dXpx, x1q ` b steps. As f
is coarsely Lipschitz, we find C ě 0 such that

dXpx, x1
q ď c ùñ dY pfpxq, fpx1

qq ď C. (1.2.1)
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Let x, x1 P X and choose a c´path x “ x0, x1, . . . , xn “ x1 from x to x1 of at most n ď

a ¨ dXpx, x1q ` b steps. Then

dY pfpxq, fpx1
qq ď

n
ÿ

i“1

dY pfpxi´1q, fpxiqq

ď C ¨ n

ď C
`

a ¨ dXpx, x1
q ` b

˘

“ paCq ¨ dXpx, x1
q ` bC

where the first inequality follows from the triangle inequality and the second one follows
from (1.2.1). Hence f is large-scale Lipschitz.
(ii) follows directly from (i) applied to f and to g : Y Ñ X a metric coarse equivalence so
that g ˝ f „c IdX and f ˝ g „c IdY .

We also notice that checking a given map is Lipschitz is simpler in the particular case of
connected graphs.

Lemma 1.2.25. Let f : X Ñ Y be a map between two connected graphs. If there existsC ą 0

such that dpfpxq, fpyqq ď C for any pair px, yq of adjacent vertices, then f is C´Lipschitz.

Proof. Let x, y P X be two vertices, and pick x “ x0, x1, . . . , xn´1, xn “ y a geodesic con-
necting x and y inX , so that n “ dpx, yq. From the triangle inequality and the assumption,
we get

dpfpxq, fpyqq “ dpfpx0q, fpxnqq ď

n´1
ÿ

i“0

dpfpxiq, fpxi`1qq ď C ¨ n “ C ¨ dpx, yq.

Thus f is C´Lipschitz, as claimed.

Let us conclude this part defining neighbourhoods of subsets in metric spaces and how
they behave when applying coarse maps.

Given a metric space pX, dXq and a real number R ě 0, the R´neighbourhood of a
subset A Ă X is the subset A`R given by

A`R ¨̈“
ď

aPA

tx P X : dXpx, aq ď Ru “
ď

aPA

BXpa,Rq.

Given two subsets A,B Ă X , we define then the Hausdorff distance between A and B,
denoted dHauspA,Bq, as

dHauspA,Bq ¨̈“ inftR ě 0 : A Ă B`R, B Ă A`R
u

where, by convention, the infimum is `8 if there is no such R. In this way, the set PpXq

with the Hausdorff distance dHaus is an extended pseudo-metric space.

Lemma 1.2.26. Let X,Y be metric spaces, and let f : X Ñ Y be a pC,Kq´quasi-isometry.
Let R, S ě 0. The following properties hold:
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(i) If R ď S, then A`R Ă A`S for any A Ă X ;

(ii) pA`Rq`S Ă A`pR`Sq for any A Ă X ;

(iii) For any A Ă X , fpA`Rq Ă fpAq`pCR`Kq;

(iv) For any A,B Ă X , dHauspfpAq, fpBqq ď C ¨ dHauspA,Bq ` K .

Proof. Claim (i) is immediate. For (ii), if we take x P pA`Rq`S , then there is y P A`R such
that dXpx, yq ď S, and there is a P A such that dXpy, aq ď R, whence

dXpx, aq ď dXpx, yq ` dXpy, aq ď R ` S

and thus x P A`pR`Sq.
For (iii), fix A Ă X , and let y P fpA`Rq. Write y “ fpxq with x P A`R. Let thus a P A be
such that dXpx, aq ď R. Then one has

dY py, fpaqq “ dY pfpxq, fpaqq ď C ¨ dXpx, aq ` K ď C ¨ R ` K

and fpaq P fpAq, whence y P fpAq`pCR`Kq.
Lastly, for (iv), write Q ¨̈“ dHauspA,Bq, so that B Ă A`Q, A Ă B`Q, and thus by (iii), one
gets

fpBq Ă fpA`Q
q Ă fpAq

`pCQ`Kq, fpAq Ă fpB`Q
q Ă fpBq

`pCQ`Kq

and the claim follows.

1.2.3 Groups as pseudo-metric spaces
In this part, we explain how finitely generated groups can be seen as objects in the metric
coarse category. Additionally, this provides us with numerous examples of metric coarse
equivalences and quasi-isometries.

Definition 1.2.27. Let G be a finitely generated group with a finite generating set SG.
The length of an element g P G with respect to SG is

|g|SG
¨̈“ min

␣

n P N : Ds1, . . . , sn P SG Y S´1
G , g “ s1 . . . sn

(

and the word metric associated to SG is the map dSG
p¨, ¨q : G ˆ G ÝÑ r0,8q defined as

dSG
pg, hq ¨̈“ |g´1h|SG

.

The next proposition justifies the terminology.

Proposition 1.2.28. Let G be a finitely generated group with a finite generating set SG. The
pair pG, dSG

q is a metric space. Moreover, dSG
is left-invariant.

Interestingly, such an abstract group has a visual representation, called its Cayley graph.

Definition 1.2.29. Let G be a finitely generated group with a finite generating set SG. Its
Cayley graph with respect to SG is the graph CaypG,SGq
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(i) whose vertices are elements of G;

(ii) whose edges connect two distinct elements g, h P G if there exists s P SGYS´1
G such

that h “ gs.

The fact that SG generates G ensures then that CaypG,SGq is connected.

id

(12) (123)

(13)

(132)(23)

Cay(S3, {(12), (23)})

−2 −1 0 1 2

Cay(Z, {1})

Figure 1.2: Two examples of Cayley graphs.

r−2 r−1 1 r r2

r−2s r−1s s rs r2s

r

r

r

r

r

r

r

r

r

r

r

r

s s s s

· · ·

· · ·

· · ·

· · ·

Figure 1.3: CaypD8, ts, ruq.

Example 1.2.30. Recall from Proposition 1.1.4 that if A is generated by S “ ta1, . . . , anu

and B is generated by T “ tb1, . . . , bmu, then

U ¨̈“ tpδai , eBq, p1, bjq : 1 ď i ď n, 1 ď j ď mu

generates the wreath product A ≀ B. The classical interpretation of such generating sets is
as follows. First, think of an element c P

À

B A as a colouring of the vertices of CaypB, T q

with colors coming from A, with only finitely many vertices having a non-trivial color
(and these vertices form the support of c, denoted supppcq). Second, think of an element
pc, pq P A ≀ B as a pair made of a colouring c P

À

B A together with an arrow pointing at
some vertex p P B.
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0 1 1 0 2 1 0 0

Figure 1.4: An element of Z ≀ Z.

There are two possible moves to go from pc, pq to a neighbouring vertex in CaypA≀B,Uq:

• either we only move the arrow to a neighbouring vertex inB, and the colouring stays
the same;

• or the arrow stays on the vertex where it stands, but changes the color of this vertex,
and replaces it with an adjacent color in CaypA, Sq.

1 0 8 10

−1 4 0 3

0 2 6 0

12 9 5 5

−→

1 0 8 10

−1 4 0 3

0 2 6 0

12 9 5 5

−→

1 0 8 10

−1 4 0 3

0 3 6 0

12 9 5 5

Figure 1.5: A path of length two in CaypZ ≀ Z2, Uq.

Hence to go from pc, pq to another vertex pd, qq in A ≀ B, the arrow has to move in B
from p to q by visiting all vertices ofB where c and d differ. At each of these vertices t P B,
the color is changed, and goes from cptq P A to dptq P A.

Next, we want to ensure that the choice of a finite generating set for a finitely generated
group does not affect its large-scale geometry.

Lemma 1.2.31. LetG be a finitely generated group, and let S, T Ă G be two finite generating
sets of G. Then the identity map pG, dSq Ñ pG, dT q is a biLipschitz equivalence.

Proof. Let g, h P G, and let n ¨̈“ dSpg, hq. We write then g´1h “ s1 . . . sn with s1, . . . , sn P

S Y S´1. Then, by left-invariance of dT , one has

dT pg, hq “ dT pg, gs1 . . . snq

“ dT peG, s1 . . . snq

ď dT peG, s1q ` dT ps1, s1 . . . snq

“ dT peG, s1q ` dT peG, s2 . . . snq

ď . . .

ď

n
ÿ

i“1

dT peG, siq

ď C ¨ n

“ C ¨ dSpg, hq
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where C ¨̈“ max
sPS

dT peG, sq ą 0. By symmetry, one proves that dSpg, hq ď C 1 ¨ dT pg, hq

where C 1 ¨̈“ max
tPT

dSpeG, tq ą 0. Thus we conclude that

1

C 1
¨ dSpg, hq ď dT pg, hq ď C ¨ dSpg, hq

and the claim follows.

1.2.4 The Milnor-Schwarz lemma
The next result is an efficient tool to prove the existence of quasi-isometries between groups
and geodesic spaces onwhich they act. To state it, we recall additional terminologies related
to group actions.

Definition 1.2.32. Let G be a group acting on a metric space pX, dXq. The action is called

(i) isometric if dXpg ¨ x, g ¨ yq “ dXpx, yq for any g P G and x, y P X ;

(ii) properly discontinuous if for any compact subset K Ă X , the set

tg P G : gK X K ‰ Hu

is finite;

(iii) cocompact if there exists x0 P X , there is R ě 0 such that any x P X lies at distance
ď R from a point of G ¨ x0.

(iv) geometric if it is isometric, properly discontinuous and cocompact.

Recall also that a metric space pX, dXq is called proper if closed balls are compact.

Theorem 1.2.33 (Milnor-Schwarz lemma). Let G be a group and X be a proper geodesic
metric space. If G admits a geometric action on X , then G is finitely generated and the orbit
map

ix0 : G ÝÑ X

g ÞÝÑ g ¨ x0

is a quasi-isometry for every x0 P X .

Proof. Let x0 P X be a base point. LetR ě 0 be such thatG´translates ofBXpx0, Rq cover
X . Let

S ¨̈“
␣

g P G : BXpgx0, Rq X BXpx0, Rq ‰ H
(

.

Since the action is properly discontinuous, and that X is proper, S is finite. We claim that
S generates G.
Write B ¨̈“ Bpx0, Rq and c ¨̈“ inftdpB, gBq : g ‰ eG, g R Su ą 0. Let g P G with
g R S Y teGu. Then dpx0, gx0q ě 2R ` c ě R ` c, so there is k ě 2 such that

R ` pk ´ 1qc ď dpx0, gx0q ă R ` kc.
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Thus we can choose points x1, x2, . . . , xk`1 “ gx0 on a geodesic segment from x0 to gx0
such that dpx0, x1q ď R and dpxi, xi`1q ă c for 1 ď i ď k. Then there are elements
eG “ g0, g1, . . . , gk “ g in G such that xi`1 P giB for 0 ď i ď k:

x0

x1

x2

xk

xk+1 = gx0

g0B = B

g1B

gk−1B

gkB = gB

≤ R
< c

<
c

· · · ·

Figure 1.6: Configuration of the sequence x0, x1, x2, . . . , xk`1 in the space X

Let then si ¨̈“ g´1
i´1gi for 1 ď i ď k. This way, we get

dpB, siBq “ dpB, pg´1
i´1giqBq “ dpgi´1B, giBq ď dpxi, xi`1q ă c

whence si P S. Since s1s2 . . . sk “ gk “ g, it follows that S generates G, so G is finitely
generated.
Now we show that ix0 is a quasi-isometry, when G is equipped with the word metric dS .
Since any point of X is at distance ď R from a point of G ¨ x0 (by cocompactness), ix0 is
essentially surjective. We only need to show that there are constants C ě 1 and K ě 0

such that
1

C
¨ dSpg, hq ´ K ď dpgx0, hx0q ď C ¨ dSpg, hq ` K

for any g, h P G. Since one has dSpg, hq “ dSpeG, g
´1hq (by left-invariance of dS) and

dpgx0, hx0q “ dpx0, pg
´1hqx0q (the action G ñ X is isometric), it is enough to prove that

1

C
¨ dSpeG, gq ´ K ď dpx0, gx0q ď C ¨ dSpeG, gq ` K (1.2.2)

for all g P G. Let L ¨̈“ maxtdpx0, sx0q : s P Su and set

C ¨̈“ max

"

1

c
, L, 2R

*

, K ¨̈“ max

"

1

C
, c

*

.

If g “ eG, then (1.2.2) clearly holds. If rather g “ s P S, then we have 0 ď dpx0, sx0q ď 2R

and dSpeG, sq “ 1, and thus
1

C
¨ dSpeG, sq ´ K “

1

C
´ K ď 0 ď dpx0, sx0q ď 2R ď C ď C ¨ dSpeG, sq ` K

which is exactly (1.2.2). Suppose lastly that g R SYteGu. From the proof that S generatesG,
we get that, if k is the largest integer such thatR`pk´1qc ď dpx0, gx0q then dSpeG, gq ď k.
In particular

R ` pdSpeG, gq ´ 1qc ď dpx0, gx0q
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and it follows that

c ¨ dSpeG, gq ´ c ď dpx0, gx0q ´ R ď dpx0, gx0q.

Recalling that L is the maximum of dpx0, sx0q as s runs over S, the same argument as in
the proof of Lemma 1.2.31 shows that dpx0, gx0q ď L ¨ dSpeG, gq, and thus we obtain

c ¨ dSpeG, gq ´ c ď dpx0, gx0q ď L ¨ dSpeG, gq.

Since C ě L and C ě 1
c
, K ě c, inequality (1.2.2) holds. This finishes the proof.

Example 1.2.34. (i) For any n ě 1, the natural action of Zn on Rn is isometric, proper and
cocompact. As Rn is geodesic and proper, it follows that Zn „Q.I. Rn, as in Example 1.2.8(i).
(ii) If G is finitely generated and S is a finite symmetric generating set for G, then the
natural action of G on its Cayley graph CaypG,Sq is isometric, proper, and cocompact
since it is transitive on the vertices and there are |S| equivalence classes of edges. Thus G
is quasi-isometric to CaypG,Sq.
(iii) The Cayley graph of Z2 ˚Z2 ˚Z2 ˚Z2 “ xa, b, c, d : a2 “ b2 “ c2 “ d2 “ 1y with respect
to S “ ta, b, c, du is a 4´regular tree, and is therefore quasi-isometric to any Cayley graph
of F2. Thus Z2 ˚ Z2 ˚ Z2 ˚ Z2 is quasi-isometric to F2.

We now deduce corollaries of interest to get more examples of pairs of quasi-isometric
groups.

Corollary 1.2.35. Let G be a finitely generated group and H ď G a finite index subgroup.
Then H is finitely generated and quasi-isometric to G.

Proof. Consider S a finite generating set for G and the metric space pG, dSq. Let H act on
pG, dSq by left-multiplication. This action is isometric, proper, and cocompact since a finite
set of representatives of leftH´cosets is a compact subset of pG, dSq whose translates byH
coverG. Moreover, pG, dSq is geodesic and proper (balls of finite radius centered at eG P G

are finite), whence H is finitely generated and quasi-isometric to G by Theorem 1.2.33.
Moreover, a quasi-isometry is given by an arbitrary orbit map, for an arbitrary choice of
base point in G. The choice eG P G shows that the natural inclusion H ãÑ G is a quasi-
isometry.

Example 1.2.36. (i) The dihedral group D8 “ xa, t : a2 “ 1, ata´1 “ t´1y – Z ¸ Z{2Z
contains Z as a finite index subgroup, and thus is quasi-isometric to Z.
(ii) The group SL2pZq contains a finite index subgroup isomorphic to F2 (see e.g. [Loh17,
Proposition 4.4.2]), so SL2pZq is quasi-isometric to F2.

Corollary 1.2.37. LetG be a finitely generated group andN◁G be a finite normal subgroup.
Then G is quasi-isometric to G{N .

Proof. The natural action of G on G{N satisfies all assumptions of the Milnor-Schwarz
lemma, whence the claim.

– 45 –



Chapter 1

This implies for instance that SL2pZq is quasi-isometric to PSL2pZq since the latter is the
quotient of SL2pZq by its center t˘I2u.

For the last application, we need a terminology.

Definition 1.2.38. Let G and H be two groups. We say that they are

(i) commensurable if they contain finite index subgroups G1 ď G, H 1 ď H such that
G1 – H 1.

(ii) weakly commensurable if they contain finite index subgroups G1 ď G, H 1 ď H with
finite normal subgroups N ◁G1,M ◁H 1 such that G1{N – H 1{M .

The next statement is then a direct consequence of our previous results.

Corollary 1.2.39. Let G be a finitely generated group. If H is weakly commensurable to G,
then H is finitely generated and quasi-isometric to G.

Proof. Assume H is weakly commensurable to G, and let G1, H 1, N,M be as in Defini-
tion 1.2.38. As G is finitely generated, we deduce from Corollary 1.2.35 that G1 is finitely
generated, and thus G1{N is finitely generated (Proposition 1.1.2). Hence H 1{M is finitely
generated, so that H 1 is finitely generated. Thus H is finitely generated, and we have

H „Q.I H
1

„Q.I. H
1
{M – G1

{N „Q.I. G
1

„Q.I. G

where the first and last quasi-isometries are given by Corollary 1.2.35, and the second and
the third quasi-isometries are given by Corollary 1.2.37. The proof is complete.

1.3 Coarse geometric invariants

The goal of this section is to develop powerful tools to be able to distinguish pseudo-metric
spaces up to quasi-isometry.

1.3.1 Growth of finitely generated groups

Definition 1.3.1. LetG be a finitely generated groupwith a finite generating setS. The growth
function of G with respect to S is the map βpG,Sq : N Ñ N defined as

βpG,Sqpnq ¨̈“ |BdSpeG, nq|.

Example 1.3.2. (i) Let G “ Z equipped with the metric dS where S “ t´1, 1u. Then, if
n ě 1, BdSp0, nq “ t´n,´n` 1, . . . , n´ 1, nu, whence βpZ,Sqpnq “ 2n` 1 for any n ě 1.
(ii) Let G “ Z2 equipped with the generating set S “ tp1, 0q, p0, 1q, p´1, 0q, p0,´1qu. For
n ě 0, the ball of radius n centered at p0, 0q is

tpi, jq P Z2 : |i| ` |j| ď nu
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the diagonal square containing the vertices p0, rq, p0,´rq, pr, 0q, p´r, 0q, 0 ď r ď n. Thus

βpZ2,Sqpnq “ 1 `

n
ÿ

r“1

4r “ 2n2
` 2n ` 1

for all n ě 0.
(iii) If G “ Z2 is rather endowed with S1 “ S Y tp1, 1q, p´1,´1q, p1,´1q, p´1, 1qu, then
for any n ě 0, the ball of radius n centered at p0, 0q is now

tpi, jq P Z2 : |i| ď n, |j| ď nu “ t´n, . . . , nu
2

so that βpZ2,S1qpnq “ p2n ` 1q2 “ 4n2 ` 4n ` 1 for any n ě 0.
(iv) Let G “ F2 equipped with S “ ta, b, a´1, b´1u.

1
a

a−1

b

b−1

Figure 1.7: CaypF2, Sq.

For all n ě 1, the ball of radius n centered at the identity element has cardinality

βpF2,Sqpnq “ 1 ` 4 ¨

n´1
ÿ

j“0

3j “ 2 ¨ 3n ´ 1.

The previous examples show that the exact values of the growth function depend on
the choice of S. However, we know that, for different finite generating sets of the same
group, the two corresponding metric spaces are related by a biLipschitz equivalence (cf.
Lemma 1.2.31), and therefore have the same large-scale geometry. In order to make the
growth function a geometric invariant, we need to introduce an equivalence relation on
the set of functions defined on N.

– 47 –



Chapter 1

Definition 1.3.3. Let f, g : N Ñ R`. We say that g dominates f , and we write f ď g, if
there is a constantC ą 0 such that fpnq ď C ¨gpCnq for any n large enough. We say that f
and g are asymptotically equivalent, written fpnq » gpnq, if fpnq ď gpnq and gpnq ď fpnq.

It is easy to check that » is indeed an equivalence relation, and given a function f ,
its class refers to its equivalence class modulo ». If no confusion is possible, we often write
f for the class of a function f .

Example 1.3.4. (i) Let a, b ą 0 and c, d ą 1. One has na ď nb if and only if a ď b (and
thus na » nb if and only if a “ b), and cn » dn.

Proof. We start with the first equivalence. If a ď b, then na ď nb for any n ě 0, so na ď nb.
Conversely, assume that na ď nb, meaning there is C ą 0 so that

na ď C ¨ pCnq
b

“ Cb`1nb

for any n large enough. Hence na´b is bounded for n large enough, which forces a´ b ď 0,
i.e. a ď b.
For the second claim, note that it is enough to prove that if 1 ă d ď c, then cn ď dn.

(ii) For any a ą 0, b ą 1, na ď bn and na fi bn. The first part is proved exactly in the same
spirit as the previous example. On the other hand, if we suppose that na » bn, then we find
C ą 0 such that

bn ď C ¨ pCnq
a

“ Ca`1na

for all n large enough, so bn

na is bounded as n Ñ 8, a contradiction.

We are now ready to prove that the asymptotic behaviour of the growth function is a
geometric invariant.

Proposition 1.3.5. Let G (resp. H) be a finitely generated group with a finite generating set
S (resp. T ). If there exists a quasi-isometry G Ñ H , then βpG,Sqpnq » βpH,T qpnq.

Proof. Let C ě 1, K ě 0 be the parameters of a quasi-isometry f : G Ñ H . Let n P N and
fix g P G with length ď n. Then we have

dT peH , fpgqq ď dT peH , fpeGqq ` dT pfpeGq, fpgqq

ď dT peH , fpeGqq ` C ¨ dSpeG, gq ` K

ď C ¨ n ` K ` E

ď pC ` K ` Eq ¨ n

whereE ¨̈“ dT peH , fpeGqq. Thus fpBdSpeG, nqq Ă BdT peH , D ¨nq, whereD ¨̈“ C`K`E.
Additionally, if we let Q ě 0 be such that the pre-image of any point of H under f has
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cardinality at most Q, then we get

βpG,Sqpnq “ |BdSpeG, nq| ď
ˇ

ˇf´1
`

fpBdSpeG, nqq
˘
ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď

yPfpBdS
peG,nqq

f´1
ptyuq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď Q ¨
ˇ

ˇfpBdSpeG, nqq
ˇ

ˇ

ď Q ¨ |BdT peH , D ¨ nq|

“ Q ¨ βpH,T qpDnq

ď maxpQ,Dq ¨ βpH,T q

`

maxpQ,Dqn
˘

which proves that βpG,Sqpnq ď βpH,T qpnq. Considering a quasi-inverse f : H Ñ G of f , one
obtains βpH,T qpnq ď βpG,Sqpnq by symmetry. Thus βpG,Sqpnq » βpH,T qpnq as claimed.

In particular, if S and S 1 are different generating sets of the same group G, pG, dSq and
pG, dS1q are biLipschitz equivalent, and thus βpG,Sqpnq » βpG,S1qpnq. We therefore denote
by βG the (equivalence class of the) growth function of G.

If βGpnq » nd for some d P N, we say that G has polynomial growth of degree d, and
we say it has exponential growth if βGpnq » en. It has subexponential growth if βGpnq ď

en and βGpnq fi en, and it has superpolynomial growth if, for any d P N, nd ď βGpnq

and nd fi βGpnq. Lastly, G has intermediate growth if it has superpolynomial growth and
subexponential growth.

Equivalently, G has subexponential growth if

lim
nÑ8

lnpβGpnqq

n
“ 0

and exponential growth if this limit does not vanish.
For instance, we know from the above examples that Z has linear growth, and Z2 has

polynomial growth of degree 2. More generally, Zd has polynomial growth of degree d ě 1,
and Fd has exponential growth for any d ě 2.

The growth function behaves well when taking subgroups and quotients.

Proposition 1.3.6. Let G be a finitely generated group.

(i) If H ď G is a finitely generated subgroup of G, then βHpnq ď βGpnq.

(ii) If H ď G has finite index, then βHpnq » βGpnq.

(iii) If N ◁G, then βG{Npnq ď βGpnq. In addition, if N is finite, then βG{Npnq » βGpnq.

(iv) If H is weakly commensurable to G, then βGpnq » βHpnq.

In particular, it follows from this proposition that any group containing a non-abelian
free group has exponential growth.

Proof. (i) Let S be a finite symmetric generating set for G and T be a finite symmetric
generating set for H . Then U ¨̈“ S Y T is a finite generating set for G, and as T Ă U ,

– 49 –



Chapter 1

we have BdT peH , nq Ă BdU peG, nq for any n ě 1, whence βpH,T qpnq ď βpG,Uqpnq for any
n ě 1. This proves that βpH,T qpnq ď βpG,Uqpnq.
(ii) If H ◁ G has moreover finite index, it is quasi-isometric to G (Corollary 1.2.35) so the
claim follows from Proposition 1.3.5.
(iii) If S generates G, then πpSq generates G{N and BdπpSq

peG{N , nq “ πpBdSpeG, nqq for
any n ě 1, where π : G Ñ G{N is the natural projection. Thus

βG{Npnq “ |BdπpSq
peG{N , nq| “

ˇ

ˇπpBdSpeG, nqq
ˇ

ˇ ď |BdSpeG, nq| “ βGpnq

for any n ě 1, whence the first claim. Additionally, if N is finite, then π is |N |-to-one, and
one has then

βGpnq “ |BdSpeG, nq| ď
ˇ

ˇπ´1
`

πpBdSpeG, nqq
˘
ˇ

ˇ

ď |N | ¨
ˇ

ˇπpBdSpeG, nqq
ˇ

ˇ

ď |N | ¨ βG{Np|N | ¨ nq

for any n ě 1, so βGpnq ď βG{Npnq.
(iv) If H is weakly commensurable to G, it is finitely generated and quasi-isometric to G
by Corollary 1.2.39, and we get the result applying Proposition 1.3.5.

We also deduce from this proposition the next upper bound for the growth of a finitely
generated group.

Corollary 1.3.7. Let G be a finitely generated group. Then G grows at most exponentially
fast.

Proof. Since G is finitely generated, it is a quotient of a free group of finite rank. Such a
group grows exponentially fast, and the conclusion follows from Proposition 1.3.6(iii).

For instance, SL2pZq, PSL2pZq, Z2 ˚ Z2 ˚ Z2 ˚ Z2 all have exponential growth, since all
are quasi-isometric to F2. On the other hand,D8 has polynomial growth of degree 1 since
it is quasi-isometric to Z.

Let us also mention the following.

Proposition 1.3.8. Let G (resp. H) be a finitely generated group with a finite generating set
S (resp. T ). Then G ˆ H is finitely generated and βGˆHpnq » βpG,SqpnqβpH,T qpnq.

Proof. The fact that G ˆ H is finitely generated is a consequence of Proposition 1.1.2, and
the proof of the latter shows that

U ¨̈“ tps, eHq : s P Su Y tpeG, tq : t P T u

is a finite generating set for G ˆ H . As the growth type of G ˆ H is independent of the
choice of the generating set (see the remark right after Proposition 1.3.5), we now show
that

βpGˆH,Uqpnq » βpG,SqpnqβpH,T qpnq.
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First of all, if g P BdSpeG, nq and if h P BdT peH , nq, then pg, hq P BdU peGˆH , 2nq, and thus

βpG,SqpnqβpH,T qpnq “ |BdSpeG, nq||BdT peH , nq|

ď |BdU peGˆH , 2nq|

“ βpGˆH,Uqp2nq

ď 2βpGˆH,Uqp2nq

for any n ě 1. Hence βpG,SqpnqβpH,T qpnq ď βpGˆH,Uqpnq. Conversely, if n ě 1 and pg, hq P

BdU peGˆH , nq, there are p, r P N with p` r ď n and group elements x1, . . . , xp P S YS´1,
y1, . . . , yr P T Y T´1 such that

pg, hq “ px1, eHq . . . pxp, eHqpeG, y1q . . . peG, yrq “ px1 . . . xp, y1 . . . yrq.

Hence BdU peGˆH , nq Ă BdSpeG, nq ˆ BdT peH , nq, and it follows that

βpGˆH,Uqpnq ď βpG,SqpnqβpH,T qpnq

for any n ě 1. We conclude that βpGˆH,Uqpnq ď βpG,SqpnqβpH,T qpnq, and thus that

βpGˆH,Uqpnq » βpG,SqpnqβpH,T qpnq.

This implies the following.

Corollary 1.3.9. Any finitely generated abelian group has polynomial growth.

Proof. Such a group G splits as a product Zd ˆ F , where d P N and F is a finite group (see
e.g. [DK18, Corollary 1.30]). As the growth function of F is constant for n large enough,
we conclude that βGpnq » βZdpnq » nd, as claimed.

These results already allow us to distinguish euclidean spaces up to quasi-isometry.

Corollary 1.3.10. For any d ‰ d1 P N, Zd is not quasi-isometric to Zd1 . As a consequence, Rd

is not quasi-isometric to Rd
1 .

Proof. If d ‰ d1 and Zd „Q.I. Zd1 , then nd » nd
1 , so d “ d1 by Example 1.3.4(i). This

contradiction shows that Zd ȷQ.I. Zd1 . In particular, as Rd (resp. Rd
1) is quasi-isometric to

Zd (resp. Zd1), we deduce also Rd ȷQ.I. Rd
1 .

Amazingly, it turns out that the behaviour of the growth function of a finitely gener-
ated group encodes a lot of information about its algebraic structure. A first major result
highlighting this connection is Milnor’s theorem.

Theorem 1.3.11 ([Mil68]). A finitely generated solvable group of subexponential growth is
polycyclic.
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Recall that a groupG is solvable (resp. polycyclic) if one can find a sequence of subgroups

t1u “ Hs ď Hs´1 ď ¨ ¨ ¨ ď H1 ď H0 “ G

such that, for any 0 ď i ď s ´ 1, Hi`1 ◁ Hi and the quotient Hi{Hi`1 is abelian (resp.
cyclic).

As an application, a wreath product A ≀B has exponential growth as soon as A is a non-
trivial finitely generated solvable group, and B is an infinite finitely generated solvable
group.

Proof. Indeed, if A and B are both solvable, then A ≀ B is solvable, and it is finitely gen-
erated by Proposition 1.1.4. Thus, if A ≀ B has subexponential growth, it follows from
Milnor’s theorem that it is polycyclic, and in particular, all its subgroups are finitely gener-
ated [CecAdd21, Proposition 5.5]. Thus

À

B A is finitely generated, a contradiction since
B is infinite. Hence A ≀B cannot have subexponential growth.

On the other hand, Wolf’s theorem improves polycyclicity to virtual nilpotency when
the group has subexponential growth.

Theorem 1.3.12 ([Wol68]). A finitely generated polycyclic group of subexponential growth
is virtually nilpotent.

A proof is presented for instance in [CecAdd21, Theorem 7.37].
These two theorems combined therefore show intermediate growth is impossible among

solvable groups.

Corollary 1.3.13. A finitely generated solvable group either has exponential or polynomial
growth. In the latter case, it is virtually nilpotent.

In this statement, the first sentence is an immediate consequence of Theorems 1.3.11
and 1.3.12. The second sentence is not at all obvious, and is in fact a celebrated result of
Gromov.

Theorem 1.3.14 ([Gro81]). A finitely generated group has polynomial growth if and only if
it is virtually nilpotent.

On the other side, the existence of intermediate growth groups has been proved by Grig-
orchuk in the 80’s.

Theorem 1.3.15 ([Gri84]). There exist finitely generated groups of intermediate growth.

1.3.2 Amenability
Let us now present another geometric invariant of groups: amenability.

Definition 1.3.16. Let G be a finitely generated group with a finite generating set S. We
say that G is amenable if there exists a sequence pFnqnPN of finite subsets of G such that

lim
nÑ8

|BGFn|

|Fn|
“ 0

where BGFn ¨̈“ tg P GzFn : Df P Fn, Ds P S, g “ fsu is the boundary of Fn in G.
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When it exists, such a sequence is usually called a Følner sequence.
Amenability is known to admit plenty of other equivalent definitions, that relates it to

many other fields of study, such as for instance random walks and probability theory, fixed
point theorems and functional analysis, or paradoxical decompositions and the Banach-
Tarski paradox to name a few.

Theorem 1.3.17. Let G be a finitely generated group. The following are equivalent.

(i) G is amenable.

(ii) For all ε ą 0, there exists a finite set A Ă G such that |BGA| ď ε ¨ |A|.

(iii) G has a left-invariant mean, i.e. a function µ : PpGq ÝÑ r0, 1s such that µpGq “ 1,
µpA Y Bq “ µpAq ` µpBq where A,B Ă G are disjoint, and µpgAq “ µpAq for any
A Ă G and g P G.

(iv) Any action of G on a compact setK Ă V in a locally convex topological vector space V
has a fixed point.

Example 1.3.18. (i) Finite groups are amenable. For instance, if F is finite, it suffices to
consider the normalized counting measure µpAq “

|A|

|F |
, A Ă F , to get an invariant mean.

(ii) Z is amenable: if Fn “ t´n, . . . , nu and S “ t´1, 1u, then |BZFn|

|Fn|
“ 2

2n`1
goes to 0

as n Ñ 8. More generally, Zd is amenable for any d ě 1, consider the sequence Fn ¨̈“

t´n, . . . , nud and the canonical generating set of Zd.
(iii) The free group F2 is not amenable.

Proof. Suppose for a contradiction that there exists an invariant mean µ on F2. Write

F2 “ teu \ A` \ A´ \ B` \ B´

whereA` (resp. A´) consists of reduced words starting with an a (resp. a´1) andB` (resp.
B´) consists of reduced words starting with a b (resp. b´1). Since the second letter of an
element ofA` can be an a, a b or a b´1, multiplying this element by a´1 produces an element
either of A`, B` or B´. It follows that

a´1A` “ teu \ A` \ B` \ B´.

and properties of µ then imply

µpA`q “ µpa´1A`q “ µ
`

teu \ A` \ B` \ B´

˘

“ µpteuq ` µpA`q ` µpB`q ` µpB´q.

Thus µpteuq ` µpB`q ` µpB´q “ 0. Since µ is positive, this forces µpteuq “ µpB`q “

µpB´q “ 0. Likewise, we get µpA`q “ µpA´q “ 0. We conclude that

1 “ µpF2q “ µ
`

teu \ A` \ A´ \ B` \ B´

˘

“ µpteuq ` µpA`q ` µpA´q ` µpB`q ` µpB´q

“ 0

a contradiction. Therefore such a µ cannot exist.
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One of the questions that arise from these examples is whether amenability of a group
depends on the choice of a finite generating set for that group. The following theorem,
asserting as promised that amenability is a geometric invariant, answers the question.

Theorem 1.3.19 ([NG23, Theorem 3.1.5]). LetG andH be finitely generated groups. If there
exists a quasi-isometry f : G Ñ H and if H is amenable, then G is amenable.

Amenability also enjoys several stability properties under classical group operations,
that makes it very robust.

Theorem 1.3.20. Let G be a finitely generated group.

(i) (Subgroups) If G is amenable, and H ď G, then H is amenable.

(ii) (Quotients) If G is amenable, and N ◁G, then G{N is amenable.

(iii) (Extensions) If N ◁G, and N,G{N are amenable, then G is amenable.

From the first statement, we can in particular deduce that:

Corollary 1.3.21. Any group containing a subgroup isomorphic to F2 is not amenable. In
particular, Fd is not amenable for all d ě 2.

Thus, for instance, SLnpZq is not amenable, as well as PSLnpZq, for all n ě 2.
On the other hand, stability under extensions has the following corollaries, that provide

additional examples of amenable groups.

Corollary 1.3.22. Any finitely generated abelian group is amenable.

Proof. If G is finitely generated and abelian, it splits as a direct product G – Zd ˆ F

where d ě 1 and F is finite. Since both F and Zd are amenable, G is amenable by Theo-
rem 1.3.20(iii).

Corollary 1.3.23. Let A and B be finitely generated groups. Then A ≀ B is amenable if and
only if A and B are amenable.

Proof. If A ≀ B is amenable, amenability of A and B follows from Theorem 1.3.20(i) and
Theorem 1.3.20(ii) respectively. Conversely, if A and B are amenable, then so is

À

B A,
and thus A ≀B is amenable by Theorem 1.3.20(iii).

Let us also emphasize on a fourth stability result: recall that given a group G and a
collection F of subgroups of G, F is called directed if for any H,H 1 P F , there is H2 P F
such that H,H 1 ď H2. We then say that G is directed if F is directed and if

G “
ď

HPF
H.

Proposition 1.3.24. If G is the directed union of F and if any H P F is amenable, then G
is amenable.
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Corollary 1.3.25. A group is amenable if and only if all its finitely generated subgroups are
amenable.

Proof. IfG is amenable, any of its subgroups is amenable by Theorem 1.3.20(i). Conversely,
suppose any finitely generated subgroup of G is amenable, and consider

F ¨̈“ tH ď G : H is finitely generatedu.

The collection F is directed, as if H “ xSy, H 1 “ xS 1y are both finitely generated, the
subgroupH2 “ xSYS 1y is inF and contains bothH andH 1 as subgroups. By assumption,
any H P F is amenable, and G is the directed union of F , whence G is amenable by
Proposition 1.3.24.

We can then strengthen Corollary 1.3.22.

Corollary 1.3.26. Any abelian group is amenable.

Proof. LetG be an abelian group. By Corollary 1.3.25, it is enough to prove that any finitely
generated subgroup of G is amenable. Such a subgroup is then finitely generated and
abelian, whence amenable by Corollary 1.3.22.

Corollary 1.3.27. Any solvable group is amenable.

Proof. Such a group is obtained from the trivial group by doing finitely many extensions by
abelian groups. As these are amenable by Corollary 1.3.26, and as amenability is preserved
by extensions (cf. Theorem 1.3.20(iii)), the claim follows.

We conclude our list of examples by a straightforward implication between volume
growth and amenability.

Proposition 1.3.28. Any finitely generated subexponential growth group is amenable.

Proof. Assume that a finitely generated group G “ xSy is not amenable. Then there exists
ε ą 0 such that |BGA| ą ε ¨ |A| for any finite subset A Ă G. For any n ě 1, the ball
BdSpeG, nq can be decomposed as the disjoint union

BdSpeG, nq “ BdSpeG, n ´ 1q \ SpeG, nq

where SpeG, nq is the sphere centered at eG of radius n, that is the set of elements of the
group having word length exactly n. Thus

βGpnq “ |BdSpeG, nq| “ |BdSpeG, n ´ 1q| ` |SpeG, nq|

“ |BdSpeG, n ´ 1q| ¨

ˆ

1 `
|SpeG, nq|

|BdSpeG, n ´ 1q|

˙
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and iterating, one obtains

βGpnq “ |BdSpeG, n ´ 1q|

ˆ

1 `
|SpeG, nq|

|BdSpeG, n ´ 1q|

˙

“ |BdSpeG, n ´ 2q|

ˆ

1 `
|SpeG, n ´ 1q|

|BdSpeG, n ´ 2q|

˙ˆ

1 `
|SpeG, nq|

|BdSpeG, n ´ 1q|

˙

“ . . .

“

n
ź

k“1

ˆ

1 `
|SpeG, kq|

|BdSpeG, k ´ 1q|

˙

.

As |SpeG, kq| “ |BGBdSpeG, k ´ 1q| ą ε ¨ |BdSpeG, k ´ 1q|, one gets βGpnq ą p1 ` εqn, and
thus

βGpnq ě p1 ` εqn.

Hence G has exponential growth as claimed.

For instance, the Grigorchuk group from Theorem 1.3.15 has subexponential growth,
and thus is amenable.

1.3.3 Isoperimetric profiles
We now focus on another geometric invariant of finitely generated groups, which is in
general finer than the volume growth, since it also takes into account how boundaries of
finite subsets grow.

For a finitely generated group G and a finite generating set SG, its ℓp´isoperimetric
profile, for p ě 1, is the function jp,G : N Ñ R` given by

jp,Gpnq ¨̈“ sup
f : GÑR`

|supp f |ďn

}f}p

}∇f}p

where the support of f : G Ñ R` is supp f ¨̈“ tg P G : fpgq ­“ 0u and the ℓp´norm of its
gradient is defined by

}∇f}
p
p

¨̈“
ÿ

gPG, sPSG

|fpgq ´ fpgsq|
p.

For p “ 1, the ℓ1´isoperimetric profile is merely called isoperimetric profile and one has

j1,Gpnq » sup
|A|ďn

|A|

|BGA|

with BGA “ tg P GzA : Ds P SG, Dh P A, g “ hsu the boundary of A in G.
Recall also that the isoperimetric profile of a groupG is the generalized inverse of its Føl-

ner function FølG : N Ñ R`, defined as

FølGpnq ¨̈“ inf

"

|A| :
|BGA|

|A|
ď

1

n

*

.

In fact, the ℓp´isoperimetric profile of G is the generalized inverse of the ℓp´Følner
function of G, that we define in Chapter 5.
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The next theorem states that, as for the volume growth, the asymptotic behaviour of the
ℓp´isoperimetric profile is invariant under quasi-isometries. In particular, when studying
asymptotics of this function, the choice of the finite generating set is not important.

Theorem 1.3.29 ([Tes08, Theorem 1]). LetG andH be finitely generated groups. Let p ě 1.
If there exists a quasi-isometry f : G Ñ H , then jp,Gpnq » jp,Hpnq.

Erschler also noticed that the ℓp´profile is monotonically decreasing when taking sub-
groups:

Lemma 1.3.30 ([Ers03, Lemma 4]). Let G be a finitely generated amenable group, and let
H ď G be a finitely generated subgroup. Then, for any p ě 1, jp,Gpnq ď jp,Hpnq.

We shall also notice that, if G is not amenable, then there is ε ą 0 such that |BGA| ą

ε ¨ |A| (Theorem 1.3.17) for any finite subset A Ă G, so the ℓ1´isoperimetric profile of G
is bounded from above. The same holds for the ℓp´profile of G for p ě 1, since the profile
is monotonous decreasing into the variable p (see Lemma 5.4.3 below). Thus it is irrelevant
to study the behaviour of these functions for non-amenable groups.

On the other hand, the asymptotics of the profile are now known for several classical
classes of amenable groups, among which:

• jp,Gpnq » n
1
d if G has polynomial growth of degree d ě 1;

• jp,Gpnq » lnpnq for G “ BSp1, kq for k ě 2, or G “ F ≀ Z, where F is a non-trivial
finite group;

• jp,Gpnq » lnpnq for any polycyclic groupGwith exponential growth [Pit95; Pit00], or
more generally any exponential growth group within the class GES of Tessera [Tes13,
Corollary 5].

In fact, the main result of [Ers03] provides an explicit formula to compute the Følner
function of a wreath product in terms of Følner functions of both factors.

Theorem 1.3.31 ([Ers03, Theorem 1]). Let G andH be finitely generated amenable groups.
Suppose that the Følner function of H satisfies:

@C ą 0, DK ą 0, C ¨ FølHpnq ď FølHpKnq for all n large enough.

Then one has
FølG≀Hpnq » FølGpnq

FølHpnq.

The assumption of Theorem 1.3.31 can also be formulated in terms of the ℓ1´isoperimetric
profile: j1,HpCnq “ Opj1,Hpnqq for any C ą 0. We make further comments on it in Chap-
ter 5, since it also appears over there.

1.4 Orbit equivalence

This part is devoted to introduce a measured framework for finitely generated groups,
which is crucial for Chapter 6. As we will explain below, the tools we develop now can be
used to understand more precisely the large-scale geometry of finitely generated groups.
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The starting point is the notion of orbit equivalence: two groupsG andH are orbit equiv-
alent if there exist a standard probability space pX,µq and two free probability measure-
preserving (p.m.p.) actions G,H ñ pX,µq that share the same orbits, i.e. G ¨ x “ H ¨ x
for almost every x P X . In this case, the data of the space pX,µq and these two actions is
called an orbit equivalence coupling between G and H .

The following observation is useful in practice for simplifying computations.

Lemma 1.4.1. Let G,H ñ pX,µq be two free p.m.p. actions of countable groups and denote
by SG (resp. SH) a generating set of G (resp. H). Assume that

SG ¨ x Ă H ¨ x and SH ¨ x Ă G ¨ x

for almost every x P X . Then G and H have the same orbits.

Proof. For every x P X and every g P SG, let us denote by cG,Hpg, xq the element of H
satisfying

g ¨ x “ cG,Hpg, xq ¨ x.

We then have
x “ g ¨ pg´1

¨ xq “ cG,Hpg, g´1
¨ xq ¨ pg´1

¨ xq

which implies that
g´1

¨ x “ cG,Hpg, g´1
¨ xq

´1
¨ x

and we define cG,Hpg´1, xq ¨̈“ cG,Hpg, g´1 ¨ xq´1 P H . Finally, given g P G, we write it as
g “ g1 . . . gn with g1, . . . , gn P SG Y S´1

G , and it follows that

g ¨ x “ g1 ¨ pg2 . . . gn ¨ xq

“ cG,Hpg1, g2 . . . gn ¨ xqg2 . . . gn ¨ x

“ . . .

“ cG,Hpg1, g2 . . . gn ¨ xqcG,Hpg2, g3 . . . gn ¨ xq . . . cG,Hpgn, xq ¨ x

whence g ¨ x P H ¨ x. This holds for every g P G, so we get G ¨ x Ă H ¨ x. We similarly
prove the reverse inclusion to conclude the proof.

As proved by Ornstein and Weiss in 1980, the notion of orbit equivalence is too flexible
to distinguish amenable groups.

Theorem 1.4.2 ([OW80]). Any two infinite amenable groups are orbit equivalent.

Note that an orbit equivalence coupling comes with two maps cG,H : G ˆ X Ñ H ,
cH,G : H ˆ X Ñ G, called the cocycles of the coupling and defined by the equations

g ¨ x “ cG,Hpg, xq ¨ x, h ¨ x “ cH,Gph, xq ¨ x

for all g P G, h P H and µ´almost every x P X . These maps are well-defined by freeness
of the initial actions, and satisfy a cocycle identity:

cG,Hpgg1, xq “ cG,Hpg, g1
¨ xqcG,Hpg1, xq
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and similarly for cH,G. Moreover, for µ´almost every x P X , the maps cG,Hp¨, xq : G Ñ H
and cH,Gp¨, xq : H Ñ G are bijections and inverses of each other.

Intuitively, cocycles can be used to detect geometric differences between G and H , be-
cause they measure the distortion we make when passing from a G´orbit to an H´orbit,
and such orbits are copies of Cayley graphs of G and H .

G = Z2 = ⟨e1, e2⟩ H = Z = ⟨1⟩
Z2 · x Z · x=

· · ·

· · ·

· · ·

· · ·

...
...

...

...
...

...

· · · · · ·
T−1x x Tx T 2x

e1
e2 e2

e1x

e2 · x = T−1x
T 2x

e1 · x = Tx

T
T

T T
T

cZ,Z2(1, x) = e1

cZ,Z2(1, Tx) = e2

cZ,Z2(1, T−1x) = −e2

e1

cZ2,Z(e1, T
−1x) = 3

Figure 1.8: An orbit equivalence between Z and Z2.

In order to make this formal, we quantify the cocycles:

Definition 1.4.3. Let G and H be finitely generated groups with finite generating sets
SG, SH . Let pX,µq be an orbit equivalence coupling between G and H . Given a map
φ : R` Ñ R`, we say that cG,H is φ´integrable if, for every g P G, there is a constant
Cg ą 0 such that

ż

X

φ
`

Cg|cG,Hpg, xq|SH

˘

dµpxq ă `8.

Then, given two maps φ, ψ : R` Ñ R`, we say that pX,µq is a pφ, ψq´integrable orbit
equivalence coupling if cG,H is φ´integrable and cH,G is ψ´integrable.

In this case, we also say that G and H are pφ, ψq´integrably orbit equivalent. If ψ “ φ,
we simply say that G andH are φ´integrably orbit equivalent. Moreover, we say that cG,H
is Lp´integrable if φpxq “ xp, for p ą 0, and L0 means that there is no requirement on
the cocycle. We say that cG,H is L8 if, for any g P G, the map |cG,Hpg, ¨q|SH

: X Ñ N is
essentially bounded. Lastly, cG,H is Lă8 if it is Lp for any p ă 8.

Remark 1.4.4. The use of the constants Cg in the definition of φ´integrability of cG,H is
necessary because we want the following properties:

• The notion of φ´integrability does not depend on the particular choices of finite
generating sets SG, SH . Indeed, by Lemma 1.2.31, two different generating sets and
the associated word metrics on the same group yield biLipschitz equivalent metric
spaces;
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• If φ » ψ, then cG,H is φ´integrable if and only if cG,H is ψ´integrable;

• To prove that cG,H is φ´integrable, it suffices to check the finiteness of
ż

X

φ
`

Cg|cG,Hpg, xq|SH

˘

dµpxq

for g in a finite generating set ofG (see e.g. [DKLMT22, Proposition 2.22]). The same
remark holds for L8.

This notion of orbit equivalence is indeed more rigid, and starts to detect the large-scale
geometry of the groups we are coupling. One of the first results in this direction is due to
Bowen, proved in the appendix of Austin’s paper [Aus16], and states that volume growth
is an invariant of L1´orbit equivalence:

Theorem 1.4.5 ([Aus16, Theorem B.2]). LetG andH be finitely generated groups. IfG and
H are L1´orbit equivalent, then βGpnq » βHpnq.

This statement has been generalised in [DKLMT22, Theorem 3.1], where the authors
proved more generally that a pφ,L0q´integrable orbit equivalence coupling from G to H ,
where φ is increasing and subadditive such that φp0q “ 0, implies that

φ ˝ βHpnq ď βGpnq.

In the same paper, they in fact proved the following finer asymptotic inequality, with
the isoperimetric profile:

Theorem 1.4.6 ([DKLMT22, Theorem 1.1]). Let G and H be finitely generated amenable
groups. Let φ : R` Ñ R`. Assume that there is a pφ,L0q´integrable orbit equivalence cou-
pling from G to H .

(i) If φ and t ÞÝÑ t
φptq

are increasing, then φ ˝ j1,Hpnq ď j1,Gpnq.

(ii) If φpxq “ xp for some p ě 1, then jp,Hpnq ď jp,Gpnq.

Before starting the proof, let us notice here that the assumptions on φ in point (i) imply

φpCtq “ Opφptqq (1.4.1)

for every C ą 0. Indeed:

• If 0 ă C ď 1, then φpCtq ď φptq by increasingness of φ;

• If C ą 1, then t
φptq

ď Ct
φpCtq

by increasingness of t ÞÝÑ t
φptq

, so φpCtq ď Cφptq.

Hence one also has φptq “ OpφpCtqq for every C ą 0, since

φptq “ φ

ˆ

1

C
¨ Ct

˙

“ OpφpCtqq

using (1.4.1) with the constant 1
C
. In conclusion, under assumptions of point (i), we can

forget about the constants Cg in the definition of φ´integrability.
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Proof. Let SG and SH be finite generating sets of G and H respectively.
(i) Assume that pX,µq is an orbit equivalence coupling fromG toH , whereφ and t ÞÝÑ t

φptq

are increasing. Consider the cocycles cG,H : G ˆ X Ñ H , cH,G : H ˆ X Ñ G.
Let f : H Ñ R with |supppfq| ď n and }∇SH

f}1 “ 1. From this function, we define a
random map as follows: let x P X and let

fx : G ÝÑ R

g ÞÝÑ fpcG,Hpg, xqq.

From the fact that cG,Hp¨, xq : G Ñ H is a bijection for almost every x P X , we already
have

|supppfxq| “ |supppfq|, }fx}1 “ }f}1.

We now look at the norm of the ℓ1´gradient of fx. We first have
ż

X

}∇SG
fx}1dµpxq “

ÿ

sPSG

ÿ

gPG

ż

X

ˇ

ˇfxpsgq ´ fxpgq
ˇ

ˇ dµpxq

“
ÿ

sPSG

ÿ

gPG

ż

X

ˇ

ˇfpcG,Hpsg, xqq ´ fpcG,Hpg, xqq
ˇ

ˇ dµpxq

“
ÿ

sPSG

ÿ

gPG

ż

X

ˇ

ˇf
`

cG,Hps, g ¨ xqcG,Hpg, xq
˘

´ fpcG,Hpg, xqq
ˇ

ˇ dµpxq

“
ÿ

sPSG

ÿ

gPG

ż

X

ˇ

ˇf
`

cG,Hps, xqcG,Hpg, g´1
¨ xq

˘

´ f
`

cG,Hpg, g´1
¨ xq

˘
ˇ

ˇ dµpxq

“
ÿ

sPSG

ÿ

gPG

ż

X

ˇ

ˇf
`

cG,Hps, xqcG,Hpg´1, xq
´1
˘

´ f
`

cG,Hpg´1, xq
´1
˘
ˇ

ˇ dµpxq

“
ÿ

sPSG

ÿ

hPH

ż

X

ˇ

ˇf
`

cG,Hps, xqh
˘

´ fphq
ˇ

ˇ dµpxq

“
ÿ

sPSG

ż

X

ř

hPH

ˇ

ˇfpcG,Hps, xqhq ´ fphq
ˇ

ˇ

φ
`
ř

hPH

ˇ

ˇfpcG,Hps, xqhq ´ fphq
ˇ

ˇ

˘ ¨ φ

˜

ÿ

hPH

ˇ

ˇfpcG,Hps, xqhq ´ fphq
ˇ

ˇ

¸

dµpxq

using successively Fubini’s theorem, the definition of fx, the cocycle identity, the change
of variable x P X ÞÝÑ g ¨ x P X and the fact that the G´action on X preserves µ,
the cocycle identity and the change of variable cG,Hpt¨u´1, xq´1 : G Ñ H . Since the sum
ř

hPH |fpcG,Hps, xqhq ´ fphq| is bounded from above by 2}f}1, the monotonicity of t ÞÝÑ
t

φptq
implies that

ř

hPH |fpcG,Hps, xqhq ´ fphq|

φ p
ř

hPH |fpcG,Hps, xqhq ´ fphq|q
ď

2}f}1

φp2}f}1q
. (1.4.2)

For bounding φ
˜

ÿ

hPH

ˇ

ˇfpcG,Hps, xqhq ´ fphq
ˇ

ˇ

¸

, write

cG,Hps, xq “ t1 . . . tk
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where k “ |cG,Hps, xq|SH
and ti P SH for every 1 ď i ď k. Then the triangle inequality

provides
ˇ

ˇfpcG,Hps, xqhq ´ fphq
ˇ

ˇ “
ˇ

ˇfpt1 . . . tkhq ´ fphq
ˇ

ˇ

ď

k
ÿ

i“1

ˇ

ˇfpti . . . tkhq ´ fpti`1 . . . tkhq
ˇ

ˇ.

Then the change of variables h P H ÞÝÑ ti`1 . . . tkh P H provides

ÿ

hPH

ˇ

ˇfpcG,Hps, xqhq ´ fphq
ˇ

ˇ ď

k
ÿ

i“1

ÿ

hPH

ˇ

ˇfpti . . . tkhq ´ fpti`1 . . . tkhq
ˇ

ˇ

“

k
ÿ

i“1

ÿ

hPH

|fptihq ´ fphq|

ď

k
ÿ

i“1

}∇SH
f}1

ď k ¨ }∇SH
f}1

“ k

“ |cG,Hps, xq|SH
.

This inequality combined with Equation (1.4.2) then yields
ż

X

}∇SG
fx}1dµpxq ď

2}f}1

φp2}f}1q
¨
ÿ

sPSG

ż

X

φ
`

|cG,Hps, xq|SH

˘

dµpxq “
2}f}1

φp2}f}1q
¨ K

where K ¨̈“
ÿ

sPSG

ż

X

φ
`

|cG,Hps, xq|SH

˘

dµpxq is finite by φ´integrability of the cocycle

cG,H (recall from the remark before the proof that, under our assumptions, constants in the
definition of φ´integrability can be removed). Thus we deduce that there is x0 P X such
that

}∇SG
fx0}1 ď

2}f}1

φp2}f}1q
¨ K.

Since |supppfx0q| ď n and }fx0}1 “ }f}1, it follows that

j1,Gpnq ě
}fx0}1

}∇fx0}1
ě

1

2K
φp2}f}1q ě

1

2K
φp}f}1q.

Lastly, taking the supremum over all maps f : H Ñ R such that |supppfq| ď n and
}∇SH

f}1 “ 1, we get indeed

j1,Gpnq ě
1

2K
φpj1,Hpnqq

whence φ ˝ j1,Hpnq ď j1,Gpnq.
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(ii) Fix φptq “ tp. The strategy is similar to the previous one. Fix f : H ÝÑ R with
|supppfq| ď n and }∇SH

f}p “ 1. For x P X we define fx in the same way as above, so we
still have

|supppfxq| “ |supppfq|, }fx}p “ }f}p

but we now average rather }∇SG
fx}pp to deduce information on the ℓp´norm of the gradient

of fx. With the same steps, one proves that
ż

X

}∇SG
fx}

p
p dµpxq “

ÿ

sPSG

ż

X

ÿ

hPH

ˇ

ˇfpcG,Hps, xqhq ´ fphq
ˇ

ˇ

p
dµpxq.

Fixing s P SG and writing cG,Hps, xq “ t1 . . . tk with k “ |cG,Hps, xq|SH
, ti P SH , the

triangle inequality gives
ÿ

hPH

ˇ

ˇf
`

cG,Hps, xqh
˘

´ fphq
ˇ

ˇ

p
“ }fpcG,Hps, xq¨q ´ fp¨q}

p
p

ď

˜

k
ÿ

i“1

}fpti . . . tk¨q ´ fpti`1 . . . tk¨q}p

¸p

“

˜

k
ÿ

i“1

}fpti¨q ´ fp¨q}p

¸p

ď
`

k ¨ }∇SH
f}1

˘p

“ kp

“ |cG,Hps, xq|
p
SH
.

Thus we deduce that
ż

X

}∇SG
fx}

p
p dµpxq “

ÿ

sPSG

ż

X

ÿ

hPH

ˇ

ˇf
`

cG,Hps, xqh
˘

´ fphq
ˇ

ˇ

p
dµpxq

ď
ÿ

sPSG

ż

X

|cG,Hps, xq|
p
SH

dµpxq

and the latter quantity, call itK , is finite since cG,H is Lp´integrable. Hence there is x0 P X

such that }∇SG
fx0}pp ď K , and thus

jp,Gpnq ě
}fx0}p

}∇SG
fx0}p

ě
1

K
1
p

}f}p.

It remains to take the supremum over all f : H Ñ R having |supppfq| ď n and }∇SH
f}p “

1 to conclude that
jp,Gpnq ě

1

K
1
p

jp,Hpnq.

As an application of this asymptotic inequality, the authors of [DKLMT22] deduce that:
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Corollary 1.4.7. Let k, ℓ ě 1 be two integers. Let p ě 0. If there is a pLp,L0q´orbit equiva-
lence coupling from Zk`ℓ to Zk, then p ď k

k`ℓ
.

Proof. Weconsider two cases. Suppose first that 0 ď p ď 1 and that there is a pLp,L0q´orbit
equivalence coupling from Zk`ℓ to Zk. Then Theorem 1.4.6(i) implies that

n
p
k » j1,Zkpnq

p ď j1,Zk`ℓpnq » n
1

k`ℓ

whence p
k

ď 1
k`ℓ

, i.e. p ď k
k`ℓ

.
Assume now that p ą 1. Then a pLp,L0q coupling from Zk`ℓ to Zk would be in particular
pLq,L0q for any k

k`ℓ
ă q ď 1, which contradicts the first case proved above.

In addition, it is also proved in [DKLMT22, Theorem 6.12] that such a coupling does
exist if p ă k

k`ℓ
, using a particular type of Følner sequences of amenable groups, called Føl-

ner tilings. These sequences are particularly useful for constructing free p.m.p. actions on
product spaces, and thus provide orbit equivalence couplings. If additionally one can con-
trol precisely the geometry of the tiles we use, one can then control the integrability of
cocycles of the coupling with respect to a given function. We give more details on this par-
ticular technique in Chapter 6, where we use it to build couplings between lamplighter-like
groups.

Thus, for free abelian groups, the only thing unclear in [DKLMT22] was whether an
orbit coupling from Zk`ℓ to Zk could be pL

k
k`ℓ ,L0q. Correia recently answered the ques-

tion, showing that the threshold p “ k
k`ℓ

cannot be reached [Cor25, Theorem 4.3]. The
general statement, that will also be useful below for couplings between halo products, is
the following:

Theorem 1.4.8 ([Cor25, Theorem B]). Let G and H be finitely generated groups. Assume
there exists a non-decreasing function hG and an increasing function hH satisfying hGpxq »

j1,Gpxq, hHpxq » j1,Hpxq and the following as x Ñ `8:

hGpxq “ o phHpxqq ,

@C ą 0, hGpCxq “ O phGpxqq ,

@C ą 0, hG ˝ h´1
H pCxq “ O

`

hG ˝ h´1
H pxq

˘

.

Then there is no phG ˝ h´1
H ,L0q´integrable orbit equivalence coupling from G to H .

In conclusion, there exists a pLp,L0q´orbit equivalence from Zk`ℓ to Zk if and only if
p ă k

k`ℓ
.

Turning to another class of groups, there also exists a method to construct couplings
between wreath products provided couplings between factors of the wreath products.

Theorem1.4.9 ([DKLMT22, Corollary 7.3]). LetG1, H1, G2, H2 be finitely generated groups.
Let φ, ψ : R` Ñ R`. If there is a pφ, ψq´integrable orbit equivalence coupling fromG1 toG2,
and if there is a pφ, ψq´integrable orbit equivalence coupling from H1 to H2, then there is a
pφ, ψq´integrable orbit equivalence coupling from G1 ≀H1 to G2 ≀H2.
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Combined with the computation of the isoperimetric profile of wreath products from
Theorem 1.3.31, the isoperimetric obstruction from Theorem 1.4.6 and the description at
the critical threshold given in [Cor25], it follows for instance that:

Corollary 1.4.10. Let k, ℓ ě 1 be integers. Let F be a non-trivial finite group. Then there is
an pLp,L0q´orbit equivalence from F ≀ Zk`ℓ to F ≀ Zk if and only if p ă k

k`ℓ
.

We can also formulate an iterated version of this equivalence, if for a non-trivial finite
group F , we define iteratively the n´th iterated wreath product Hnpkq as: H0pkq ¨̈“ Zk,
Hn`1pkq ¨̈“ F ≀Hnpkq.

Corollary 1.4.11. Let k, ℓ ě 1 be integers. Let n ě 0. Then there is an pLp,L0q´orbit
equivalence from Hnpk ` ℓq to Hnpkq if and only if p ă k

k`ℓ
.

These descriptions for quantitative orbit equivalence of (iterated) lamplighters serve as
a motivation to try to achieve similar description for variants of lamplighters, such as lamp-
shufflers or lampcloners. See Chapter 6.

On the other hand, it is also proved in [DKLMT22] that other classical quasi-isometry
invariants cannot provide any valuable information on the integrability of the cocycles of
a coupling. One such geometric invariant is finite presentability:

Theorem 1.4.12 ([DKLMT22, Corollary 8.2]). Finite presentability is unstable under the
equivalence relation of strongly exponential orbit equivalence. In particular, it is unstable
under Lă8 orbit equivalence.

Among many other consequences, methods from [DKLMT22] allow one to prove a far-
reaching extension of Theorem 1.3.29 and Lemma 1.3.30:

Theorem 1.4.13 ([DKLMT22, Corollary 5.6]). Let G and H be finitely generated amenable
groups. Let p ě 1. If there exists a regular map from G to H , then jp,Hpnq ď jp,Gpnq.

The statement is false if we drop the amenability assumption. For instance, it is well-
known that Z{2Z ≀ Z contains biLipschitz embedded copies of F2 [Woe05] (which is not
amenable by Example 1.3.18(iii)), and indeed the isoperimetric profile of Z{2Z ≀ Z cannot
be bounded by the one of F2.

Finally, let us mention the following result of composition of actions, which enables us
to have some kind of transitivity of quantitative orbit equivalence among finitely generated
amenable groups. This is a reformulation of [DKLMT22, Propositions 2.26, 2.29 and 2.30]
in terms of orbit equivalence.

Theorem 1.4.14. Let G1, G2, G3 be three finitely generated groups and φ, φ1, ψ, ψ1 : R` Ñ

R` be non-decreasing maps. Let us assume that there exists a pφ, ψq´integrable orbit equiv-
alence coupling from G1 to G2, and a pφ1, ψ1q´integrable orbit equivalence coupling from G2

to G3. Let us also assume that the pairs pφ, φ1q and pψ1, ψq lie in the set of pairs of functions
pf, gq satisfying one of the following two conditions:

(i) either f and g are subadditive and g is concave;

(ii) or fpxq » gpxq » xp for some p ě 1.
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Then there exists a pφ2, ψ2q´integrable orbit equivalence coupling from G1 to G3, where

φ2
pxq “

"

φ ˝ φ1pxq if pφ, φ1q satisfies Assumption (i)
xp if pφ, φ1q satisfies Assumption (ii) for some p ě 1

and

ψ2
pxq “

"

ψ1 ˝ ψpxq if pψ1, ψq satisfies Assumption (i)
xp if pψ1, ψq satisfies Assumption (ii) for some p ě 1

.

1.5 Measure-scaling quasi-isometries

This part introduces measure-scaling quasi-isometries in the framework of bounded degree
graphs. It follows mainly [GT22].

1.5.1 Definition and first properties
The main definition of this section is the following one.

Definition 1.5.1. Let X and Y be bounded degree graphs. Let k ą 0. A quasi-isometry
f : X Ñ Y is quasi-k-to-one if there exists C ą 0 such that

ˇ

ˇk|A| ´ |f´1
pAq|

ˇ

ˇ ď C ¨ |BYA|

for all finite subsets A Ă Y , where BYA ¨̈“ ty P Y zA : Da P A, y „Y au is the boundary of
A in Y .

In this case, we say that f ismeasure-scaling, and that the real number k ą 0 is the scaling
factor.

Informally, being quasi-k-to-one means that the pre-image of a finite subset of the target
space is close to have the cardinality of the finite subset multiplied by k. The scaling factor
should therefore be thought as a measurement of how far our map is from a bijection. The
next theorem, due to Whyte, also serves as a motivation for this viewpoint.

Theorem 1.5.2 ([Why99]; [GT22, Proposition 4.1]). LetX and Y be bounded degree graphs.
A quasi-isometry f : X Ñ Y is quasi-one-to-one if and only if it lies at bounded distance from
a bijection.

Remark 1.5.3. Observe also that between non-amenable spaces, Definition 1.5.1 is satisfied
for any quasi-isometry f : X Ñ Y and any k ą 0. Indeed, if Y is not amenable, there exists
ε ą 0 such that |BYA| ą ε ¨ |A| for any finite subset A Ă Y , and thus

ˇ

ˇk|A| ´ |f´1
pAq|

ˇ

ˇ ď k|A| ` |f´1
pAq|

ď pk ` P q ¨ |A|

ď
k ` P

ε
¨ |BYA|

where P ě 1 is a uniform bound on |f´1ptyuq| for y P Y . Thus f is quasi-k-to-one.
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In particular, from this remark and Theorem 1.5.2, we deduce that any quasi-isometry
X Ñ Y between non-amenable graphs lies at bounded distance from a bijection.

The situation is drastically different for amenable spaces.

Lemma 1.5.4. Let X and Y be amenable bounded degree graphs. If f : X Ñ Y is quasi-k-
to-one and quasi-k1-to-one, then k “ k1.

Proof. As f is quasi-k-to-one, there is C ą 0 such that
ˇ

ˇk|A| ´ |f´1
pAq|

ˇ

ˇ ď C ¨ |BYA|

for all finite subsets A Ă Y . In particular, applying this inequality to a Følner sequence
pFnqnPN of Y leads to

ˇ

ˇk|Fn| ´ |f´1
pFnq|

ˇ

ˇ ď C ¨ |BY Fn|

for any n P N, or equivalently
ˇ

ˇ

ˇ

ˇ

k ´
|f´1pFnq|

|Fn|

ˇ

ˇ

ˇ

ˇ

ď C ¨
|BY Fn|

|Fn|

for any n P N. Thus we get that k “ lim
nÑ8

|f´1pFnq|

|Fn|
, and by the same reasoning, this last

limit also equals k1, whence k “ k1.

Notice also that in the amenable case, a quasi-isometry may not be measure-scaling: for
instance, the map f : Z Ñ Z defined by fpnq “ n if n ě 0 and fpnq “ 3n if n ď 0 is not
measure-scaling.

On the other hand, many classical quasi-isometries turn out to be scaling. For instance,
if H is a proper finite-index subgroup of an amenable finitely generated group G, then the
natural inclusion H ãÑ G is quasi- 1

rG:Hs
-to-one.

Let us now analyse how scaling maps behave under classical operations.

Proposition 1.5.5. Let X , Y and Z be bounded degree graphs. Let k1, k2 ą 0 and let
f, h : X Ñ Y , g : Y Ñ Z be three quasi-isometries.

(i) If f is quasi-k1-to-one and h is at bounded distance from f , then h is quasi-k1-to-one.

(ii) If f is quasi-k1-to-one and g is quasi-k2-to-one, then g˝f : X Ñ Z is quasi-k1k2-to-one.

(iii) If f is quasi-k1-to-one, then any of its quasi-inverses is quasi- 1
k1
-to-one.

The proof of Proposition 1.5.5 requires several intermediate observations.

Lemma 1.5.6. Let X be a bounded degree graph.

(i) For any finite subset A Ă X and any S ě 0, one has |A`S| ď NS ¨ |A|, where N ě 3

is an integer larger than the maximal degree of a vertex of X .

(ii) For any finite subset A Ă X and any S ě 0, there is a constant R ą 0 (depending only
on S and on X) such that |A`SzA| ď R ¨ |BXA|.
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Proof. (i) Fix any 0 ď i ď S ´ 1. Given any element a of A, the fact that any vertex of X
has degree ď N implies that there are at most N i paths of length i that start at a P A and
that end at an element of A`i. Thus

ˇ

ˇA`S
ˇ

ˇ ď |A| ¨

S´1
ÿ

i“0

N i
ď NS

¨ |A|

as claimed.
(ii) It suffices to note that A`SzA Ă pBXAq`pS´1q and to apply point (i).

Lemma 1.5.7. Let X and Y be two graphs of bounded degree. Let f : X Ñ Y be a quasi-
isometry. Then there exists a constant L ą 0 such that

|BXf
´1

pAq| ď L ¨ |BYA|

for any finite subset A Ă Y .

Proof. Let C ě 1, K ě 0 be such that f is a pC,Kq´quasi-isometry. Notice that f sends
two adjacent vertices to two vertices at distance ď C ` K . Let P ě 1 be a uniform bound
on pre-images of points under f .
Let A Ă Y be finite. Let x P BXf

´1pAq. Thus there is y P f´1pAq such that dXpx, yq “ 1.
It follows that dY pfpxq, fpyqq ď C ` K and fpyq P A, so fpxq P A`pC`Kq, and thus
x P f´1pA`pC`Kqq. Additionally, x R f´1pAq, so we have proved

BXf
´1

pAq Ă f´1
`

A`pC`Kq
˘

zf´1
pAq.

Taking cardinalities, it follows that

|BXf
´1

pAq| ď
ˇ

ˇf´1
`

A`pC`Kq
˘

zf´1
pAq

ˇ

ˇ

“
ˇ

ˇf´1
`

A`pC`Kq
zA

˘
ˇ

ˇ

ď P ¨
ˇ

ˇA`pC`Kq
zA

ˇ

ˇ

ď P ¨ R ¨ |BYA|

where R ą 0 is the constant provided by Lemma 1.5.6(ii), that depends only on Y and the
parameters C and K of f . This finishes the proof.

Lemma1.5.8. LetX andY be bounded degree graphs, and let f : X Ñ Y be a pC,Kq´quasi-
isometry, with a pC,Kq´quasi-inverse f : Y Ñ X . Then we have

dHaus
`

fpAq, f´1
pA`K

q
˘

ď pC ` 2qK

for any subset A Ă Y .

Proof. Let A Ă Y , and let x P f´1pA`Kq. Then fpxq P A`K , and we may pick y P A such
that dY py, fpxqq ď K . It follows that

dX
`

fpyq, x
˘

ď dX
`

fpyq, fpfpxqq
˘

` dX
`

fpfpxqq, x
˘

ď C ¨ dY py, fpxqq ` K ` K

ď pC ` 2qK
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and since fpyq P fpAq, we get x P fpAq`pC`2qK .
Conversely, if x “ fpyq with y P A, then fpxq “ fpfpyqq is at distance at most K from
y P A, i.e. fpxq P A`K , so x P f´1pA`Kq. We conclude that

dHaus
`

fpAq, f´1
pA`K

q
˘

ď pC ` 2qK

as claimed.

Proof of Proposition 1.5.5. (i) Assume that the distance between f and h is at most Q, and
observe that this implies that f´1pBq Ă h´1pB`Qq and h´1pBq Ă f´1pB`Qq for any finite
subset B Ă Y .
Now, fix any finite subset A Ă Y . We first estimate

ˇ

ˇk1|A| ´ |h´1
pAq|

ˇ

ˇ ď
ˇ

ˇk1|A| ´ |f´1
pAq|

ˇ

ˇ `
ˇ

ˇ|f´1
pAq| ´ |h´1

pAq|
ˇ

ˇ . (1.5.1)

We then have

|f´1
pAq| ´ |h´1

pAq| ď |h´1
pA`Q

q| ´ |h´1
pAq|

ď
ˇ

ˇh´1
`

A`Q
zA

˘
ˇ

ˇ

ď P ¨
ˇ

ˇA`Q
zA

ˇ

ˇ

ď P ¨ R ¨ |BYA|

where P ě 1 is a uniform bound on sizes of pre-images of points under h and R ą 0 is the
constant from Lemma 1.5.6(ii). On the other hand, we have similarly

|h´1
pAq| ´ |f´1

pAq| ď |f´1
pA`Q

q| ´ |f´1
pAq|

ď |f´1
`

A`Q
zA

˘

|

ď P 1
¨
ˇ

ˇA`Q
zA

ˇ

ˇ

ď P 1
¨ R ¨ |BYA|

where P 1 is a uniform bound on sizes of pre-images of points under f . Thus, combining
(1.5.1) and the fact that f is quasi-k1-to-one, we get the existence of C ą 0 such that

ˇ

ˇk1|A| ´ |h´1
pAq|

ˇ

ˇ ď
ˇ

ˇk1|A| ´ |f´1
pAq|

ˇ

ˇ `
ˇ

ˇ|f´1
pAq| ´ |h´1

pAq|
ˇ

ˇ

ď C ¨ |BYA| ` maxpP, P 1
q ¨ R ¨ |BYA|

“
`

C ` maxpP, P 1
q ¨ R

˘

¨ |BYA|

and this proves that h is quasi-k1-to-one.
(ii) Fix a finite subset A Ă Z . By our assumptions, we know there exist C ą 0 and D ą 0

such that
ˇ

ˇk1k2|A| ´ |pg ˝ fq
´1

pAq|
ˇ

ˇ ď
ˇ

ˇk1k2|A| ´ k1|g
´1

pAq|
ˇ

ˇ `
ˇ

ˇk1|g
´1

pAq| ´ |f´1
pg´1

pAqq|
ˇ

ˇ

ď k1 ¨ D ¨ |BZA| ` |BY g
´1

pAq|

ď k1 ¨ D ¨ |BZA| ` L ¨ |BZA|

ď pk1 ¨ D ` Lq ¨ |BZA|
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where L ą 0 is the constant provided by Lemma 1.5.7. This proves that g ˝ f is quasi-k1k2-
to-one.
(iii) Let C ě 1 and K ě 0 be such that f and one of its quasi-inverses f : Y Ñ X are
pC,Kq´quasi-isometries, and such that f ˝ f , f ˝ f lie at distance ď K from IdY , IdX
respectively. Fix a finite subset A Ă X .
We first rewrite

ˇ

ˇ

ˇ

ˇ

1

k1
|A| ´

ˇ

ˇf
´1

pAq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“
1

k1

ˇ

ˇ

ˇ
|A| ´ k1

ˇ

ˇf
´1

pAq
ˇ

ˇ

ˇ

ˇ

ˇ

ď
1

k1

ˇ

ˇ

ˇ
k1
ˇ

ˇf
´1

pAq
ˇ

ˇ ´
ˇ

ˇf´1
`

f
´1

pAq
˘ˇ

ˇ

ˇ

ˇ

ˇ
`

1

k1

ˇ

ˇ

ˇ

ˇ

ˇf´1
`

f
´1

pAq
˘ˇ

ˇ ´ |A|

ˇ

ˇ

ˇ
.

In this sum, we control the first term using that f is quasi-k1-to-one: there exists a constant
T ą 0 such that

ˇ

ˇ

ˇ
k1
ˇ

ˇf
´1

pAq
ˇ

ˇ ´
ˇ

ˇf´1
`

f
´1

pAq
˘ˇ

ˇ

ˇ

ˇ

ˇ
ď T ¨

ˇ

ˇBY f
´1

pAq
ˇ

ˇ

ď T ¨ L ¨ |BXA|

where L ą 0 is provided by Lemma 1.5.7 (and depends only on X and the parameters C
and K of fq. For the second term, we write

ˇ

ˇ

ˇ

ˇ

ˇf´1
`

f
´1

pAq
˘
ˇ

ˇ ´ |A|

ˇ

ˇ

ˇ
ď
ˇ

ˇA`K
ˇ

ˇ ´ |A| “
ˇ

ˇA`K
zA

ˇ

ˇ ď R ¨ |BXA|

since f ˝ f is at distance ď K from IdX and where R ą 0 comes from Lemma 1.5.6(ii) (and
depends only on X and the parameters C and K of f ). By symmetry, one also gets that

|A| ´
ˇ

ˇf´1
`

f
´1

pAq
˘
ˇ

ˇ ď
ˇ

ˇ

`

f ˝ f
˘´1

pA`K
zAq

ˇ

ˇ ď P ¨
ˇ

ˇA`K
zA

ˇ

ˇ ď P ¨ R ¨ |BXA|

whereP ě 1 is a uniform bound on the sizes of pre-images of points under f˝f . Combining
all these inequalities, it follows that

ˇ

ˇ

ˇ

ˇ

1

k1
|A| ´

ˇ

ˇf
´1

pAq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď
1

k1

ˇ

ˇ

ˇ
k1
ˇ

ˇf
´1

pAq
ˇ

ˇ ´
ˇ

ˇf´1
`

f
´1

pAq
˘ˇ

ˇ

ˇ

ˇ

ˇ
`

1

k1

ˇ

ˇ

ˇ

ˇ

ˇf´1
`

f
´1

pAq
˘ˇ

ˇ ´ |A|

ˇ

ˇ

ˇ

ď
T ¨ L

k1
|BXA| `

P

k1
¨ |BXA|

“
T ¨ L ` P

k1
¨ |BXA|

and we conclude that f : Y Ñ X is quasi- 1
k1
-to-one. This finishes the proof.

As an application of these properties, [GT22, Theorem 5.1] provides a version of Milnor-
Schwarz lemma (cf. Lemma 1.2.33) in the context of scaling quasi-isometries. As an inter-
esting special case, let us quote:

Corollary 1.5.9 ([GT22, Corollary 5.8]). LetG be a finitely generated group, and letH1 and
H2 be two finite-index subgroups of G. Then there exists a measure-scaling quasi-isometry
H1 Ñ H2, of scaling factor

rG:H2s

rG:H1s
.
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In particular, from this corollary and Whyte’s theorem (Theorem 1.5.2), one deduces the
following nice fact: in a given finitely generated amenable group, if two finite-index sub-
groups have the same index, then they must be biLipschitz equivalent. See [GT22, Propo-
sition 1.5] for a more general statement.

We refer to [GT22, Section 5] for other examples of scaling quasi-isometries, in the
framework of locally compact groups and metric measure spaces.

1.5.2 Rational scaling factors
The following result gives an alternative description of measure-scaling quasi-isometries
when the scaling factor is rational. Since we will use it several times in the sequel to con-
struct quasi-isometries between wreath products, we provide a proof below.

Theorem 1.5.10 ([GT22, Proposition 4.2]). Let n,m ě 1 be natural integers and letX and Y
be two bounded degree graphs. Let f : X Ñ Y be a quasi-isometry. The following statements
are equivalent:

(i) The map f is quasi-m
n
-to-one;

(ii) There exist a partition PX (resp. PY ) with uniformly bounded pieces of sizem (resp. n)
and a bijection ψ : PX Ñ PY such that f is at bounded distance from a map g : X Ñ Y

satisfying gpP q Ă ψpP q for any P P PX .

Proof. We start by showing that (ii) ùñ (i). Since f and g are at bounded distance, it
suffices to prove that g is quasi-m

n
-to-one and apply Proposition 1.5.5 to conclude that f is

also quasi-m
n
-to-one.

Let A Ă Y be finite. Let A` denote the union of all pieces of PY that contain at least one
point of A. If A` consists of k pieces, then g´1pA`q is a union of k pieces of PX , hence
|g´1pA`q|

m
“ k “

|A`|

n
. Thus we get

ˇ

ˇ

ˇ

m

n
|A| ´ |g´1

pAq|

ˇ

ˇ

ˇ
ď
m

n

ˇ

ˇ|A| ´ |A`
|
ˇ

ˇ `

ˇ

ˇ

ˇ

m

n
|A`

| ´ |g´1
pA`

q|

ˇ

ˇ

ˇ
`
ˇ

ˇ|g´1
pA`

q| ´ |g´1
pAq|

ˇ

ˇ

“
m

n
|A`

zA| ` |g´1
pA`

zAq|

ď

´m

n
` m

¯

¨ |A`
zA|

using for the last inequality that |g´1pBq| ď m ¨ |B| for any finite subset B Ă Y . Since
pieces of PY are uniformly bounded, there is K ě 0 such that A` Ă A`K , whence

ˇ

ˇ

ˇ

m

n
|A| ´ |g´1

pAq|

ˇ

ˇ

ˇ
ď

´m

n
` m

¯

¨ |A`
zA|

ď
m

n
pn ` 1q ¨ |A`K

zA|

ď
m

n
pn ` 1q ¨ R ¨ |BYA|

using Lemma 1.5.6(ii) in the last line. Thus g is quasi-m
n
-to-one, hence so is f , and (i) is

proved.
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(i) ùñ (ii): Let C ě 1, K ě 0 be such that f is a pC,Kq´quasi-isometry.
According to [GT22, Lemma 4.3], there exists a partition PX (resp. PY ) of X (resp. of Y )
with uniformly bounded pieces of size m (resp. n). Let L denote a uniform upper bound
on diameters of pieces of PX and PY . We define a graph structure on PX (resp. PY )
by connecting two pieces of PX (resp. PY ) by an edge whenever they contain adjacent
vertices of X (resp. of Y ). For each P P PX (resp. Q P PY ), we fix a basepoint xP P P

(resp. yQ P Q). Then we define the maps i : PX ÝÑ X , ipP q “ xP and

j : Y ÝÑ PY
y ÞÝÑ piece containing y.

These maps are quasi-isometries and, applying the implication (ii) ùñ (i) already proved,
i is quasi- 1

m
-to-one and j is quasi-n-to-one. Therefore, Proposition 1.5.5(ii) implies that

j ˝ f ˝ i : PX ÝÑ PY is quasi-one-to-one and thus, by Theorem 1.5.2, it lies at bounded
distance, say L ě 0, from a bijection ψ : PX ÝÑ PY . Finally, we define the map

g : X ÝÑ Y

x ÞÝÑ yψpP q

where P P PX contains x. By construction, gpP q Ă ψpP q for any P P PX . Let x P X and
let P P PX be the piece containing x. Then one has

dY pfpxq, gpxqq ď dY pfpxq, fpxP qq ` dY pfpxP q, gpxqq

ď C ¨ dXpx, xP q ` K ` dY pfpxP q, gpxqq

ď C ¨ D ` K ` dY pfpxP q, gpxqq.

It remains to estimate dY pfpxP q, gpxqq. If we let A ě 1 and B ě 0 denote the parameters
of j, then it follows that

dY pfpxP q, gpxqq ď A ¨
`

dPY
pjpfpxP q, jpgpxqqq ` B

˘

ď A ¨
`

dPY
pjpfpipP qq, ψpP qq ` B

˘

ď A ¨ L ` B.

Thus dY pfpxq, gpxqq ď C ¨D `K `A ¨ L`B, and g is at bounded distance from f . This
concludes the proof.

1.5.3 Scaling groups
Let X be an amenable bounded degree graph, and let us define its scaling quasi-isometry
group as

QIscpXq ¨̈“ tmeasure-scaling quasi-isometries X Ñ Xu{bounded distance.

Then, it follows fromLemma 1.5.4 and Proposition 1.5.5 that there is awell-defined group
morphism

Sc : QIscpXq ÝÑ Rą0

f quasi-k-to-one ÞÝÑ k
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taking any scaling quasi-isometry of X to its scaling factor. We call this map the scale
morphism.

Definition 1.5.11. LetX be an amenable bounded degree graph. Its scaling group, denoted
ScpXq, is the image of the scale morphism Sc : QIscpXq ÝÑ Rą0.

The scaling group ScpXq is a measure-scaling quasi-isometry invariant of the space X .
In particular, given a finitely generated group G, its scaling group ScpGq is defined as the
scaling group of its Cayley graph with respect to an arbitrary finite generating set, and
ScpGq does not depend on the choice of such a generating set.

The object being introduced, we should keep in mind two central questions about the
behaviour of quasi-isometries of a given finitely generated group:

• Is it true that any self-quasi-isometry G Ñ G is measure-scaling?

• In general, what is ScpGq?

Let us now give few examples of scaling groups that are known.

Proposition 1.5.12 ([GT22, Corollary 6.6]). We have ScpGq “ Rą0 if:

(i) G is a Carnot group or a lattice in a Carnot group;

(ii) G “ SOLpRq or a lattice in SOLpRq;

(iii) G “ BSp1, nq for all n ě 2.

On the other hand, for point (i), one should keep inmind the fact that ScpZdq “ ScpRdq “

Rą0 for any d ě 1, but a self-quasi-isometry of Zd or Rd need not be scaling.
The scaling group is also known to be smaller in a number of other situations. How-

ever, the proof of these facts are in general much harder, because showing a restriction on
the scaling group of a space requires to understand precisely the behaviour of all quasi-
isometries of the space. Such information is known only for very specific classes of groups.

Proposition 1.5.13 ([Dym10]; [EFW13]). Let F be a non-trivial finite group. Then one has

ScpF ≀ Zq “ xp1, . . . , pky

where p1, . . . , pk are the prime numbers appearing in the decomposition of |F |.

Additionally, it follows from results of [DPT15] that higher rank lamplighters Γdpqq in-
troduced in this article have the same scaling groups, namely

ScpΓdpqqq “ xp1, . . . , pky

where p1, . . . , pk are the prime numbers appearing in the decomposition of q ě 2.
As we will explain in Chapter 2, it follows from the work of Genevois and Tessera on

the quasi-isometric rigidity of lamplighters that ScpF ≀Kq “ t1u if F is a non-trivial finite
group andK is amenable, finitely presented and one-ended. We prove in Chapter 4 a similar
result, when F is allowed to be infinite and of polynomial growth.
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Algebraic and geometric consequences. Let us now outline some nice consequences
that can be deduced from the computation of the scaling group of a finitely generated group.

The first one is algebraic and concerns finite-index subgroups of a given finitely gener-
ated group.

Corollary 1.5.14. Let G be a finitely generated group. If ScpGq “ t1u, then G has no proper
finite-index subgroups isomorphic to itself.

Proof. If H is a finite-index subgroup isomorphic to G, composing this isomorphism with
the natural inclusion H ãÑ G provides a quasi- 1

rG:Hs
-to-one self-quasi-isometry G Ñ G

(using Proposition 1.5.5(ii)), and thus rG : Hs “ 1 since ScpGq “ t1u, i.e. H “ G cannot
be proper.

More generally, the same proof yields:

Corollary 1.5.15. LetG be a finitely generated group. If ScpGq “ t1u, and ifH1, H2 are two
biLipschitz equivalent finite-index subgroups of G, then rG : H1s “ rG : H2s.

Even though these two facts are elementary, they illustrate well the interaction between
the algebraic structure of a group with its large-scale geometry. From a complete descrip-
tion of its quasi-isometries, one can deduce non-trivial algebraic facts about subgroups of
a given group.

The second consequence is geometric, and deals with the difference between quasi-
isometries and biLipschitz equivalences. While finite-index extensions of a finitely gener-
ated group yield groups that are quasi-isometric, one can wonder whether these extensions
are in fact biLipschitz equivalent to the initial group. In view of what has been said above
in the non-amenable setting, the question is only relevant for amenable groups.

Corollary 1.5.16. LetG be a finitely generated amenable group, and letH be a group having
G as a finite-index subgroup. Then G and H are biLipschitz equivalent if and only if rH :

Gs P ScpGq.

Proof. Suppose that there is a biLipschitz equivalenceH Ñ G. Such a map is quasi-one-to-
one, and pre-composing it with the natural inclusionG ãÑ H provides a quasi- 1

rH:Gs
-to-one

quasi-isometryG Ñ G, by Proposition 1.5.5. Thus 1
rH:Gs

P ScpGq, whence rH : Gs P ScpGq.
Conversely, assume that rH : Gs P ScpGq, and fix a quasi-rH : Gs-to-one map f : G Ñ G.
Post-composing it with the natural inclusion G ãÑ H gives a quasi-one-to-one map G Ñ

H , and such a map lies at bounded distance from a bijection by Theorem 1.5.2. The latter
is the desired biLipschitz equivalence.

1.5.4 Open questions
As already pointed out, the systematic study of scaling quasi-isometries of amenable groups
has been initiated recently, in [GT22], and many challenging questions arise. We propose
here a selection of such questions.

The scaling group is invariant under measure-scaling quasi-isometries. Hence:
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Question 1.5.17. Are there pairs of quasi-isometric amenable groups with different scaling
groups?

In the light of Proposition 1.5.12(i), it is tempting to conjecture that the scaling group of
a group G tends to be all of Rą0 if G is “small” in some sense. We then ask:

Question 1.5.18. Is it true that ScpGq “ Rą0 for any finitely generated group G with
polynomial growth?

Lastly, there is a lack of known subgroups of Rą0 that can be obtained as the scaling
group of an amenable finitely generated group. Apart from lamplighters over Z (Propo-
sition 1.5.13) and higher rank lamplighters from [DPT15], there is no other instance of a
proper subgroup of Rą0 being the scaling group of an amenable group G.

Question 1.5.19. Is it true that any finitely generated subgroup of Rą0 can be realised as
the scaling group of an amenable group?

In [Lev24], it is proved that any finitely generated subgroup of Rą0 can be realised as
the scaling group of a bounded degree graph. However, the graphs considered are far from
being Cayley graphs of amenable finitely generated groups.

1.6 Quasi-isometries of pairs

In our study of quasi-isometries of permutational lamplighters below, we will be interested
in quasi-isometries that moreover quasi-preserve some subspaces of their source space.
This is the next refinement we introduce.

Definition 1.6.1. LetX,Y be metric spaces and letA (resp. B) be a collection of subspaces
of X (resp. Y ). A quasi-isometry f : X Ñ Y is a quasi-isometry of pairs f : pX,Aq ÝÑ

pY,Bq if there exists Q ą 0 such that:

• For any A P A, there exists B P B such that dHauspfpAq, Bq ď Q.

• For any B P B, there exists A P A such that dHauspfpAq, Bq ď Q.

In this case, if f is a pC,Kq´quasi-isometry, then we say that f is a pC,K,Qq´quasi-
isometry of pairs, and that pX,Aq, pY,Bq are quasi-isometric pairs.

In the particular case where X “ G and Y “ H are finitely generated groups and
A “ CM , B “ CN are collections of left cosets of subgroupsM ď G, N ď H , we simply
write pG,Mq ÝÑ pH,Nq to denote a quasi-isometry of pairs pG, CMq ÝÑ pH, CNq.

In this part, we record basic properties of quasi-isometries of pairs that will be use-
ful below, and we specify then to quasi-isometries of pairs between finitely generated
groups quasi-preserving cosets of a fixed normal subgroup. For a more general approach on
the notion and many geometric properties with respect to such quasi-isometries, we refer
to [HMP23; AMP26] and the references therein.

We start by gathering in a lemma some elementary observations for future use.
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Lemma 1.6.2. Let X, Y, Z be three metric spaces with collections of subspaces A,B,D re-
spectively.

(i) If f : pX,Aq ÝÑ pY,Bq is a quasi-isometry of pairs and if h : X Ñ Y lies at finite
distance from f , then h : pX,Aq ÝÑ pY,Bq is a quasi-isometry of pairs.

(ii) If f : pX,Aq ÝÑ pY,Bq, g : pY,Bq ÝÑ pZ,Dq are quasi-isometries of pairs, then
g ˝ f : pX,Aq ÝÑ pZ,Dq is a quasi-isometry of pairs.

(iii) If f : pX,Aq ÝÑ pY,Bq is a quasi-isometry of pairs, then any of its quasi-inverses
f 1 : pY,Bq ÝÑ pX,Aq is a quasi-isometry of pairs.

Proof. (i) Let f : pX,Aq ÝÑ pY,Bq be a pC,K,Qq´quasi-isometry of pairs, and suppose
that h : X Ñ Y lies at distance ď L from f . Then h is a pC,K`2Lq´quasi-isometry. Now,
let A P A. By assumption, we find B P B such that dHauspfpAq, Bq ď Q, so it follows that

dHausphpAq, Bq ď dHausphpAq, fpAqq ` dHauspfpAq, Bq ď Q ` L.

Similarly, given any B P B there exists A P A with dHausphpAq, Bq ď Q ` L, thus
h : pX,Aq ÝÑ pY,Bq is a pC,K ` 2L,Q ` Lq´quasi-isometry of pairs.
(ii) Let f be a pC,K,Qq´quasi-isometry of pairs, and let g be a pC 1, K 1, Q1q´quasi-isometry
of pairs. Then a computation shows that g ˝ f is a pCC 1, C 1K ` 2K 1q´quasi-isometry. Let
A P A. By assumption, we may find some B P B such that dHauspfpAq, Bq ď Q, and we
may find some D P D such that dHauspgpBq, Dq ď Q1. Thus it follows

dHauspgpfpAqq, Dq ď dHaus
`

gpfpAqq, gpBq
˘

` dHauspgpBq, Dq

ď C 1
¨ dHauspfpAq, Bq ` K 1

` Q1

ď C 1
¨ Q ` K 1

` Q1.

Conversely, given any D P D, we pick B P B such that dHauspgpBq, Dq ď Q1, and we pick
A P A such that dHauspfpAq, Bq ď Q. We then obtain

dHauspgpfpAqq, Dq ď dHaus
`

gpfpAqq, gpBq
˘

` dHauspgpBq, Dq

ď C 1
¨ dHauspfpAq, Bq ` K 1

` Q1

ď C 1
¨ Q ` K 1

` Q1.

We conclude that g ˝ f is an pCC 1, C 1K ` 2K 1, C 1Q ` K 1 ` Q1q´quasi-isometry of pairs
from pX,Aq to pZ,Dq.
(iii) Assume that f : pX,Aq ÝÑ pY,Bq is a pC,K,Qq´quasi-isometry of pairs and let
f 1 : Y Ñ X be a quasi-inverse. Up to increasing C and K , we assume that f 1 is also a
pC,Kq´quasi-isometry. Fix now B P B. By assumption, we find A P A such that

dHauspfpAq, Bq ď Q.

This implies that dHaus
`

f 1pfpAqq, f 1pBq
˘

ď C ¨ Q ` K , so that

dHauspf
1
pBq, Aq ď dHaus

`

f 1
pBq, f 1

pfpAqq
˘

` dHauspf
1
pfpAqq, Aq ď C ¨ Q ` 2K
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and similarly one shows that given any A P A there exists B P B such that the Hausdorff
distance between f 1pBq and A is at most C ¨ Q ` 2K . Thus f 1 : pY,Bq ÝÑ pX,Aq is a
pC,K,C ¨ Q ` 2Kq´quasi-isometry of pairs. The proof is complete.

We now focus on finitely generated groups with collections given by cosets of normal
subgroups.

Proposition 1.6.3. LetG andH be finitely generated groups with normal subgroupsM◁G,
N ◁H . A quasi-isometry of pairs f : pG,Mq ÝÑ pH,Nq induces a coarsely defined quasi-
isometry f : G{M Ñ H{N . Moreover, for any p P G, fppMq is at a uniform finite Hausdorff
distance from fppMq.

Proof. Fix a finite generating set T (resp. S) of G (resp. of H), and let πG (resp. πH )
denote the canonical projection of G (resp. of H) onto G{M (resp. H{N ). We equip G{M

(resp. H{N ) with the word metric provided by the generating set πGpT q (resp. πHpSq). Let
C ě 1, K,Q ě 0 be constants such that f and a quasi-inverse g : pH,Nq ÝÑ pG,Mq are
pC,K,Qq´quasi-isometry of pairs.
We define f as follows: if pM P G{M , then this coset is mapped by f at distance ď Q

from some N´coset ypN . We then let fppMq ¨̈“ ypN . By construction, the value of f on
a given coset does not depend on the choice of a representative of this specific coset (note
however that the choice of yp is not unique). We now check that f is a quasi-isometry.
Let a “ pM , b “ p1M be two adjacent vertices in CaypG{M,πGpT qq. This means that
b “ aπGptq “ ppMqptMq “ ptM for some t P T , so that

dH{N

`

fpaq, fpbq
˘

“ dH{NpypN, yptNq

ď dH{NpypN, fppqNq ` dH{NpfppqN, fpptqNq ` dH{NpfpptqN, yptNq.

In this expression, the second term is bounded from above by C ` K , since

dH{N

`

fppqN, fpptqN
˘

ď dHpfppq, fpptqq ď C ¨ dGpp, ptq ` K “ C ` K.

For the first term, we know by assumption that dHauspfppMq, ypNq ď Q, which implies
in particular that fppq P pypNq`Q, so fppq is connected to a point in ypN by a path in
CaypH,Sq of length ď Q. The projection of such a path to H{N is a path in the Cayley
graph CaypH{N, πHpSqq of length ď Q connecting fppqN to ypN , so that

dH{NpypN, fppqNq ď Q.

We show similarly that dH{NpfpptqN, yptNq ď Q, whence

dH{N

`

fpaq, fpbq
˘

ď C ` K ` 2Q.

We conclude from Lemma 1.2.25 that f : G{M Ñ H{N is pC ` K ` 2Qq´Lipschitz.
Now, consider the map g : H{N Ñ G{M induced by g, defined by gpqNq ¨̈“ zqM , where
zqM is an M´coset at Hausdorff distance at most Q from gpqNq. We can reproduce the
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above argument to prove that g is also pC ` K ` 2Qq´Lipschitz. Now, if p P G, note that

dHauspzypM, pMq ď dHauspzypM, gpypNqq ` dHaus
`

gpypNq, gpfppMqq
˘

` dHaus
`

gpfppMqq, pM
˘

ď Q ` C ¨ dHauspypN, fppMqq ` K ` K

ď pC ` 1q ¨ Q ` 2K

since g ˝ f lies at distance ď K from IdG and since g is a pC,Kq´quasi-isometry. In
particular, we get that p P pzypMq`ppC`1qQ`2Kq, so there is a path in CaypG, T q of length
ď pC ` 1qQ ` 2K connecting p to a point of zypM . The projection of such a path to
G{M provides a path in CaypG{M,πGpT qq of length ď pC ` 1qQ` 2K connecting pM to
zypM “ gpfppMqq, so that

dG{M

`

gpfppMqq, pM
˘

ď pC ` 1q ¨ Q ` 2K.

We conclude that g ˝ f lies at distance at most pC ` 1q ¨Q` 2K from IdG{M , and similarly
f ˝ g lies at distance at most pC ` 1q ¨ Q ` 2K from IdH{N . We can now conclude that

dH{N

`

fpaq, fpbq
˘

ě
1

C ` K ` 2Q
dG{M

`

gpfpaqq, gpfpbqq
˘

ě
1

C ` K ` 2Q
¨ dG{Mpa, bq ´

2ppC ` 1qQ ` 2Kq

C ` K ` 2Q

for any a, b P G{M , so f is a quasi-isometry with g as a quasi-inverse.

Remark 1.6.4. We should emphasize here that, given a pC,K,Qq´quasi-isometry of pairs
f : pG,Mq ÝÑ pH,Nq, the map f given by this statement is not unique, as given an
M´coset pM in G, there could be many N´cosets in H lying at Hausdorff distance at
most Q from fppMq. However, any two such cosets would be at Hausdorff distance ď 2Q,
so that any two such maps induced by f always lie at distance at most 2Q from each other.

We record now some elementary properties of the correspondence f ÞÝÑ f .

Proposition 1.6.5. LetG,H, I be finitely generated groups with normal subgroupsM,N, J .
Let f : pG,Mq ÝÑ pH,Nq be a quasi-isometry of pairs, and fix an induced map f : G{M Ñ

H{N . The following properties hold.

(i) If h : G Ñ H is a map at bounded distance from f , then any quasi-isometry h induced
by h lies at bounded distance from f , and there is at least one choice of h that coincides
with f .

(ii) If f 1 : H Ñ G is a quasi-inverse of f , then f 1 is a quasi-inverse of f .

(iii) If g : pH,Nq ÝÑ pI, Jq is another quasi-isometry of pairs with an induced quasi-
isometry g : H{N ÝÑ I{J , then g ˝ f lies at bounded distance from g ˝ f , and there is
at least one choice of g ˝ f that coincides with g ˝ f .
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Proof. (i) Let f be a pC,K,Qq´quasi-isometry of pairs. By Lemma 1.6.2(i) and its proof,
h is then a pC,K ` 2L,Q ` Lq´quasi-isometry of pairs, where L ě 0 is a constant that
controls the distance between h and f . Moreover, the proof of Lemma 1.6.2(i) shows that, if
pM is anM´coset, then hppMq lies at Hausdorff distance at mostQ`L from theN´coset
ypN lying at Hausdorff distance at most Q from fppMq, given by the assumption that f is
a quasi-isometry of pairs. Since this is true for anyM´coset pM ofG, we indeed have that
h induces a quasi-isometry h equal to f .
(ii) has been proved in Proposition 1.6.3, and (iii) is proved similarly to (i).

Remark 1.6.6. Let f : pG,Mq ÝÑ pH,Nq be a pC,K,Qq´quasi-isometry of pairs. By
assumption, for any p P G, f sends a coset pM Ă G at Hausdorff distance ď Q from a coset
ypN , used to define f : G{M Ñ H{N . We can thus modify f to get a map f 1 : G Ñ H

at distance ď Q from f , sending the coset pM into the coset ypN . This in turn implies
that ypN “ f 1ppqN for any p P G, which means that f 1 has an induced quasi-isometry
G{M ÝÑ H{N with a simpler formula: f 1ppMq ¨̈“ f 1ppqN . Note that this induced quasi-
isometry agrees with f . Hence, in the sequel, when we will be given a quasi-isometry of
pairs f : pG,Mq ÝÑ pH,Nq with an induced quasi-isometry f : G{M Ñ H{N satisfying
a property P (for instance being quasi-k-to-one for some k ą 0), we will always be able
to assume (up to finite distance) that f sends cosets into cosets and that the new induced
quasi-isometry we get after this change still has property P .
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Quasi-isometric rigidity of
lamplighters and halo products

The main objects of this thesis being defined, we now present the main questions we are
concerned with and the important results on the topic already recorded in the literature.
All these results constitute the basis on which we present our contributions in the second
part.

2.1 Generalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

2.2 Lamplighters over one-ended groups . . . . . . . . . . . . . . . . . . . . . . . . . . 83

2.3 Quasi-isometric rigidity for halo products . . . . . . . . . . . . . . . . . . . . . . . 93

2.4 Scaling groups of halo products . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

2.1 Generalities

The wreath product of two finitely generated groups being finitely generated itself (cf.
Proposition 1.1.4), it naturally inherits a metric structure. From the point of view of large-
scale geometry, it is therefore natural to ask:

Question 2.1.1. Let G1, G2, H1, H2 be finitely generated groups. When are G1 ≀ H1 and
G2 ≀H2 quasi-isometric?

This question can be seen as part of the ambitious program initiated by Gromov in the
1980s [Gro81], aiming at classifying, or at least “understanding”, finitely generated groups
up to quasi-isometry.

Question 2.1.1 is still open in full generality, but much progress has been made on the
understanding of quasi-isometry classes of wreath products. An important first piece of
work was carried out by Dyubina in 2000, showing that the wreath product construction is
compatible with biLipschitz equivalences (i.e. bijective quasi-isometries).

Proposition 2.1.2 ([Dyu00, Lemma 1]). Let A, B and C be finitely generated groups. If A
and B are biLipschitz equivalent, then A ≀ C and B ≀ C are biLipschitz equivalent.
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A similar statement holds if the base groups are biLipschitz equivalent.

Proposition 2.1.3. Let A, B and C be finitely generated groups. If B and C are biLipschitz
equivalent, then A ≀B and A ≀ C are biLipschitz equivalent.

Proof. Fix finite generating sets SA, SB , SC of A, B and C respectively. Let f : B Ñ C

be a biLipschitz equivalence. This means that f is bijective, and that f and its inverse
f´1 : C Ñ B are L´Lipschitz for some L ě 1. Then define the map

φ : A ≀B ÝÑ A ≀ C
pc, pq ÞÝÑ pc ˝ f´1, fppqq

whose inverse is

ψ : A ≀ C ÝÑ A ≀B
pd, qq ÞÝÑ pd ˝ f, f´1

pqqq.

We claim that φ is Lipschitz. Indeed, fix two adjacent vertices a “ pc, pq, b “ pc1, p1q in
CaypA≀B, SA≀Bq (here SA≀B denotes the generating set ofA≀B exhibited in Example 1.2.30).
There are two cases to consider.

• If c1 “ c and p1 is adjacent to p in CaypB, SBq, then p1 “ ps for some s P SB , and
thus one has

dA≀Cpφpaq, φpbqq “ dA≀C
`

pc ˝ f´1, fppqq, pc ˝ f´1, fppsq
˘

“ dCpfppq, fppsqq

ď L ¨ dBpp, psq

“ L.

• If rather p “ p1 and c, c1 differ only on this vertex, with cppq and c1ppq being adjacent
in CaypA, SAq, then c ˝ f´1, c1 ˝ f´1 only differ on fppq and take adjacent colors on
this vertex, so that φpaq “ pc ˝ f´1, fppqq, φpbq “ pc1 ˝ f´1, fppqq are neighbours in
CaypA ≀ C, SA≀Cq, i.e.

dA≀Cpφpaq, φpbqq “ 1 ď L.

In any case, φ sends adjacent vertices to vertices at distance ď L in CaypA ≀ C, SA≀Cq.
Lemma 1.2.25 implies then that φ is L´Lipschitz. A similar computation, using that f´1

is L´Lipschitz, implies that ψ is also L´Lipschitz. This proves that φ is a biLipschitz
equivalence between A ≀B and A ≀ C .

Proposition 2.1.2 has several consequences. The first one is that the quasi-isometry class
of a lamplighterA ≀B (i.e. A is finite) only depends on |A|. For instance, Z{6Z ≀Z and S3 ≀Z
are quasi-isometric. But, most notably, Dyubina used this stability property in [Dyu00] to
deduce that some algebraic properties of groups, such as being virtually solvable or virtually
torsion-free, are not stable under quasi-isometry. Indeed, for virtual solvability, Z{60Z ≀ Z
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and A5 ≀ Z, where A5 is the alternating group over five elements, are quasi-isometric, but
the first one is solvable, while the second one is not virtually solvable.

For virtual torsion-freeness, note that Z ≀ Z and pZ ˆA5q ≀ Z are biLipschitz equivalent,
sinceZ andZˆA5 are biLipschitz equivalent (use for instance Corollary 1.5.16 and ScpZq “

Rą0). But Z ≀Z is torsion-free, while any finite index subgroup of pZ ˆA5q ≀Z has elements
of order |A5|.

However, all these examples are infinitely presented groups, and it is then also natu-
ral to wonder whether being virtually solvable or being virtually torsion-free is invariant
under quasi-isometry among finitely presented groups. For virtual torsion-freeness, the
answer remains negative, and examples have been provided by Cornulier in [Cor06, Propo-
sition 2.12], using permutational wreath products, and by Le Boudec [LB25, Corollary 6].
The question for virtual solvability is still open.

In another direction, Dymarz also used lamplighters over Z in [Dym10] to prove that,
among amenable groups, two groups can be quasi-isometric without being biLipschitz
equivalent.

Proposition 2.1.4 ([Dym10, Theorem 1]). Let F be a non-trivial finite group, and let k ě 2

be an integer. Then F ≀ Z and F k ≀ Z are not biLipschitz equivalent if k is not a product of the
prime numbers appearing in the decomposition of |F |.

On the other hand, it is not hard to construct explicitly a quasi-isometry between F ≀ Z
and F k ≀ Z for any choice of k ě 2. See for instance [GT24b, Proposition 3.12].

Here also, the groups involved are infinitely presented, and a few years later, building
on these examples, Dymarz, Peng and Taback introduced in [DPT15] a family of finitely
presented amenable groups, called higher rank lamplighters, to prove that there are also
finitely presented groups that can be quasi-isometric without being biLipschitz equivalent.

Lamplighters over two-ended groups. The first classification result that provides a
partial answer to Question 2.1.1 goes back to 2013 and is due to Eskin, Fisher and Whyte.

Theorem 2.1.5 ([EFW13, Theorem 1.2]). Let F1, F2 be non-trivial finite groups. Then F1 ≀Z
and F2 ≀Z are quasi-isometric if and only if there exist integers a, r, s ě 1 such that |F1| “ ar

and |F2| “ as.

From this result, one deduces that, ifH1,H2 are both two-ended, then F1 ≀H1 and F2 ≀H2

are quasi-isometric if and only if there exist a, r, s ě 1 such that |F1| “ ar and |F2| “ as.
Indeed, if H1 is two-ended, it is virtually cyclic, and thus biLipschitz equivalent to Z. The
wreath product F1 ≀H1 is therefore biLipschitz equivalent to F1 ≀Z using Proposition 2.1.3,
and similarly F2 ≀H2 is biLipschitz equivalent to F2 ≀ Z. The existence of a quasi-isometry
F1 ≀H1 ÝÑ F2 ≀H2 is thus equivalent to the existence of a quasi-isometry F1 ≀Z ÝÑ F2 ≀Z,
hence the claim by Theorem 2.1.5.

2.2 Lamplighters over one-ended groups

After Eskin-Fisher-Whyte’s breakthrough, a second classification result has been obtained
by Genevois and Tessera in [GT24b].
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Theorem 2.2.1 ([GT24b, Corollary 1.6]). Let F1 and F2 be non-trivial finite groups. Let H1

and H2 be finitely presented groups. Suppose that H1 is one-ended.

(i) If H1 is not amenable, then F1 ≀H1 and F2 ≀H2 are quasi-isometric if and only if |F1|,
|F2| have the same prime divisors and there exists a quasi-isometry H1 Ñ H2.

(ii) IfH1 is amenable, then F1 ≀H1 and F2 ≀H2 are quasi-isometric if and only if there exist
integers a, r, s ě 1 such that |F1| “ ar, |F2| “ as and there exists a quasi- s

r
-to-one

quasi-isometry H1 Ñ H2.

Several comments are in order. First, the classification of wreath products is actually
a corollary of the main result of [GT24b], namely [GT24b, Theorem 1.5], which is a clas-
sification result for more general lamplighter graphs. The corollary follows directly from
this classification since, as mentioned above, Cayley graphs of lamplighter groups coincide
with lamplighter graphs over Cayley graphs of groups. We refer the reader to [GT24b, The-
orem 1.5] for the more general statement and here we focus on the case of wreath products
of groups.

Second, observe that the amenable case is more rigid, as it involves a compatibility con-
dition between the quasi-isometry between the base groups and the cardinality of the lamp
groups. Such a condition does not appear in the non-amenable case, but it is in fact hidden:
as said earlier, between non-amenable spaces, a quasi-isometry is quasi-k-to-one for any
real number k ą 0 (cf. Remark 1.5.3).

Before turning to the strategy of proof, let us highlight several nice consequences.

Consequences of Theorem 2.2.1. Theorem 2.2.1 can be reformulated using the scaling
group in the case where base groups are the same.

Corollary 2.2.2 ([GT24b, Corollary 1.9]). Let F1 and F2 be non-trivial finite groups. Let H
be a finitely presented amenable one-ended group. Then F1 ≀H and F2 ≀H are quasi-isometric
if and only if there exist integers a, r, s ě 1 such that |F1| “ ar, |F2| “ as and s

r
P ScpHq.

In this case, the classification of lamplighters over H up to quasi-isometry reduces to
the understanding of the scaling group of H . Such information is available in some cases,
for instance:

Corollary 2.2.3 ([GT24b, Corollary 1.10]). Let F1 and F2 be non-trivial finite groups. Let
d ě 2. Then F1 ≀Zd and F2 ≀Zd are quasi-isometric if and only if there exist integers a, r, s ě 1

such that |F1| “ ar and |F2| “ as.

Genevois and Tessera’s classification provides additional examples of pairs of quasi-
isometric groups that are not biLipschitz equivalent:

Corollary 2.2.4 ([GT24b, Corollary 1.15]). Let F1 and F2 be non-trivial finite groups. LetH
be an amenable finitely presented one-ended group. Then F1 ≀ H and F2 ≀ H are biLipschitz
equivalent if and only if |F1| “ |F2|.

For instance, Z{2Z ≀ Z2 and Z{4Z ≀ Z2 are quasi-isometric but not bijectively quasi-
isometric.
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Strategy for the proof of Theorem 2.2.1. The proof of Theorem 2.2.1 is decomposed
into four main steps. We explain them here since they constitute the basis for the strategy
developed in Chapter 3 in order to achieve similar classification results for permutational
wreath products.

The embedding theorem. The first step is perhaps the hardest one, and reflects a strong
rigidity phenomenon: it consists in proving that any quasi-isometry F1 ≀ H1 ÝÑ F2 ≀ H2

must actually be a quasi-isometry of pairs pF1 ≀H1, H1q ÝÑ pF2 ≀H2, H2q, namely it must
send H1´cosets at bounded Hausdorff distance from H2´cosets, and the same property
must hold for a quasi-inverse. This fact is deduced from the following embedding theorem:

Theorem 2.2.5 ([GT24b, Theorem 1.4]). LetG be a finitely presented one-ended group. LetF
be a non-trivial finite group and letH be an infinite finitely generated group. Then every coarse
embedding ρ : G ÝÑ F ≀H has its image contained in the neighbourhood of an H´coset.

The idea for proving such a statement is the following. For simplicity, let us focus on
F “ Z2 and let ρ : G ÝÑ Z2 ≀H be a coarse embedding. First of all, as

Z2 ≀H “ xa, S : a2 “ 1, ra, hah´1
s “ 1, h P Hy

is infinitely presented, one can consider, for finite subsets S Ă H , the group given by
the truncated presentation

Z2 ˝S H ¨̈“ xa, S : a2 “ 1, ra, hah´1
s “ 1, h P Sy

and it is a well-known fact (see e.g. [BGT24, Lemma 6.21]) from coarse topology that ρ can
be factored through ρ̃ : G ÝÑ Z2˝SH , such that πS˝ρ̃ “ ρ, where πS : Z2˝SH ÝÑ Z2≀H is
the natural surjection. The interest of doing this is that, in fact, Z2 ˝SH splits algebraically
as a semi-direct product

CpΓq ¸ H

where Γ ¨̈“ CaypH,Sq and where CpΓq is the right-angled Coxeter group over the graph
Γ. Moreover, a computation shows that πS sends H´cosets to H´cosets, so in order to
prove that ρpGq lies in a neighbourhood of anH´coset in F ≀H , it is enough to prove that
ρ̃pGq lies in a neighbourhood of an H´coset in Z2 ˝S H .

To prove the latter, we exploit thewallspace structure ofCpΓq, because the Cayley graph
of a right-angled Coxeter group is median (i.e. it is the 1´skeleton of a CATp0q cube com-
plex), and naturally has hyperplanes. Each hyperplane delimits two halfspaces, and the
key observation is now that ρ̃pGq must necessarily lie in one of these two halfspaces. In-
deed, if the hyperplane “cuts” ρ̃pGq too heavily, then, projecting back to the lamplighter,
ρpGq “ πSpρ̃pGqq would be separated by πSphyperplaneq, which is bounded. This would
contradict one-endedness of ρpGq. Since this holds for any hyperplane, it follows that
ρ̃pGq lies in the intersection of all these halfspaces, which consists of a single vertex in
the CATp0q cube complex. This implies that, in CpΓq ¸H , ρ̃pGq lies in the neighbourhood
of an H´coset.

For larger finite groups, Coxeter groups are replaced with graph products of groups,
and median geometry is replaced by quasi-median geometry, but the idea is the same. We
undertake this strategy below in Chapter 3 in the case of permutational wreath products
with infinite stabilizers.
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Once Theorem 2.2.5 is proved, it remains to observe that, given our quasi-isometry F1 ≀
H1 ÝÑ F2 ≀ H2, two H1´cosets cannot be sent close to the same H2´coset, because the
coarse intersection of two H1´cosets in F1 ≀H1 is bounded:

Lemma 2.2.6. Let F be a non-trivial finite group, and H be an infinite finitely generated
group. Let R ě 0. Then, for any distinct colourings c, d P F pHq, pcHq X pdHq`R is bounded.

Proof. Assume, towards a contradiction, that pcHq X pdHq`R is infinite. Fix a point pc, qq P

pcHq X pdHq`R. Then there is a point pd, pq such that dF ≀H
`

pc, qq, pd, pq
˘

ď R, which in
particular implies that c and d only differ on points at distance ď R from q. It follows
that supppc´1dq is contained in BHpq, Rq for infinitely many q, which is impossible as it is
bounded.

Leaf-preserving quasi-isometries. From the embedding theorem and Lemma 2.2.6, it
follows that any quasi-isometry φ : F1 ≀H1 ÝÑ F2 ≀H2 is leaf-preserving, in the following
sense:

Definition 2.2.7. LetF1, F2 be non-trivial finite groups and letH1, H2 be finitely generated
groups. Let φ : F1 ≀H1 ÝÑ F2 ≀H2 be a quasi-isometry and let φ : F2 ≀H2 ÝÑ F1 ≀H1 be
a quasi-inverse. We say that φ is leaf-preserving if there is a constant C ě 0 such that, for
any colouring c P F

pH1q

1 (resp. d P F
pH2q

2 ), φpcH1q (resp. φpdH2q) is at Hausdorff distance
at most C from an H2´coset (resp. an H1´coset).

This property can be expressed as follows:

Lemma 2.2.8 ([GT24b, Lemma 4.2]). Let F1, F2 be non-trivial finite groups and let H1.H2

be finitely generated groups. A quasi-isometry φ : F1 ≀ H1 ÝÑ F2 ≀ H2 is leaf-preserving if
and only if there is a constant C ě 0 and a bijection α : F pH1q

1 ÝÑ F
pH2q

2 such that, for any
c P F

pH1q

1 , the Hausdorff distance between φpcH1q and αpcqH2 is ď C .

Proof. Fix a quasi-inverse φ : F2 ≀ H2 ÝÑ F1 ≀ H1 of φ and constants A ě 1, B ě 0 such
that φ, φ are pA,Bq´quasi-isometries.
Suppose first that φ is leaf-preserving. Then there is a constant C ě 0 such that, for any
c P F

pH1q

1 , there is αpcq P F
pH2q

2 such that the Hausdorff distance between φpcH1q and
αpcqH2 is ď C . Similarly, for any d P F

pH2q

2 , there is α1pdq P F
pH1q

1 such that the Hausdorff
distance between φpdH2q and α1pdqH1 is ď C . Thus one obtains

φpφpcH1qq Ă φ
`

pαpcqH2q
`C

˘

Ă φpαpcqH2q
`pAC`Bq

Ă
`

α1
pαpcqqH1

˘`pAC`C`Bq

and since φ ˝ φ is at distance ď B from the identity, it follows that

cH1 Ă φpφpcH1qq
`B

Ă pα1
pαpcqqH1q

`ppA`1qC`2Bq.

Hence, if by contradiction α1pαpcqq ‰ c, one gets that the intersection

cH1 X pα1
pαpcqqH1q

`ppA`1qC`2Bq
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is infinite as it contains cH1. This contradicts Lemma 2.2.6, so in fact α1pαpcqq “ c, and
α1 ˝ α “ Id

F
pH1q

1
. The same reasoning shows that α ˝ α1 “ Id

F
pH2q

2
, hence α and α1 are

bijections, inverses of each other.
Conversely, if φ has the desired property, then there is C ě 0 such that, for any c P

F
pH1q

1 , the Hausdorff distance between φpcH1q and αpcqH2 is ď C , and for any d P F
pH2q

2 ,
the Hausdorff distance between φpdH2q and α´1pdqH1 is ď C . In other words, φ is leaf-
preserving.

At this stage, we can therefore say that, combining Lemma 2.2.8 and the embedding
theorem, any quasi-isometry φ : F1 ≀ H1 ÝÑ F2 ≀ H2 can be written, up to a bounded
perturbation, as

φpc, pq “ pαpcq, βcppqq

for some bijection α : F pH1q

1 ÝÑ F
pH2q

2 and some collection of maps βc : H1 Ñ H2, indexed
by c P F

pH1q

1 .

Aptolic quasi-isometries. The key observation, recorded first in [GT24b, Theorem 4.3],
is now that, in fact, all βc lie at bounded distance from each other, thus showing that φ is
in fact at bounded distance from an aptolic quasi-isometry.

Definition 2.2.9. A quasi-isometry φ : F1 ≀ H1 ÝÑ F2 ≀ H2 is aptolic if there exist four
maps α : F pH1q

1 ÝÑ F
pH2q

2 , α1 : F
pH2q

2 ÝÑ F
pH1q

1 , β : H1 Ñ H2, β1 : H2 Ñ H1 such that

φpc, pq “ pαpcq, βppqq

for any pc, pq P F1 ≀H1, and

φ1
pc, pq “ pα1

pcq, β1
ppqq, pc, pq P F2 ≀H2

is a quasi-inverse of φ.

At this point, it is unnecessary to sketch the strategy for proving [GT24b, Theorem 4.3],
since a similar result was later proved by Genevois and Tessera in greater generality, that
we explain below (see Theorem 2.3.22). The proof of the latter is also simpler than that
of [GT24b, Theorem 4.3], both technically and conceptually.

The next step of the strategy is therefore to prove the following three properties that
characterise aptolic quasi-isometries:

Proposition 2.2.10 ([GT24b, Proposition 3.1]). Let F1, F2 be two non-trivial finite groups,
and let H1, H2 be infinite finitely generated groups. Let α : F pH1q

1 ÝÑ F
pH2q

2 , β : H1 Ñ H2

be two maps. Then the map

φ : F1 ≀H1 ÝÑ F2 ≀H2

pc, pq ÞÝÑ pαpcq, βppqq

is a quasi-isometry if and only if:

(i) α is a bijection;
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(ii) β is a quasi-isometry;

(iii) There exists a constantQ ě 0 such that, for any colourings c1, c2 P F
pH1q

1 , the Hausdorff
distance between βpsupppc´1

1 c2qq and supppαpc1q
´1αpc2qq is ď Q.

If so, every quasi-inverse of φ is of the form

φ : F2 ≀H2 ÝÑ F1 ≀H1

pc, pq ÞÝÑ pα´1
pcq, βppqq

where β : H2 Ñ H1 is a quasi-inverse of β.

Proof. Fix finite generating sets S1, S2 of H1, H2 respectively.
Fix constants A ě 1, B ě 0 such that φ and a quasi-inverse φ, of the form

φpc, pq “ pαpcq, βppqq, pc, pq P F2 ≀H2

are pA,Bq´quasi-isometries, with φ ˝ φ, φ ˝ φ being at distance ď B from the identities.
We prove (ii) first. Let p, q P H1. Then one has

dpβppq, βpqqq “ d
`

pαp1q, βppqq, pαp1q, βpqq
˘

“ dpφp1, pq, φp1, qqq

ď A ¨ dpp1, pq, p1, qqq ` B

“ A ¨ dpp, qq ` B

and similarly one proves that dpβppq, βpqqq ě 1
A

¨ dpp, qq ´ B. Thus β is a quasi-isometric
embedding. Now, given an arbitrary h P H2, there exists a point pc, pq P F1 ≀H1 such that

d
`

pαpcq, βppqq, p1, hq
˘

“ dpφpc, pq, p1, hqq ď B

and in particular dpβppq, hq ď B. Hence β is coarsely surjective, and thus it is a quasi-
isometry, with the same parameters as φ.
We focus now on (i). Let pc, pq P F2 ≀H2. We have already

d
`

pα ˝ αpcq, β ˝ βppqq, pc, pq
˘

“ dpφ ˝ φpc, pq, pc, pqq ď B

so dpβ ˝ βppq, pq ď B and the colourings c, α ˝ αpcq can only differ on the ball BH2pp,Bq.
It follows from the first observation that β ˝ β is at distance ď B from IdH2 , and from the
second one that α ˝ αpcq “ c by letting p tend to infinity in H2. By symmetry, using that
φ ˝ φ is at distance ď B from the IdF1≀H1 , one gets that β ˝ β is at distance ď B from IdH1

and that α ˝ αpcq “ c for any c P F
pH1q

1 . In conclusion, α is a bijection with α as inverse, β
is a quasi-inverse of β. This also shows the last claim of the statement.
Let us now prove (iii). Fix two colourings c1, c2 P F

pH1q

1 , and consider a sequence of colour-
ings

a0 “ c1, a1, . . . , an´1, an “ c2
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such that, for any 0 ď i ď n ´ 1, ai and ai`1 only differ on a point pi P H1. Then, for
0 ď i ď n ´ 1, one gets

d
`

pαpaiq, βppiqq, pαpai`1q, βppiqq
˘

“ dpφpai, piq, φpai`1, piqq

ď A ¨ dppai, piq, pai`1, piqq ` B

“ A ` B

so αpaiq and αpai`1q can only differ on BH2pβppiq, A ` Bq. Thus αpa0q “ αpc1q and
αpanq “ αpc2q can only differ on

n´1
ď

i“0

BH2pβppiq, A ` Bq “
␣

βpp0q, βpp1q, . . . , βppn´1q
(`pA`Bq

“ β
`

supp
`

c´1
1 c2q

˘`pA`Bq
,

in other words supp
`

αpc1q
´1αpc2q

˘

Ă β
`

supppc´1
1 c2q

˘`pA`Bq. The same reasoning with
φ shows that, for any d1, d2 P F

pH2q

2 , the support of α´1pd1q
´1α´1pd2q lies in the pA `

Bq´neighbourhood of β
`

supp
`

d´1
1 d2q

˘

. Applying this claim with d1 “ αpc1q, d2 “ αpc2q,
we get

supppc´1
1 c2q Ă β

`

supppαpc1q
´1αpc2qq

˘`pA`Bq

and applying β to both sides and using Lemma 1.2.26(iv), and that β ˝β lies at distance ď B

from IdH2 , it follows that

βpsupppc´1
1 c2qq Ă β

`

βpsupppαpc1q
´1αpc2qqq

`pA`Bq
˘

Ă β
`

βpsupppαpc1q
´1αpc2qqq

˘`pApA`Bq`Bq

Ă supp
`

αpc1q
´1αpc2q

˘`pApA`Bq`2Bq
.

We conclude that the Hausdorff distance between supppαpc1q
´1αpc2qq and β

`

supppc´1
1 c2q

˘

is ď Q ¨̈“ ApA ` Bq ` 2B, which proves (iii).

Figure 2.1: Configuration in the proof of (iii)
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Conversely, let us assume (i)-(iii) and let us show that φ is a quasi-isometry. Let A ě 1,
B ě 0 be the parameters of β and one of its quasi-inverses β. Let a, b be two adjacent
vertices in CaypF1 ≀H1, F1 Y S1q. There are two cases:

• If a “ pc, pq and b “ pc, qq for some neighbour q of p in H1, then

dpφpaq, φpbqq “ d
`

pαpcq, βppqq, pαpcq, βpqqq
˘

“ dpβppq, βpqqq ď A¨dpp, qq`B “ A`B.

• If a “ pc, pq and b “ pc1, pq where c and c1 only differ on p P H1, we rather get

dpφpaq, φpbqq “ d
`

pαpcq, βppqq, pαpc1
q, βppqq

˘

ď
ˇ

ˇsupppαpcq´1αpc1
qq
ˇ

ˇ

ď
ˇ

ˇBH2pβppq, Qq
ˇ

ˇ

ď DQ

where D ě 2 is a fixed integer at least as large as the maximal degree of a vertex in
CaypH2, S2q, since, by assumption (iii), supppαpcq´1αpc1qq is contained in

β
`

supppc´1c1
q
˘`Q

“ tβppqu
`Q

“ BH2pβppq, Qq.

In any case, we get that dpφpaq, φpbqq ď maxpA ` B,DQq for any two adjacent vertices
a, b, so φ is maxpA ` B,DQq´Lipschitz by Lemma 1.2.25.
If we now define the map

ψ : F2 ≀H2 ÝÑ F1 ≀H1

pd, qq ÞÝÑ pα´1
pdq, βpqqq

then it also satisfies assumption (iii). Indeed, for any d1, d2 P F
pH2q

2 , assumption (iii) for
φ says that the Hausdorff distance between β

`

supppα´1pd1q
´1α´1pd2qq

˘

and supppd´1
1 d2q

is at most Q. Thus the Hausdorff distance between β
`

β
`

supppα´1pd1q
´1α´1pd2qq

˘˘

and
β
`

supppd´1
1 d2q

˘

is at mostA ¨Q`B by Lemma 1.2.26(iii). Since the first set is at Hausdorff
distance at most B from supp

`

α´1pd1q
´1α´1pd2q

˘

, it follows that the Hausdorff distance
between supp

`

α´1pd1q´1α´1pd2q
˘

and β
`

supppd´1
1 d2q

˘

is at most A ¨ Q ` 2B. Thus (iii)
holds for ψ with Q1 ¨̈“ A ¨ Q ` 2B. One can therefore reproduce the argument above to
conclude that ψ is alsomaxpA`B,D1Q1

q´Lipschitz, whereD1 ě 2 is a fixed integer larger
than the maximal degree of a vertex in CaypH1, S1q.
Finally, since

d
`

ψ ˝ φpc, pq, pc, pq
˘

“ d
`

β ˝ βppq, p
˘

for any pc, pq P F1 ≀ H1, and since β ˝ β is at distance at most B from IdH1 , ψ ˝ φ is at
distance at most B from IdF1≀H1 . Likewise, φ ˝ ψ is at distance at most B from IdF2≀H2 .
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Putting all this together, we deduce that

dpφpaq, φpbqq ě
1

maxpA ` B,D1Q1
q

¨ d
`

ψpφpaqq, ψpφpbqq
˘

ě
1

maxpA ` B,D1Q1
q

`

dpa, bq ´ dpψpφpaqq, aq ´ dpψpφpbqq, bq
˘

ě
1

maxpA ` B,D1Q1
q

¨ dpa, bq ´
2B

maxpA ` B,D1Q1
q

for any a, b P F1 ≀H1. Thus φ is a quasi-isometry, with ψ as a quasi-inverse.

Since an aptolic quasi-isometry F1 ≀H1 ÝÑ F2 ≀H2 provides a constant Q ě 0 with the
property of Proposition 2.2.10(iii), the key observation to deduce an arithmetic constraint
on |F1| and |F2| is the following:

Proposition 2.2.11. Let F1, F2 be two non-trivial finite groups, and let H1, H2 be infinite
finitely generated groups. Let φ : F1 ≀ H1 ÝÑ F2 ≀ H2 be an aptolic quasi-isometry, of the
form φpc, pq “ pαpcq, βppqq, pc, pq P F1 ≀H1. Then, for every quasi-inverse β of β, there is a
constant Q ě 0 such that:

For every Q1
ě Q and any A1 Ă H1, α´1

`

LpβpA1q
`Q1

q
˘

is a union of cosets of LpA1q;

conversely, for any Q1
ě Q and any A2 Ă H2, α

`

LpβpA2q
`Q1

q
˘

is a union of cosets of LpA2q.

As a consequence, |F1| and |F2| have the same prime divisors.

We do not prove here the first part of this statement, since we establish an analogous
result in Chapter 4 (Proposition 4.3.4), in the context of arbitrary lamp groups. But let us
explain how to deduce from it the second part of the statement.

Given a subset A1 of H1, α´1
`

LpβpA1q`Qq
˘

is a union of cosets of LpA1q, so there are
k ě 1 and colourings c1, . . . , ck such that

α´1
`

LpβpA1q
`Q

q
˘

“

k
ğ

i“1

ciLpA1q

which implies, since α is a bijection, that

|LpβpA1q
`Q

q| “ |α´1
`

LpβpA1q
`Q

q
˘

| “

ˇ

ˇ

ˇ

ˇ

ˇ

k
ğ

i“1

ciLpA1q

ˇ

ˇ

ˇ

ˇ

ˇ

“

k
ÿ

i“1

|ciLpA1q| “ k ¨ |LpA1q|.

Since LpA1q “
À

A1
F1, it follows that

k ¨ |F1|
|A1|

“ k ¨ |LpA1q| “ |LpβpA1q
`Q

q| “ |F2|
|βpA1q`Q|

and this equality implies that |F1| and |F2| share the same prime divisors.
Finally, in the case whereH1 andH2 are amenable, this conclusion can be strengthened

to see that |F1| and |F2| are in fact powers of a common number. The details of the compu-
tations leading to this conclusion are provided in [GT24b, Theorem 3.9], or alternatively in
Theorem 2.3.34 below.
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Constructing quasi-isometries. Conversely, let us now explain how to deduce the flex-
ibility part of Theorem 2.2.1. We consider first the non-amenable case, in which we have
the following existence result:

Theorem 2.2.12 ([GT24b, Proposition 3.13]). Let n,m ě 2. Let G be a non-amenable
finitely generated group. If n andm have the same prime divisors, then there exists an aptolic
quasi-isometry from Zn ≀G to Zm ≀G.

We only sketch the main idea of the proof on an example, namely Z6 ≀ F2 and Z54 ≀ F2,
and we refer to [GT24b, Proposition 3.13] for the complete proof. The first thing to do is to
replace Z54 ≀ F2 with pZ2 ‘ Z3

3q ≀ F2 (which changes nothing since this group is biLipschitz
equivalent to the first one, thanks to Proposition 2.1.2). Geometrically, this amounts to
splitting each lamp on the Cayley graph of F2 in two half-lamps. Each finitely supported
colouring c : F2 Ñ Z54 becomes the “sum” c1‘c2 of two colourings c1 : F2 Ñ Z2, c2 : F2 Ñ

Z3
3. We do the same with Z6 ≀ F2 that becomes pZ2 ‘ Z3q ≀ F2. Now, to any colouring

c : F2 Ñ Z3, one can create a new colouring c : F2 Ñ Z3
3 as follows: fix a direction at

infinity ξ P BF2, and for any p P F2, let cppq P Z3
3 be given by pcpp1q, cpp2q, cpp3qq, where

p1, p2, p3 are the three vertices separated from ξ by p. Define then the map

φ : pZ2 ‘ Z3q ≀ F2 ÝÑ pZ2 ‘ Z3
3q ≀ F2

pc1 ‘ c2, pq ÞÝÑ pc1 ‘ c2, pq

namely we keep unchanged the first half of the lamps and the position of the arrow, and
we only change the second half of the lamps:

0
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1
1

1
0

2
1

0
1

1
1

2
1

0
1

2
0

2
1

0
01

1
0
0
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1

111

0
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1

110

1

022

1

001

1
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1

010

0

100

1

100

0010

1

011

0

ξ

Figure 2.2: A quasi-isometry pZ2 ‘ Z3q ≀ F2 ÝÑ pZ2 ‘ Z3
3q ≀ F2

In this example, the key point is that there is a 3-to-one map F2 Ñ F2 that lies at
bounded distance from the identity, namely the map that sends any vertex of F2 to its
neighbour according to ξ. Such maps cannot exist between amenable spaces (as a conse-
quence of Lemma 1.5.4), hence the appearance of rigidity and the need for another strategy
for constructing quasi-isometries.

With Theorem 2.2.12, the proof of the right-to-left direction of the first point of The-
orem 2.2.1 is straightforward: indeed, if |F1| and |F2| have the same prime divisors, then
there is a quasi-isometry f from F1 ≀H1 to F2 ≀H1. The quasi-isometry betweenH1 andH2

that we have by assumption is quasi-one-to-one, so it can be replaced by a bijective quasi-
isometry according to Theorem 1.5.2, and thus F2 ≀H1 and F2 ≀H2 are biLipschitz equivalent
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thanks to Proposition 2.1.3. It remains to pre-compose this biLipschitz equivalence with f
to conclude.

Between amenable spaces, one also has to make local modifications of the colouring
that takes into account the exponents in the cardinalities of the lamp groups. Here the trick
is to use instead the criterion of Theorem 1.5.10 for scaling quasi-isometries and modify
colors on pieces of the partition thus obtained. We refer to [GT24b, Proposition 3.12] for
the detailed proof, and to the proof of Proposition 3.5.6 for a similar construction but in the
context of permutational lamplighters.

2.3 Quasi-isometric rigidity for halo products

Later, Genevois and Tessera managed to extend their techniques to other halo products, that
we define now.

Definition 2.3.1. LetX be a set. A halo of groups overX is the data, for any subset S Ă X ,
of a group LpSq such that:

• for all R,S Ă X , if R Ă S, then LpRq ď LpSq;

• LpHq “ t1u and LpXq “ xLpSq : S Ă X finitey;

• for all R,S Ă X , LpR X Sq “ LpRq X LpSq.

Given an actionH ñ X and amorphismα : H ÝÑ AutpLpXqq satisfyingαphqpLpSqq “

LphSq for allS Ă X and all h P H , the permutational halo product LX,αH is the semi-direct
product

LX,αH ¨̈“ LpXq ¸ H.

Let us mention our favorite examples.

Lampjugglers. Given a group H and an integer r ě 1, the lampjuggler over H is the
semi-direct product

ShufflerrpHq ¨̈“ FSympH ˆ t1, . . . , ruq ¸ H

where FSympHˆt1, . . . , ruq is the group of finitely supported permutations ofHˆt1, . . . , ru
and where H acts on it through its initial action on H ˆ t1, . . . , ru given by h ¨ px, iq ¨̈“

phx, iq. It can be described as the halo group LH where

LpSq ¨̈“ FSympS ˆ t1, . . . , ruq, S Ă H.

Lampjugglers over finitely generated groups are finitely generated, and one can check that
if SH is a finite generating set for H , then the finite set

␣

pτp1H ,iq,ps,jq, 1Hq : s P SH , 1 ď i, j ď r
(

Y tpid, sq : s P SHu

generates ShufflerrpHq, where τp1H ,iq,ps,jq stands for the transposition swapping p1H , iq with
ps, jq. A particular case is that of lampshufflers ShufflerpHq, i.e. lampjugglers with r “ 1.
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Lampdesigners. Let F andH be two groups. The lampdesigner overH is the semi-direct
product

DesignerF pHq ¨̈“ pF ≀H FSympHqq ¸ H

where H acts on
À

H F by permuting the coordinates through its action on itself by left-
multiplication and acts on FSympHq as described above. It is the halo product LH for the
collection LpSq ¨̈“ F ≀S FSympSq, S Ă H .

Lampcloners. Let H be a group and let f be a field. Denote VH the f´vector space
admittingH as a basis, and denote by teu : u P Hu a formal basis. Let FGLpHq be the group
of linear automorphisms VH Ñ VH that fix all but finitely many basis elements. This group
can also be seen as the group of finitely supported invertible matrices with coefficients in f
whose entries are indexed byH ˆH . Once again, the action ofH on itself naturally yields
an action of H on FGLpHq. The lampcloner over H is the semi-direct product

ClonerfpHq ¨̈“ FGLpHq ¸ H.

It is a halo product, for the collection LpSq ¨̈“ FGLpSq, S Ă H , where FGLpSq is thought
of as the subgroup of FGLpHq of linear automorphisms VH Ñ VH that fix HzS and that
stabilise the subspace xSy Ă VH .

We refer the reader to Section 5.3 for a more precise description of these examples and
additional ones.

At this point, we only emphasize the fact that the aptolicity phenomenon also holds for
quasi-isometries between lampshufflers, lampcloners or lampdesigners, as shown in [GT24a].
The proof of this fact relies on the next statement, that vastly generalises Theorem 2.2.5.

Theorem2.3.2 ([GT24a, Theorem 4.17]). LetZ be a geodesicmetric space satisfying the thick
bigon property and let LH be a finitely generated halo product with L full and LpHq locally
finite. Then every coarse embedding ρ : Z Ñ LH has its image contained in a neighbourhood
of an H´coset. Moreover, the size of this neighbourhood only depends on Z , LH , and the
parameters of ρ.

Here, a halo product LH over a groupH equipped with a word metric d is full if there
is a constant K ě 0 such that, for all subsets R, S, T and U of H , if

dpR, Sq, dpR, T q, dpR,Uq, dpS, T q ě K

then
LpR Y SqLpUq X LpR Y T q Ă LpRqLpT q.

It is a technical assumption needed in the proof, and for now it is enough to keep in mind
that our favorite halo products, namely wreath products, lampjugglers, and lampcloners
are full [GT24a, Lemma 4.39].

Main idea for proving Theorem 2.3.2. Fix a finitely generated halo product LH with
LpHq locally finite. The first ingredient of the proof is to realize LH as a subcomplex Ck
of some huge cubical complex C, for any k ě 1. If we think of an element pc, pq P LH as
a colouring c P LpHq and an arrow pointing at p P H , then moving in LH amounts to
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moving the arrow in H and, along the way, to modifying the colouring by an element of
LpHq supported in a small ball around the arrow, and Ck is constructed as follows: replace
the arrow by a finite connected subgraph of H , that we call a crowd. The height of the
crowd is the size of the finite connected subgraph, and moving in LH amounts to moving
the crowd by adding or removing vertices and, along our way, to modifying the colouring
by an element of LpHq supported in the crowd.

Now, at a fixed size k ě 2, two points x, y P Ck that are not in a neighbourhood of a leaf
must be separated in a topological way by specific bounded subcomplexes, called blocks in
[GT24a, Definition 4.10]. For lamplighters, this comes from the following observation. Fix
a wreath product Z{2Z ≀ H , and a path γ from 1LH to a point pc, hq. Fix a point p P H
where c is non-trivial (i.e. p P supppcq). Following γ, the arrow must go in H from 1H to
h and, along the way, visits all points in supppcq to change the color. In particular, at some
stage, the arrow will pass by p. The same applies to any other path γ1 connecting 1LH to
pc, hq. Now, on γ and γ1, consider the points pcn, pnq P γ, pc1

m, p
1
mq P γ1 where the arrow

points at p, i.e. pn “ p1
m “ p. We compare cn and c1

m outside of p. If these colourings are
very different, this means that the orders according to which lamps are switched on are
very different whether we are following γ or γ1. For instance, there is q P supppcq very far
from p in H such that γ turns on p after q, while γ1 turns on q after p. But, if p and q are
very far, the cycle in Z{2Z ≀H that turns on p, turns on q, turns off p and finally turns off
q to go back to 1, can be homotopically trivial only at a very large scale. Said differently,
if we are given γ and a fixed scale at which we can modify γ up to coarse homotopy, then,
along our new path, we can always find a point where the arrow points at p and where the
colouring outside p is fixed. This observation leads the authors of [GT24a] to introduce the
notion of essential separation and to prove that, at a given scale k ě 2, any path connecting
x and y in Ck must intersect essentially a block.

Finally, fix for instance a coarsely simply connected and one-ended graphZ , and a coarse
embedding Z Ñ LH . Since LH sits naturally inside C, we get a coarse embedding
Z Ñ C2 Ă C. The image ofZ must then be simply connected in Ck for some large k ě 2. But
then, as a consequence of what we explained above, if the image is not in a neighbourhood
of a leaf, then it contains a path γ that connects two points x and y that are very far and
such that any homotopically equivalent path to γ has to intersect a given bounded block.
This contradicts one-endedness of the image, which guarantees that any path connecting
two points in the image can be deformed up to coarse homotopy to avoid a bounded region.
It follows that the image of Z , as it is both coarsely simply connected and one-ended, must
be contained in a neighbourhood of a leaf in LH .

In this strategy, one-endedness is not that important; what really matters is to always
be able to coarsely modify paths so that the resulting cycles are homotopically trivial. This
property has a name, namely the thick bigon property, recently introduced in [GT24a] and
that we explain in detail now. In particular, finitely presented one-ended groups have the
thick bigon property, so that Theorem 2.3.2 is indeed a generalisation of Theorem 2.2.5.

The thick bigon property. To define the thick bigon property, we need to recall the
notion of coarsely homotopic paths in a metric space.

Definition 2.3.3. LetX be a metric space. Given C ě 0, two paths α and β with the same
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endpoints are C´coarsely homotopic if there exists a sequence of paths

α “ γ0, γ1, . . . , γn´1, γn “ β

such that, for any 0 ď i ď n´1, γi`1 is obtained from γi by replacing a subpath ζ Ă γi with
a path ξ between the same endpoints satisfying diampζ Y ξq ď C . A path is C´coarsely
homotopically trivial if it is C´coarsely homotopic to a constant path.

Then, a metric space X is C´coarsely simply connected if every path is C´coarsely
homotopically trivial. A space X is coarsely simply connected if it is C´coarsely simply
connected for some C ě 0.

Recall that a finitely generated group is coarsely simply connected if and only if it is
finitely presented (see e.g. [CH16]).

Definition 2.3.4. Ametric spaceX has the thick bigon property if there exists some C ě 0

such that, for every R ě 0, there exists L ě 0 such that the following holds: any two
points x, y P X can be connected by some path γ1 such that, for any point p P γ1 satisfying
dpp, xq, dpp, yq ě L, there is a path γ2 between x and y that is C´coarsely homotopic to γ1
and that avoids BXpp,Rq.

x

y
p

R

γ1

γ2

Figure 2.3: Configuration of points in a space X having the thick bigon property

We need one more terminology to exhibit a first source of spaces with the thick bigon
property.

Definition 2.3.5. Let X be a geodesic metric space. Given a map ρ, X is ρ´uniformly
one-ended if, for every R ě 0, the complement of a ball of radius R has one unbounded
connected component and all other components have diameter ď ρpRq.

A space X is uniformly one-ended if it is ρ´uniformly one-ended for some map ρ.
The first source of examples is then given by coarsely simply connected uniformly one-

ended spaces.

Lemma 2.3.6 ([GT24a, Lemma 3.4]). Let X be a geodesic metric space. If X is uniformly
one-ended and coarsely simply connected, then X has the thick bigon property.
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Proof. FixC ě 0 and amap ρ such thatX isC´coarsely simply connected and ρ´uniformly
one-ended. Let R ě 0 and set L ¨̈“ R ` ρpRq ` 1.
Fix two points x, y P X connected by a path γ1, and let p P γ1 be a point such that
dpp, xq, dpp, yq ě L. The subpath of γ1 connecting x to Bpp,Rq has length at least

dpx, pq ´ R ě L ´ R “ ρpRq ` 1 ą ρpRq.

Thus x belongs to the unique unbounded connected component ofXzBpp,Rq, and likewise
for y. We deduce that there is a path γ2 connecting x and y that avoids Bpp,Rq. As X is
C´coarsely simply connected, γ1 and γ2 are C´coarsely homotopic. This concludes the
proof.

In particular, Theorem 2.3.2 indeed generalises Theorem 2.2.5. Note also that finitely
presented one-ended groups have the thick bigon property.

On the other hand, the following notion allows to also consider some infinitely presented
groups.

Definition 2.3.7. Let X be a metric space and let P be a collection of uniformly coarsely
embedded subspaces. We say that X is fleshy relative to P if:

• There is C ě 0 and a map ρ such that any P P P is C´coarsely simply connected
and ρ´uniformly one-ended;

• For any x, y P X , there exist P1, . . . , Pn P P such that x P P1, y P Pn and Pi X Pi`1

is unbounded for any 1 ď i ď n ´ 1.

A metric space X is fleshy if it is fleshy relative to some collection of subspaces.

Proposition 2.3.8 ([GT24a, Proposition 3.6]). Let X be a geodesic metric space. If X is
fleshy, then X has the thick bigon property.

It is proved in [GT24a, Proposition 3.9] that wreath products E ≀H with E infinite and
H non-trivial are fleshy. In particular, such wreath products have the thick bigon property.

On the other hand, wreath products F ≀H , with F a non-trivial finite group, do not have
the thick bigon property. Indeed, if it were the case, applying Theorem 2.3.2 to Z “ F ≀H
and ρ “ Id would show that the identity must have its image completely contained in the
neighbourhood of anH´coset, which is obviously not the case. The same argument shows
that any halo product LH which is full and whose LpHq is locally finite cannot have the
thick bigon property. This encompasses lampshufflers and lampcloners.

Let us also mention another sufficient condition for a group to have the thick bigon
property.

Lemma 2.3.9 ([GT24a, Lemma 3.14]). Let G be a group with a finite generating set S. If
H ď G is a finitely presented one-ended subgroup ofG such that |H X sHs´1| “ 8 for every
s P S, then G is fleshy.

Proof. Fix x, y P G and write x´1y “ s1 . . . sn as a product of generators and their inverses.
Consider the sequence of H´cosets

xH, xs1H, . . . , xs1 . . . sn´1H, xs1 . . . snH “ yH.
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For any 0 ď i ď n ´ 1, xs1 . . . sipH X si`1Hs
´1
i`1q is contained in the 1´neighbourhood

of xs1 . . . siH and of xs1 . . . sisi`1H , and is unbounded by assumption. It follows that G is
fleshy relative to tpgHq`1 : g P Gu.

For instance, this result implies that any finitely generated group with a normal one-
ended finitely presented subgroup has the thick bigon property.

Another family of groups that is captured is the one of permutational wreath products,
that will be of special interest for us.

Corollary 2.3.10. Let F and H be non-trivial finitely generated groups. If H is one-ended
and finitely presented, and if K ď H is infinite, then F ≀H{K H is fleshy. In particular, it has
the thick bigon property.

Proof. Fix finite generating sets R Ă F and S Ă H . For every s P S, H X sHs´1 “ H is
infinite, and for r P F ,HXrHr´1 is infinite since it containsK . Thus Lemma 2.3.9 applies
and shows that F ≀H{K H is fleshy.

Lemma 2.3.9 can also be used to prove the following theorem.

Theorem 2.3.11 ([GT24a, Theorem 3.12]). Let G be a finitely generated group. If G is not
virtually cyclic and contains a normal free abelian subgroup of positive rank, then G satisfies
the thick bigon property.

In particular, we have:

Corollary 2.3.12. If a finitely generated torsion-free group is solvable but not cyclic, then it
satisfies the thick bigon property.

For instance, the corollary shows that all free solvable groups have the thick bigon prop-
erty, even though they are infinitely presented [Cor06, Corollary 2.14].

Lastly, the next criterion is of independent interest, even though it is used in [GT24a] as
a step towards the proof of Theorem 2.3.11.

Proposition 2.3.13 ([GT24a, Proposition 3.16]). Let G be a finitely generated group. If G
contains an infinite normal subgroupN ◁G of infinite index which is finitely generated, then
G satisfies the thick bigon property.

Here, the assumption of finite generation of the subgroupN cannot be removed: indeed,
the lamplighter G “ Z{2Z ≀ Z2 has

À

Z2 Z{2Z as a normal subgroup of infinite index, and
yet G does not have the thick bigon property.

An elementary but still crucial fact, left unproved in [GT24a], is that the thick bigon
property is a quasi-isometry invariant among geodesic metric spaces.

Proposition 2.3.14. LetX and Y be geodesic metric spaces. IfX and Y are quasi-isometric,
and if X has the thick bigon property, then Y has the thick bigon property.

Proof. Suppose that f is a pC,Kq´quasi-isometry, with any point of Y being at distance
ď K from fpXq. It is well-known that if two paths are C´coarsely homotopic in X and
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f : X Ñ Y is a quasi-isometry, then their images in Y areC 1´coarsely homotopic for some
C 1 ě 0. See for instance [CH16, Proposition 6.A.7].
Next, let R ě 0, and set L ¨̈“ C ¨ L1 ` K , where L1 is given by the thick bigon prop-
erty of X for R1 ¨̈“ C ¨ pR ` Kq. Fix y1, y2 P Y , and choose x1, x2 P X such that
dpy1, fpx1qq, dpy2, fpx2qq ď K . Connect x1, x2 by some path γ1 as in the definition, so
that fpx1q, fpx2q are connected by fpγ1q. Fixing a geodesic ry1, fpx1qs Ă Y and a geodesic
rfpx2q, y2s Ă Y , the concatenation

η1 ¨̈“ ry1, fpx1qs Y fpγ1q Y rfpx2q, y2s

is a path from y1 to y2. Now let p P η1 be such that dpy1, pq, dpy2, pq ě L. From the
definition of L and the fact that y1 (resp. y2) is at distance ď K from fpx1q (resp. fpx2q), p
necessarily lies on the subpath fpγ1q Ă η1. Then p “ fpqq for some q P γ1, and additionally
dpq, x1q, dpq, x2q ě L1 since dpy1, pq, dpy2, pq ě L. Hence there exists γ2 a path between
x1 and x2 that is C´coarsely homotopic to γ1 and that avoids Bpq, R1q. Then fpγ2q avoids
Bpp,Rq and is C 1´coarsely homotopic to fpγ1q. We conclude that the concatenation

η2 ¨̈“ ry1, fpx1qs Y fpγ2q Y rfpx2q, y2s

is a path between y1 and y2 avoiding Bpp,Rq and C 1´coarsely homotopic to η1. Thus Y
also has the thick bigon property.

R′

x1

x2

γ1

γ2
q

f

R

y2

y1

f(x1)

f(x2)

f(γ1)

f(γ2)

p

Figure 2.4: Configuration for the proof of Proposition 2.3.14

This result can be useful to distinguish up to quasi-isometry finitely generated groups
that have many geometric properties in common. For instance:

Proposition 2.3.15. Let d, r ě 2. Then the free solvable group Sd,r and Shuffler˝pd´1q
pZrq

are not quasi-isometric.
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Indeed, Sd,r has the thick bigon property, while Shuffler˝pd´1q
pZrq does not. On the other

hand, many other invariants fail to distinguish these two groups: they have the same vol-
ume growth, the same number of ends, the same isoperimetric profile (see Proposition 5.5.12
below and [SZ15]), and both are infinitely presented.

The embedding theorem and its main assumption being stated, let us now turn to the
second step of the strategy: aptolicity.

Aptolicity. As in the case of lamplighters over one-ended finitely presented groups [GT24b],
it is a consequence of the (upgraded) embedding theorem (cf. Theorem 2.3.2) that any quasi-
isometry

φ : MA ÝÑ NB

with M,N full, MpAq, NpBq locally finite, and A, B having the thick bigon property,
is leaf-preserving, i.e. there is a constant R ě 0 such that φ sends any A´coset into the
R´neighbourhood of a B´coset and has a quasi-inverse that does the same with roles of
A and B reversed. Thus, up to bounded distance, φ can be written as

φpc, pq “ pαpcq, βcppqq

for all c P MpAq and p P A, for some bijection α : MpAq ÝÑ NpBq and some collection of
maps βc : A Ñ B, indexed by c P MpAq.

At this stage, it is not hard to derive that each βc is a quasi-isometry between A and
B, since φ is. Thus, it is already a consequence of the embedding theorem that MA and
NB being quasi-isometric implies that A and B are quasi-isometric under our running
assumptions.

But more is true: it turns out that all βc lie at a uniform bounded distance from each
other, and thus φ itself lies at a bounded distance from an aptolic quasi-isometry, in the
sense that:

Definition 2.3.16. Let MA, NB be finitely generated halo products. A quasi-isometry
φ : MA ÝÑ NB is aptolic if there is a bijection α : MpAq ÝÑ NpBq and a quasi-isometry
β : A Ñ B such that

φpc, pq “ pαpcq, βppqq

for all pc, pq P MA.

This observation on the collection pβcqcPMpAq is proved with the help of geometric struc-
tures in halo products, called squares and ladders of leaves, that allow to detect geometrically
when two points in a halo group have close projections onto the base group.

To that end, we first construct an angular graph from a given halo product. Recall that
such a graph X comes with an angle map = that assigns to each vertex u P X and each
pair of neighbours v, w P X a real number =opv, wq. In such a graph, a subgraph Y is
called R´obtuse for some R ě 0 if all angles in Y are ě R.

The angular graph that we construct from a halo product LH encodes how leaves are
organised in LH .

Definition 2.3.17. Let LH be a finitely generated halo product. Let ε ě 0. The graph of
leaves GεpLHq is the graph whose vertices areH´cosets inLH and whose edges connect
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two cosets whenever they are at distance ď ε. If P is a vertex of GεpLHq and Q,R are
two neighbours of P in GεpLHq, the angle =P pQ,Rq is the smallest distance between two
points of P respectively minimising the distance to Q and R.

An important observation on this construction is that a leaf-preserving quasi-isometry
between halo products provides quasi-isometric graphs of leaves.

Proposition 2.3.18 ([GT24a, Proposition 4.33]). LetMA,NB be two finitely generated halo
products. For all C,K, ε ě 0, there exists η ě 0 such that any leaf-preserving pC,Kq´quasi-
isometry φ : MA ÝÑ NB provides a bijective quasi-isometry φ : GεpMAq ÝÑ GηpNBq

such that:

• φ sends two adjacent vertices to two adjacent vertices;

• there exist L, S ą 0 such that
1

L
¨ =P pQ,Rq ´ S ď =φpP qpφpQq, φpRqq ď L ¨ =P pQ,Rq ` S

for all vertex P P GεpMAq and neighbours Q,R P GεpMAq.

We can now introduce properly squares and ladders of leaves.

Definition 2.3.19. Let LH be a finitely generated halo product. Let ε, R ą 0. An
pε, Rq´ladder of leaves is a collection P1, Q1, P2, Q2, . . . , Pk, Qk of leaves such that:

• For any 1 ď i ď k ´ 1, Pi (resp. Qi) lies at distance ď ε from Pi´1, Qi, Pi`1 (resp.
Qi´1, Pi, Qi`1);

• For any 1 ď i ď k ´ 1, the square Pi, Pi`1, Qi`1, Qi is R´obtuse.

P0 = L(0)

P3 = L(c2) P1 = L(c1)

P2 = L(c1 + c2)

(0, p2) (0, p1)

(c2, p2)

(c2, p3)

(c1, p1)

(c1, p2)

(c1 + c2, p1) (c1 + c2, p2)

≥ R

≥ R

≥
R

≥
R

≤ ε ≤ ε

≤ ε ≤ ε

Figure 2.5: An pε,Rq´square of leaves in LH .

In [GT24a], it is then proved that, for such a structure in a large-scale commutative halo
product, if a point px, pq is close to both P1 andQ1 and a point py, qq is close to both Pk and
Qk, then p and q must be close in H :
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Theorem 2.3.20 ([GT24a, Theorem 6.3]). Let LH be a finitely generated large-scale com-
mutative halo product. Let D ě 0 be the corresponding constant. For all ε, η ą 0 and
R ą D`4ε`2r0, for every pε,Rq´ladder of leavesP1, Q1, . . . , Pk, Qk, if px, pq P P`η

1 XQ`η
1

and py, qq P P`η
k X Q`η

k , then dpp, qq ď 6η ` ε.

A halo product LH over a finitely generated group H “ xSHy is large-scale commuta-
tive if there is a constantD ě 0 such that, for anyR, S Ă H with dSH

pR, Sq ě D, the sub-
groups LpRq and LpSq commute. Moreover, if η ą 0 and if two points px, pq, py, qq P LH
are as in the statement, we say that px, pq and py, qq are η´connected. Thus, the previ-
ous theorem is saying that, in a large-scale commutative halo group, if two points are
η´connected by a ladder whose squares have big enough angles, then the projections of
our two points must be close in the base group.

≥ 𝑅

≥ 𝑅

≥ 𝑅

≥ 𝑅

≥ 𝑅

≥ 𝑅

≥ 𝑅

≥ 𝑅

⋮ ⋮ ⋮

≤ 𝜀

≤ 𝜀

≤ 𝜀

(𝑦, 𝑞)

(𝑥, 𝑝)

≤ 𝜂 ≤ 𝜂

≤ 𝜂 ≤ 𝜂

𝑃𝑘

𝑃𝑘−1

𝑃𝑘−2

𝑃1

𝑄𝑘

𝑄𝑘−1

𝑄𝑘−2

𝑄1

Figure 2.6: Configuration from Theorem 2.3.20

The last terminology we need is that of the altitude of a halo product. Intuitively, it
corresponds to the minimal number of ladders we need to connect any point of LH to a
point of the coset H Ă LH .

Definition 2.3.21. Let LH be a finitely generated halo product. Given ε, η, R ą 0, the
pε, η, Rq´altitude of L is the minimal number N P N Y t8u such that, for any a P LH ,
there existN `1 points x0 “ a, x1, . . . , xN successively η´connected by an pε, Rq´ladder
with xN P H .
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The main result of [GT24a, Section 6] states then that, between large-scale commuta-
tive halo products having finite altitude, leaf-preserving quasi-isometries are at bounded
distance from aptolic quasi-isometries.

Theorem 2.3.22 ([GT24a, Corollary 6.11]). Let MA, NB be two finitely generated large-
scale commutative halo groups. For all C,K, ε, ε1 ą 0, there existsQ ą 0 such that, ifM has
finite pε, ε1, Qq´altitude, then every leaf-preserving pC,Kq´quasi-isometry MA ÝÑ NB

lies at bounded distance from an aptolic quasi-isometry.

Proof. Let L, S, η ě 0 be the constants given by Proposition 2.3.18, and let D be the large-
scale commutativity constant for N . Fix any Q ą 0 such that Q ą LpD ` 4η ` 2r0 ` Sq.
Let φ : MA ÝÑ NB be a leaf-preserving pC,Kq´quasi-isometry, and write it as

φpc, pq “ pαpcq, βcppqq

for some bijection α : MpAq ÝÑ NpBq and pC,Kq´quasi-isometries βc : A Ñ B, c P

MpAq.
Let pc, pq P MA. SinceM has finite pε, ε1, Qq´altitudeN , there exist k ď N`1 points z0 “

pc, pq, z1, . . . , zk ¨̈“ p1, qq P A such that zi and zi`1 are ε1´connected by an pε,Qq´ladder
of leaves, for every 0 ď i ď k ´ 1. Applying Theorem 2.3.20 k times, it follows that

dpp, qq ď kp6ε1
` εq.

Using Proposition 2.3.18, we also know that, for any 0 ď i ď k ´ 1, φpziq and φpzi`1q are
pCε1 `Kq´connected by a pη, Q

L
´Sq´ladder of leaves inNB. Thus, applying once again

Theorem 2.3.20 k times, we deduce that

d
`

βcppq, β1pqq
˘

ď kp6Cε1
` 6K ` ηq

and thus it follows that

d
`

βcppq, β1ppq
˘

ď d
`

βcppq, β1pqq
˘

` d
`

β1pqq, β1ppq
˘

ď k
`

6Cε1
` 6K ` η

˘

` C ¨ dpp, qq ` K

ď k
`

6Cε1
` 6K ` η

˘

` C ¨ kp6ε1
` εq ` K.

Hence any βc lies at bounded distance from β1, so we conclude that φ lies at bounded
distance from the aptolic quasi-isometry pc, pq ÞÝÑ pαpcq, β1ppqq.

Thus, to apply Theorem 2.3.22 in a concrete example, it is enough to check that the
halo product we consider has finite altitude. This is done in [GT24a, Lemmas 6.12-6.16] for
wreath products, lampjugglers, lampdesigners and lampcloners.

Growth of lamps. From here, we therefore know that any quasi-isometry between two
halo products can be chosen aptolic, under appropriate assumptions on the base groups
and the halos. To derive information and notably scaling properties for quasi-isometries
between the base groups, the idea is, roughly speaking, to look at “how big” a coset of
LpSq in LH (for S Ă H) is, and then, to quantify the speed at which LpSq grows when S
gets bigger and bigger. When our halo product LH has its subgroup LpHq locally finite, it
suffices to consider cardinalities of cosets ofLpSq. To introduce the corresponding function,
we require additional terminology.
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Definition 2.3.23. Let H be a group, and let LH be a halo product over H . We say
that LH has finite blocks (resp. finitely generated blocks) if LpSq is finite for any S Ă H

(resp. finitely generated). If, furthermore, |LpSq| only depends on |S|, we say that LH

is consistent.

In practice, consistent halo products encompass all classes we are interested in, namely
lamplighters, lampjugglers and lampcloners.

Definition 2.3.24. LetLH be a consistent halo product overH . The lamp growth sequence
of LH is the function ΛLH : N Ñ N defined by

ΛLH : n ÞÝÑ |LpSq|, where |S| “ n.

For instance, if F is a finite group, the lamp growth sequence of F ≀H isΛF ≀Hpnq “ |F |n,
while for lampjugglers it is

ΛShufflerrpHqpnq “ prnq!.

Other examples are contained in [GT24a, Facts 7.12-7.16].
In our strategy, growth of lamps is relevant because it turns out that, when looking at an

aptolic quasi-isometry MA ÝÑ NB of the form pc, pq ÞÝÑ pαpcq, βppqq, the map α must
actually send a coset of a subgroup of the formMpSq Ă MpAq to a coset of a subgroup of
the form NpS̃q Ă NpBq, where S̃ is constructed from S using β and the parameters C,K
of the quasi-isometry. This observation is proved in [GT24b, Lemma 3.5] for lamplighters
and in [GT24a, Lemma 7.4] for general halo products.

This observation then allows to show that the behaviour of the lamp growth sequence is
invariant when applying aptolic quasi-isometries. For the statement, recall that a sequence
u : N Ñ N dominates a sequence v : N Ñ N, written v ă u, if there is C ą 0 such that
vpnq ď upCnq, and u „ v if u ă v and v ă u.

Corollary 2.3.25 ([GT24a, Corollary 7.11]). LetMA,NB be two finitely generated consis-
tent halo products with MpAq, NpBq locally finite. If there exists an aptolic quasi-isometry
MA ÝÑ NB, then ΛMA „ ΛNB .

The invariance of the asymptotic behaviour of the lamp growth sequence is already
powerful enough to distinguish geometrically halos of different nature.

Corollary 2.3.26. Let E, F be non-trivial finite groups. Let G,H, I,K be finitely generated
groups with the thick bigon property. Let f be a finite field and let s ě 1 be an integer. Then:

(i) The lamplighterE≀G is not quasi-isometric to ShufflerspHq,DesignerF pIq orClonerfpKq.

(ii) The lampjuggler ShufflerspHq and the lampdesignerDesignerF pIq are not quasi-isometric
to the lampcloner ClonerfpKq.

On the other hand, the equivalence class of the lamp growth sequence under the relation
„ does not allow to distinguish halos of the same kind, for instance two lamplighters or
two lampjugglers. We must compare more subtly the behaviour of these two sequences. To
this end, [GT24a] introduces the notion of interlaced sequences.
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Definition 2.3.27. Let ∆: N Ñ N. Given two sequences u, v : N Ñ N, we say that they
are ∆´interlaced if there exist C ě 0 and a sequence pxnqnPN such that xn “ Θpnq and
such that

upnq divides vpxnq, which divides upn ` C ¨ ∆pnqq

for any n ě 1.
The function ∆ to consider when working with lamp growth sequences of halo groups

is the boundary growth function ∆ “ B.

Definition 2.3.28. IfX is a locally finite graph, its boundary growth function is the function
BX : N Ñ N defined by

BXpnq ¨̈“ mint|BS| : S Ă X connected of size nu.

The presence of an aptolic quasi-isometry between two halo products then forces lamp
growth sequences to be B´interlaced.

Proposition 2.3.29 ([GT24a, Proposition 7.22]). LetMA,NB be finitely generated consis-
tent halo products with MpAq, NpBq locally finite. If there exists an aptolic quasi-isometry
MA ÝÑ NB, then ΛMA and ΛNB are BA´interlaced.

As an application, this property allows to detect an arithmetic condition on the cardi-
nalities of the lamp groups when two lamplighters are quasi-isometric. The next statement
generalises the one already proved in [GT24b].

Proposition 2.3.30 ([GT24a, Proposition 7.23]). Let E, F be non-trivial finite groups. Let
G and H be finitely generated groups satisfying the thick bigon property. If E ≀G and F ≀H
are quasi-isometric, then |E| and |F | have the same prime divisors.

Proof. By Theorem 2.3.2, our quasi-isometry φ quasi-preserves leaves, hence by Theo-
rem 2.3.22, it lies at bounded distance from an aptolic quasi-isometry. It thus follows from
Proposition 2.3.29 that ΛE≀G and ΛF ≀H are BG´interlaced. In particular, there is a sequence
pxnqnPN such that ΛE≀Gpnq “ |E|n divides ΛF ≀Hpxnq “ |F |xn , and thus any prime divisor
of |E| also divides |F |. The same reasoning applied to a quasi-inverse of φ shows that a
prime divisor of |F | also divides |E|. This concludes the proof.

For lampcloners, one can deduce from Proposition 2.3.29 that the characteristic of the
underlying field is a quasi-isometry invariant.

Proposition 2.3.31 ([GT24a, Proposition 7.24]). Let f, f1 be two finite fields. LetG andH be
finitely generated groups satisfying the thick bigon property. If ClonerfpGq and Clonerf1pHq

are quasi-isometric, then f and f1 have the same characteristic.

Amenability adds rigidity. All previous statements hold in a general situation, regard-
less of (non-)amenability of the groups. However, it turns out that, as already highlighted
in [GT24b], stronger rigidity statements hold if we additionally know that our groups are
amenable. Indeed, thanks to aptolicity, we know that a quasi-isometry between halo prod-
ucts implies the existence of a quasi-isometry between the base groups, and thanks to
amenability, this induced quasi-isometrymust bemeasure-scaling. This statement is proved
once again by looking at the asymptotic behaviour of lamp growth sequences.
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Definition 2.3.32. Let u, v : N Ñ N be two non-decreasing sequences. Let r ą 0 be a real
number. We write u◁r v if there exists t P N such that

upkq ď vptrku ` tq

for all sufficiently large k P N. We write u ’r v if u◁r v and v ◁ 1
r
u.

Then, it is proved in [GT24a] that such a relation between lamp growth sequences of
our halo groups provides scaling properties.

Proposition 2.3.33 ([GT24a, Proposition 8.3]). Let MA, NB be finitely generated consis-
tent halo products, withMpAq, NpBq locally finite. Let α : MpAq ÝÑ NpBq be a bijection
and β : A Ñ B be a quasi-isometry such that

MA ÝÑ NB

pc, pq ÞÝÑ pαpcq, βppqq

is a quasi-isometry. If ΛNB ’k ΛMA for some k ą 0, then β is quasi-k-to-one.

As an illustration, for lamplighters, Theorem 2.2.1 can be strengthened as follows.

Theorem 2.3.34 ([GT24a, Theorem 8.6]). LetE, F be non-trivial finite groups. LetG andH
be finitely generated amenable groups satisfying the thick bigon property. If E ≀G and F ≀H
are quasi-isometric, then there exist a, r, s ě 1 such that |E| “ ar and |F | “ as, and there
exists a quasi- s

r
-to-one quasi-isometry G Ñ H .

Proof. Fix a quasi-isometry φ : E ≀ G ÝÑ F ≀ H . By Theorem 2.3.2, φ is leaf-preserving,
and by Theorem 2.3.22, it can be taken aptolic, and we write it as

φpc, pq “ pαpcq, βppqq, pc, pq P E ≀G.

Applying Proposition 2.3.29, it follows that there exist sequences pxnqnPN, pynqnPN such
that xn “ Θpynq and ΛE≀Gpxnq “ |E|xn divides ΛF ≀Hpynq “ |F |yn , which itself divides
ΛE≀Gpyn ` opnqq “ |E|yn`opnq. Thus, if p ě 2 is prime, we get that

xn ¨ valpp|E|q ď yn ¨ valpp|F |q ď pyn ` opnqq ¨ valpp|E|q

whence valpp|E|q “ 0 if and only if valpp|F |q “ 0, i.e. p divides |E| if and only if p divides
|F |. Additionally, the sequence pxn

yn
qnPN converges to valpp|E|q

valpp|F |q
for every prime p dividing |E|

and |F |. Thus, the latter cannot depend on p, and there exist r, s ě 1 such that
valpp|E|q

valpp|F |q
“
r

s

for any prime p dividing |E| and |F |. Thus there exists a ě 1 such that |E| “ ar and
|F | “ as.
To conclude, it remains to notice that

ΛF ≀Hpnq “ |F |
n

“ asn ď arpt s
r
nu`1q

ď ΛE≀G
´Ys

r
n
]

` 1
¯

for any n P N, thus ΛF ≀H ◁ s
r
ΛE≀G. Similarly, we prove that ΛE≀G ◁ r

s
ΛF ≀H . Thus ΛF ≀H ’ s

r

ΛE≀G, and it follows from Proposition 2.3.33 that β is quasi- s
r
-to-one.
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The authors of [GT24a] derived similar statements for lampjugglers, lampdesigners and
lampcloners. For instance:

Theorem 2.3.35 ([GT24a, Theorem 8.7]). Let H and K be two finitely generated amenable
groups satisfying the thick bigon property. Let r, s ě 1 be two integers. Then ShufflerrpHq

and ShufflerspKq are quasi-isometric if and only if there exists a quasi- s
r
-to-one quasi-isometry

H Ñ K .

As a consequence:

Corollary 2.3.36 ([GT24a, Corollary 8.9]). Let H and K be finitely generated amenable
groups satisfying the thick bigon property. Then ShufflerpHq and ShufflerpKq are quasi-
isometric if and only if H and K are biLipschitz equivalent.

2.4 Scaling groups of halo products

From Genevois and Tessera’s results about the quasi-isometric classification of halo prod-
ucts and their method of proof explained above, we can deduce the following:

Corollary 2.4.1. Let H and K be finitely generated amenable groups with the thick bigon
property. If L is either:

• L p¨q “ F ≀ p¨q where F is a non-trivial finite group;

• L p¨q “ Shufflersp¨q, where s ě 1;

• L p¨q “ DesignerF p¨q where F is a non-trivial finite group;

• L p¨q “ Clonerfp¨q where f is a finite field;

then any quasi-isometry LH ÝÑ LK is measure-scaling. In particular, ScpLHq “ t1u.

The proof of the corollary relies on the following intermediate observation, proved
in [GT24b, Lemma 3.10] for lamplighters over one-ended groups and mentioned in [GT24a,
Section 9].

Lemma 2.4.2. LetH andK be finitely generated groups, and let LH and LK be two halo
products over H and K . Let α : LpHq ÝÑ LpKq and β : H Ñ K be two maps such that

φ : LH ÝÑ LK

pc, pq ÞÝÑ pαpcq, βppqq

is a quasi-isometry. If β is quasi-k-to-one for some k ą 0, then φ is quasi-k-to-one.

Proof. Denote by πH (resp. πK) the projection of LH (resp. LK) onto the second factor
H (resp. K). Fix a finite subset A Ă LK . Let C Ă LpKq be the collection of all elements
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of LpKq appearing as first coordinate of an element of A, and for any c P C, let Ac Ă A be
the subset of all elements of A having c as first coordinate. We then have

A “
ğ

cPC
Ac

and then |A| “
ř

cPC |Ac|, |φ´1pAq| “
ř

cPC |φ´1pAcq|. Now, if we set Bc ¨̈“ πKpAcq for
any c P C, we have |Ac| “ |Bc| and |φ´1pAcq| “ |β´1pBcq| since πK ˝φ “ β ˝πH . We then
deduce that

ˇ

ˇk|A| ´ |φ´1
pAq|

ˇ

ˇ ď
ÿ

cPC

ˇ

ˇk|Ac| ´ |φ´1
pAcq|

ˇ

ˇ

“
ÿ

cPC

ˇ

ˇk|Bc| ´ |β´1
pBcq|

ˇ

ˇ

ď C ¨
ÿ

cPC
|BKBc|

where C ą 0 is the constant coming from the quasi-k-to-one estimate of β. It now remains
to notice that BLKA contains

Ů

cPCtcu ˆ BKBc to conclude that
ˇ

ˇk|A| ´ |φ´1
pAq|

ˇ

ˇ ď C ¨ |BLKA|

as was to be proved. Thus φ is quasi-k-to-one.

Proof of Corollary 2.4.1. As explained above, it is proved in [GT24a, Corollary 6.11 and Lem-
mas 6.12-6.16] that any quasi-isometry betweenLH andLK is, under our assumptions, at
bounded distance from an aptolic quasi-isometryφ : LH ÝÑ LK ,φpc, pq “ pαpcq, βppqq.
Since quasi-isometries that are at bounded distance from scaling quasi-isometries are them-
selves scaling by Proposition 1.5.5, and since aptolic quasi-isometries are scaling if their
second components are scaling by Lemma 2.4.2, it only remains to see that β : H Ñ K is
measure-scaling. This fact is proved in [GT24a, Section 8.1] for lamplighters, in [GT24a,
Section 8.2] for lampshufflers and lampjugglers, in [GT24a, Section 8.3] for lampdesigners
and in [GT24a, Section 8.4] for lampcloners.
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On the quasi-isometric classification of
permutational wreath products

This chapter presents the content of [Dum24].

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

3.2 Preliminaries on coarse separation and quasi-median geometry . . . . . . . . . . . 116

3.3 The embedding theorem for permutational wreath products . . . . . . . . . . . . . 121

3.4 Large-scale geometry of permutational lamplighters . . . . . . . . . . . . . . . . . 130

3.5 Constructing quasi-isometries of permutational wreath products . . . . . . . . . . 150

3.6 Consequences of Theorem III.A . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158

3.7 Concluding remarks and questions . . . . . . . . . . . . . . . . . . . . . . . . . . . 166

3.1 Introduction

In his groundbreaking work in the 80’s and 90’s [Gro81; Gro93], Gromov initiated the pro-
gram of classifying finitely generated groups up to quasi-isometries. The motivation for
this program is that the large-scale geometry of such a group may be in fact deeply related
to its algebraic structure, as shown for instance by Gromov’s celebrated theorem on groups
of polynomial growth [Gro81] or Stallings’ theorem about multi-ended groups [Sta68].

Much progress has been made since then towards understanding the quasi-isometries
of various classes of groups, and some groups are even known to be quasi-isometrically
rigid. Here, a group G is quasi-isometrically rigid if any group which is quasi-isometric
to G is in fact isomorphic to a finite-index subgroup of G, to a quotient of G by a finite
normal subgroup, or containsG as a finite-index subgroup. In this case as well, the connec-
tion between the geometry of the group and its algebraic structure is particularly strong
and explicit. For instance, abelian and non-abelian free groups are quasi-isometrically
rigid [Dun85], as well as mapping class groups [Beh+12], or solvable Baumslag-Solitar
groups BSp1, nq, n ě 2 [FM98].
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On the other hand, there are also many known invariants that allow to distinguish
groups up to quasi-isometries, including the volume growth, amenability, hyperbolicity,
the number of ends, or being finitely presentable. However, for many groups of interest,
these invariants are insufficient, and other methods must be developed.

One such class, whose quasi-isometries are hard to tackle, consists of permutational
wreath products. Recall that given two groups G,H and an action of H on a set X , the
permutational wreath product G ≀X H is defined as

G ≀X H ¨̈“

˜

à

X

G

¸

¸ H

where H acts on the direct sum permuting the coordinates through its initial action on X .
In the particular case X “ H and H acts on itself by left-multiplication, we only write
G ≀ H and we refer to this group as a (standard) wreath product, or a lamplighter group
when G is finite. Such groups are well-known and of interest in group theory for several
reasons, themain one being that on the one hand the explicit definitionmakes computations
possible, and on the other hand the definition is sufficiently elaborate to reflect unexpected
and interesting behaviours. They have been studied extensively in relation with many
topics of interests in geometric group theory, for instance amenability and isoperimetric
profiles [Ers03; MO10], Haagerup property [CSV08; CSV12], randomwalks [LPP96; PSC02;
BE17], subgroup distortion [DO11; BLP15; Ril24], bounded cohomology [Mon22], fixed-
point properties [CK11; LS22; LS24] or coarse embeddability into Hilbert spaces and the
related compressions [Li10; Gen22; AT19].

For the large-scale geometric analysis of lamplighter groups, a first question that arises
naturally is then:

Question 3.1.1. Let F1, F2 be finite groups and let H1, H2 be finitely generated groups.
When are F1 ≀H1 and F2 ≀H2 quasi-isometric?

An important first piece of answer have been brought by Eskin-Fisher-Whyte in [EFW12;
EFW13], where they prove that if H1 is two-ended, then F1 ≀ H1 and F2 ≀ H2 are quasi-
isometric if and only if H1, H2 are quasi-isometric and |F1|, |F2| are powers of a common
number. However, the proof of this result heavily relies on the two-endedness assumption,
and does not seem to be replicable outside of this field. In a recent work [GT24b], Genevois
and Tessera obtained a complete classification of lamplighters over one-ended finitely pre-
sented groups. More precisely:

Theorem 3.1.2. Let F1, F2 be non-trivial finite groups and H1, H2 be two finitely presented
groups. Suppose that H1 is one-ended.

• If H1 is amenable, then F1 ≀ H1 and F2 ≀ H2 are quasi-isometric if and only if there
exist k, n1, n2 ě 1 such that |F1| “ kn1 , |F2| “ kn2 and there exists a quasi-n2

n1
-to-one

quasi-isometry H1 Ñ H2.

• If H1 is not amenable, then F1 ≀ H1 and F2 ≀ H2 are quasi-isometric if and only if H1

and H2 are quasi-isometric and |F1|, |F2| have the same prime divisors.
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We refer the reader to Definition 1.5.1 for the definition of quasi-k-to-one quasi-
isometries and the related scaling groups Scp¨q.

The strategy employed for the proof of Theorem 3.1.2 in [GT24b] is completely different
from that of [EFW12; EFW13], and relies crucially on quasi-median geometry and the as-
sumption that groups over which we consider wreath products are finitely presented and
one-ended.

More recently, Genevois and Tessera showed in [GT24a] that their techniques can also
be applied to a wider class of groups generalizing lamplighter groups, and exhibiting a com-
mon halo structure. Such a class encompasses standard wreath products, but also lampshuf-
flers, lampdesigners, nilpotent wreath products and many other variations. This allows to
extend, at least partially, the classification provided by Theorem 3.1.2. In another work with
Bensaid [BGT24], they also extended their methods to some standard lamplighters with in-
finite lamp groups, putting into the picture the notion of “coarse separation” that, roughly
speaking, generalizes (non-)one-endedness.

However, one classical variation of standard wreath products remains out of the field
covered until now, that of permutational wreath products with infinite stabilizers (the fi-
nite stabilizers case is contained in [GT24b] as a consequence of Theorem 3.1.2). Indeed,
methods from [GT24a] do not apply to these groups, according to [GT24a, Corollary 4.26].
Our main result is a complete classification of some of these permutational wreath products
up to quasi-isometry:

Theorem III.A. Let E, F be two non-trivial finite groups. Let G, H be finitely presented
groups, with finitely generated normal infinite subgroups M ◁ G, N ◁ H . Suppose that M
has infinite index in G, and that G (resp. H) is not coarsely separable by any collection of
subspaces that uniformly quasi-isometrically embed intoM (resp. N ). The following claims
hold.

• IfM is co-amenable inG, then E ≀G{M G and F ≀H{N H are quasi-isometric if and only
if |E| “ nr, |F | “ ns for some n, r, s ě 1 and there exists a quasi-isometry of pairs
pG,Mq ÝÑ pH,Nq inducing a quasi- s

r
-to-one quasi-isometry G{M Ñ H{N .

• IfM is not co-amenable in G, then E ≀G{M G and F ≀H{N H are quasi-isometric if and
only if |E| and |F | have the same prime divisors and there exists a quasi-isometry of
pairs pG,Mq ÝÑ pH,Nq.

Here, a quasi-isometry f : G Ñ H is a quasi-isometry of pairs if it sends anyM´coset
at finite Hausdorff distance from anN´coset, and we write f : pG,Mq ÝÑ pH,Nq. More-
over, such a map always induces a quasi-isometry between the quotients G{M and H{N ,
unique up to bounded distance. See Definition 1.6.1 and Proposition 1.6.3 for more details.

Recall also that a subgroup M ◁ G is co-amenable in G if the quotient group G{M is
amenable. See Section 1.3.2 for further details.

Next, notice that in this statement, the assumption on the index ofM inG is not restric-
tive. Indeed, ifM has finite index inG, then E ≀G{M G is quasi-isometric toG, so E ≀G{M G
and F ≀H{N H are quasi-isometric if and only if G and H are.

The other assumptions in the statement of Theorem III.A seem to be, at least at first
glance, very restrictive. In particular, the systematic study of coarse separation of spaces,
although the notion already appeared at various places in the literature under different
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formulations (see e.g. [DK18, Section 9.7], [FS96; Mar21]), seems to have been initiated
only very recently in [BGT24]. Moreover, the latter focuses essentially on coarse separation
by subspaces of subexponential growth, and the global picture remains to be established.
We refer to [BGT24, Section 7] for a deeper discussion and several open questions on the
subject, and to [BGT26a; BGT26b] for the relation between coarse separation and splittings
in hyperbolic and right-angled Artin groups.

However, assumptions of Theorem III.A are satisfied in a number of classical cases, and
combining it with results from [GT24a; BGT24] already allows us to derive many applica-
tions. The following example is the one that motivated the search for a general criterion.

Corollary III.B. Let E and F be two non-trivial finite groups, and let m,m1, n, n1 be four
integers such thatm ě n ě 2,m1 ě n1 ě 2. ThenE ≀Zn Zm and F ≀Zn1 Zm1 are quasi-isometric
if and only ifm “ m1, n “ n1 and |E|, |F | are powers of a common number.

For this result (resp. Corollary III.F and Proposition III.H below), we refer to Section 3.7,
more precisely to Question 3.7.6, for a discussion on the assumption n, n1 ě 2 (resp. n ě 2,
k ě 2).

In fact, the proof of this corollary shows that we can reformulate Theorem III.A in the
case of permutational wreath products over base groups that are direct products.

Corollary III.C. Let E and F be two non-trivial finite groups, and let M,K be infinite
finitely presented groups. Suppose thatK is amenable, and that G ¨̈“ M ˆK is not coarsely
separable by any collection of subspaces that uniformly quasi-isometrically embed into M .
Then E ≀K G and F ≀K G are quasi-isometric if and only if there exist n, r, s ě 1 such that
|E| “ nr, |F | “ ns and s

r
P ScpKq.

Here also, we refer to Definition 1.5.11 for the definition of scaling groups of finitely
generated groups.

Hence one can classify up to quasi-isometry many permutational wreath products over
a direct product for which the scaling group is known, such as free abelian groups, solvable
Baumslag-Solitar groups or SOLpZq (see Proposition 1.5.12).

As another consequence of Theorem III.A, we may also classify permutational wreath
products over a group which is not necessarily a direct product, if the quotient has trivial
scaling group:

Corollary III.D. Let E and F be two non-trivial finite groups. Let G be a finitely presented
group with a finitely generated normal infinite subgroupM◁G of infinite index. Suppose that
M is co-amenable in G, and that G is not coarsely separable by any collection of subspaces
that uniformly quasi-isometrically embed into M . If ScpG{Mq “ t1u, then E ≀G{M G and
F ≀G{M G are quasi-isometric if and only if |E| “ |F |.

On the other hand, Theorem III.A also applies to many permutational wreath products
built over nilpotent groups. Indeed, such a groupG is automatically finitely presentedwhen
finitely generated, has all its subgroups finitely generated, and is not coarsely separated by
collections of subspaces having growth degree ď degpGq ´2 [BGT24, Theorem 1.5], where
degpGq is the growth degree of G. For instance, if H is the Heisenberg group over the
integers, and ZpHq denotes its centre, then Zn ≀H{ZpHq H and Zm ≀H{ZpHq H are quasi-
isometric if and only if n andm are powers of a common number.
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We also emphasize that assumptions of Theorem III.A are not necessary for proving both
directions of the equivalences. In fact, when constructing quasi-isometries of permutational
wreath products from the data of a quasi-isometry of pairs between the base groups, we
can get rid of the finite generation and coarse separation assumptions on the subgroups,
as well as the finite presentation on the groups. Especially, in the case of non-co-amenable
subgroups, we obtain a wide range of quasi-isometric permutational wreath products:

Proposition III.E. Let n,m ě 2 be two integers, and let G and H be finitely generated
groups with normal subgroups M ◁ G, N ◁ H . Assume that M is not co-amenable in G.
If there exists a quasi-isometry of pairs pG,Mq ÝÑ pH,Nq and if n and m have the same
prime divisors, then there exists a quasi-isometry

Zn ≀G{M G ÝÑ Zm ≀H{N H.

In addition, in [GT24b], the authors use Theorem 3.1.2 to deduce a classification of
wreath products over amenable finitely presented one-ended groups up to biLipschitz
equivalences [GT24b, Corollary 1.15]. Precisely, they proved, under the above hypothe-
ses, a strong rigidity statement: Zn ≀H and Zm ≀H are biLipschitz equivalent if and only if
n “ m.

For permutational wreath products, we observe more flexibility than in the standard
case. For instance:

Corollary III.F. Let E and F be two non-trivial finite groups, and let m,n be two integers
such that m ą n ě 2. Then E ≀Zn Zm and F ≀Zn Zm are biLipschitz equivalent if and only if
|E| and |F | are powers of a common number.

This result can be seen as an extension of [Cor06, Proposition A.2], and provides exam-
ples of biLipschitz equivalent permutational wreath products over non-biLipschitz equiva-
lent lamp groups. It is in fact a particular case of Proposition 3.6.1 below, proved using the
same techniques as for Theorem III.A.

Notice also that the assumption of co-amenability of the subgroup in Corollary III.F is not
restrictive at all: ifM◁G is not co-amenable, one directly deduces from Theorem III.A and
Whyte’s theorem (see Theorem 1.5.2) thatE ≀G{MG and F ≀H{NH are biLipschitz equivalent
if and only if |E|, |F | have the same prime divisors and there exists a quasi-isometry of pairs
pG,Mq ÝÑ pH,Nq.

Lastly, our classification can also be used to classify wreath products whose base groups
are themselves permutational wreath products. For instance, the non-amenable part of
Theorem III.A together with results from [GT24a] provide:

Corollary III.G. Let n,m, p, q ě 2 be four integers. Let H be a one-ended finitely pre-
sented group, and letN ◁H be a normal finitely generated infinite subgroup of infinite index.
Suppose that N is not co-amenable in H , and that H is not coarsely separable by any col-
lection of subspaces that uniformly quasi-isometrically embed into N . Then the lamplighters
Zn ≀ pZp ≀H{N Hq and Zm ≀ pZq ≀H{N Hq are quasi-isometric if and only if n and m have the
same prime divisors, and p and q have the same prime divisors.

The proof of this statement is decomposed into several intermediate statements, that
are themselves of independent interest for the study of rigidity and flexibility properties of
such iterated wreath products.
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On the amenable side, an additional scaling condition is required. We compute then the
scaling groups of some permutational wreath products in Section 3.6, thus proving:

Proposition III.H. Let n,m, p, q, d, k ě 2 be integers such that d ą k ě 2. Then the
lamplighters Zn ≀ pZp ≀Zk Zdq and Zm ≀ pZq ≀Zk Zdq are quasi-isometric if and only if n andm
are powers of a common number, and p and q are powers of a common number.

More generally, one can establish the classification up to quasi-isometry of many finitely
generated groups built out of different halos structures. For instance, if n,m, d, k ě 2 are
four integers with d ą k, the combination of Corollary III.F and [GT24a, Corollary 8.9]
shows that ShufflerpZn≀ZkZdq and ShufflerpZm≀ZkZdq are quasi-isometric if and only if n and
m are powers of a common number, while if d “ k, ShufflerpZn ≀Zdq and ShufflerpZm ≀Zdq

are quasi-isometric if and only if n “ m.

Outlines of the proof of Theorem III.A. Let us now briefly explain the main steps in
order to deduce Theorem III.A.

The first part of the proof consists in proving that any quasi-isometry between two
permutational wreath products always preserves, up to a finite distance, cosets of the base
groups. This statement follows from a general embedding theorem:

Theorem III.I. Let F be a finite group. Let H be a finitely generated group and N ◁ H

a normal finitely generated subgroup of infinite index. Let A be a coarsely simply connected
graph, and let ρ : A ÝÑ F ≀H{N H be a coarse embedding. Assume that ρpAq is not coarsely
separable by any collection of subspaces that uniformly quasi-isometrically embed into N .

Then ρpAq lies into the neighbourhood of anH´coset. Moreover, the size of this neighbour-
hood depends only on A, F , H and the parameters of ρ.

The proof strategy consists in factorizing our coarse embedding through a group that
“approximates” our permutational wreath product F ≀H{N H in some suitable sense. For
extracting valuable information from this step, our approximation group needs to be not
equal to our original wreath product F ≀H{N H . This observation follows from the fact
thatN is normal and has infinite index inH . Then, our approximation group surjects onto
F ≀H{N H and sends specific subspaces, called leaves, to H´cosets. Thus we only have to
prove that the image of our graph under the factorization embedding lies close to a leaf.
This is done by noticing that the approximation group has a nice structure, since it splits
as a semi-direct product of H and a graph product of groups. This graph product exhibits
a quasi-median geometry, that we exploit in order to prove the desired claim.

This embedding theorem is similar in spirit to the ones proved in [GT24b] and
in [GT24a]. The main difference is in the construction of a geometric model of the ap-
proximation group. We must construct such a model taking into account the action of H
on the quotient H{N .

As already mentioned, the proof of Theorem III.I is the step requiring most of our as-
sumptions, namely the finite presentation of the base groups, their non-coarse separation
by subspaces of the considered subgroups, and the finite generation of the subgroups.

In [GT24a; GT24b], the next step consists in using the property of preserving cosets of
the base group, referred to as leaf-preservingness, to deduce that all quasi-isometries be-
tween two wreath products (with additional assumptions) preserve the lamplighter struc-
ture in a strong way, namely they are all aptolic, in the sense:
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Definition 3.1.3. LetA,B,C,D be four finitely generated groups. A quasi-isometry q : A≀
B ÝÑ C ≀D is of aptolic form if there exist two maps α :

À

B A ÝÑ
À

D C and β : B Ñ D

such that
@pc, pq P A ≀B, qpc, pq “ pαpcq, βppqq.

A quasi-isometry q : A ≀B ÝÑ C ≀D is aptolic if it is of aptolic form and has a quasi-inverse
of aptolic form.

In the permutational case, it turns out that such a rigidity statement does not hold, and
we construct in Proposition 3.4.12 many examples of leaf-preserving non-aptolic quasi-
isometries between permutational wreath products. Loosely speaking, these examples
come from the fact that the lamplighter can control at the same time the color of all lamps
in a single coset.

This lack of aptolicity thus suggests that another strategy than the one followed
in [GT24b] is needed to reach the conclusion. The key observation is that the leaf-
preservingness property implies that the base groups must be quasi-isometric through a
quasi-isometry quasi-preserving the cosets of the subgroups. The proof of this claim uses
in a crucial way the fact that our subgroups are normal and the resulting parallelism be-
tween the cosets of the subgroups in the base groups. Once this claim is established, we
can cone-off cosets of the subgroups in our permutational wreath products and obtain in
this way an induced quasi-isometry between two standard wreath products. This induced
quasi-isometry turns out to be, up to finite distance, aptolic. This phenomenon can be
thought of as a form of relative aptolicity:

Proposition III.J. Let n,m ě 2. LetG,H be finitely presented groups with finitely generated
normal infinite groupsM ◁G, N ◁H . Suppose that G (resp. H) is not coarsely separable by
any collection of subspaces that uniformly quasi-isometrically embed intoM (resp. N ). Then
any quasi-isometry q : Zn ≀G{M G ÝÑ Zm ≀H{N H induces a quasi-isometry

qin : Zn ≀G{M ÝÑ Zm ≀H{N

that lies at finite distance from an aptolic quasi-isometry Zn ≀G{M ÝÑ Zm ≀H{N .

Once we are reduced to an aptolic quasi-isometry between standard lamplighters, we
can then deduce our conclusion thanks to results from [GT24b].

Structure of the chapter. In Section 3.2, we fix our notations and we recall many con-
cepts and definitions on coarse and quasi-median geometry that are used throughout the
next parts. We also gather the results of other articles that will be useful for our applica-
tions.

Section 3.3 is devoted to the proof of the embedding theorem (cf. Theorem III.I) and
relies heavily on tools from quasi-median geometry recalled in Section 3.2.

Section 3.4 is the core of the article, and we prove in Theorem 3.4.1, roughly speaking,
the first half of Theorem III.A. In subsection 3.4.3, we show that the leaf-preservingness
property guarantees the existence of a quasi-isometry of pairs between the base groups
(Proposition 3.4.14). Subsection 3.4.4 introduces cone-offs of graphs and several results
regarding quasi-isometries between them. In subsection 3.4.5 we combine all these results
to prove Proposition III.J and Theorem 3.4.1.
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In Section 3.5, we prove the other half of Theorem III.A. We begin by proving Propo-
sition III.E in subsection 3.5.1 (cf. Corollary 3.5.4), because the non-amenable case is less
rigid than the amenable one and provides substantially more quasi-isometric permutational
lamplighters, and we treat the amenable case in subsection 3.5.2. We emphasize that these
results require much less assumptions on the subgroups under consideration. We finish the
proof of Theorem III.A in subsection 3.5.3.

Section 3.6 is devoted to some consequences of our main theorem. We prove Corollar-
ies III.B and III.C in subsection 3.6.1, Corollary III.F in subsection 3.6.2, and Corollary III.G
and Proposition III.H in subsection 3.6.3.

Lastly, Section 3.7 records various questions related to the results of the article.

3.2 Preliminaries on coarse separation and quasi-
median geometry

3.2.1 Notations

In this text, all considered graphs are unoriented. If Γ is such a graph, V pΓq refers to its
vertex set, and EpΓq denotes its edge set.

Given a groupG, we denote 1G its neutral element, and ifG is generated by a finite set S,
CaypG,Sq refers to the Cayley graph ofGwith respect to S, that is the graph with elements
of G as vertices and edges are pairs of the form pg, gsq with g P G and s P S Y S´1zt1Hu,
while ℓS denotes the usual length function on G associated to S. If n ě 1 is an integer, Zn

stands for the cyclic group of order n.
If a, b, n are three integers, we write a ” b rns to say that a ´ b is a multiple of n.
Lastly, recall that, given n ě 2 and a graphX , the lamplighter graph overX is the graph

LnpXq

• whose vertex-set is the set of pairs pc, pq where c : V pXq Ñ Zn is finitely supported
(i.e. cpxq “ 1 for all but finitely many vertices x P V pXq) and p P V pXq;

• whose edges connect pc1, p1q to pc2, p2q if either c1 “ c2 and p1, p2 are adjacent inX ,
or if p1 “ p2 and c1, c2 differ only on this vertex.

a a b a

b a

b b

b ba b

a b

a a

a b ≀

Figure 3.1: The lamplighter graph L2pedgeq.
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The set of finitely supported colourings V pXq Ñ Zn is denoted ZpV pXqq
n . In the special

case whereX is a Cayley graph of a finitely generated groupG, we denote ZpV pXqq
n by ZpGq

n .

3.2.2 Coarse separation

Definition 3.2.1. Let pX, dXq be a metric space, and let Z Ă PpXq be a collection of
subspaces of X . We say that Z coarsely separates X if there exist k ą 0 and L ě 0 such
that for any D ě 0, there exists some Z P Z such that XzZ`L contains at least two
k´coarsely connected components with points at distance ě D from Z .

Naturally, the property of being coarsely separated is preserved by quasi-isometries:

Proposition 3.2.2. Let X and Y be two graphs. Let φ : X Ñ Y be a quasi-isometry. If a
collection of subgraphs Z Ă PpXq coarsely separates X , then φpZq ¨̈“ tφpZq : Z P Zu Ă

PpY q coarsely separates Y .

Proof. Let φ be a quasi-inverse of φ and let C ě 1, K ě 0 be such that φ, φ are
pC,Kq´quasi-isometries and such that φ ˝ φ, φ ˝ φ are at distance at most K from
the identities. Since Z coarsely separates X , there is some L ě 0 such that, for any
D ě 0, one can find a subgraph Z P Z and two vertices u, v P V pXq at distance
ě C2pC ` L ` Kq ` CpD ` 3Kq ` L from Z`L and such that Z`L separates u and
v. Then one obtains that

dY
`

φpuq, φpZq
`pCpL`C`Kq`2Kq

˘

ě dY pφpuq, φpZqq ´ CpL ` C ` Kq ´ 2K

ě
1

C
¨ dXpu, Zq ´ CpL ` C ` Kq ´ 3K

ě
1

C
¨ dXpu, Z`L

q ´
L

C
´ CpL ` C ` Kq ´ 3K

ě D

and likewise dY
`

φpvq, φpZq`pCpL`C`Kq`2Kq
˘

ě D. Now, we claim that
φpZq`pCpL`C`Kq`2Kq separates φpuq and φpvq. Indeed, fix a path γ Ă Y connecting
φpuq to φpvq. Then φpγq is a path in X , connecting φpφpuqq to φpφpvqq. Fixing paths
ru, φpφpuqqs, rv, φpφpvqqs connecting u to φpφpuqq and v to φpφpvqq respectively, of length
ď K , the concatenation

η ¨̈“ ru, φpφpuqqs Y φpγq Y rv, φpφpvqqs

is a path connecting u and v. This path must therefore intersect Z`L, and as
dpu, Z`Lq, dpv, Z`Lq ě K , it follows that the intersection point q P η X Z`L must lie
on the subpath φpγq Ă η (see Figure 3.1 below). The point q is at distance ď C ` K from
a vertex w “ φppq for some p P γ. Then w P η X Z`pL`C`Kq, hence

φpwq P φpφpγqq X φpZ`pL`C`Kq
q Ă γ`K

X φpZq
`pCpL`C`Kq`Kq

using Lemma 1.5.6(iv), and p being at distance ď K from φpφppqq “ φpwq, we conclude
that

p P γ X φpZq
`pCpL`C`Kq`2Kq.
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Figure 3.2: Configuration of the proof of Proposition 3.2.2

Hence φpZq`pCpL`C`Kq`2Kq separates φpuq and φpvq.

In fact, the property of being coarsely separated is also preserved by coarse equivalences.
See [BGT24, Lemma 2.3] for a general statement.

We record here one of the main result from [BGT24] on the coarse separation of groups
of polynomial growth, for our future applications.

Theorem 3.2.3 ([BGT24, Theorem 1.5]). LetG be a finitely generated group with polynomial
growth of degree d ě 2. Then G cannot be coarsely separated by a collection of subspaces
having growth degree ď d ´ 2.

We refer to [BGT24, Theorem 1.5] for the proof of this statement.

3.2.3 Quasi-median geometry

We conclude this section by gathering useful tools for the proof of the embedding theorem.
For a more in-depth introduction on quasi-median geometry, we refer to [Gen17; GM19].

Definition 3.2.4. A connected graph X is quasi-median if it does not contain K3,2 and
K´

4 (the graph obtained from the complete graph K4 by removing an edge) as induced
subgraphs, and if it satisfies the following two conditions:

(i) For all vertices u, v, w P X such that dpv, wq “ 1, dpu, vq “ dpu,wq “ k, there
exists a vertex x P X which is a common neighbour of v and w and which satisfies
dpu, xq “ k ´ 1.
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(ii) For all vertices u, v, w, z P X such that dpv, zq “ dpw, zq “ 1, dpu, vq “ dpu,wq “ k

and dpu, zq “ k` 1, then there exists x P X a common neighbour of v and w so that
dpu, xq “ k ´ 1.

These two conditions are usually referred to as the triangle condition and the quadrangle
condition.

Definition 3.2.5. Let X be a quasi-median graph. A hyperplane J is an equivalence class
of edges with respect to the transitive closure of the relation identifying two edges in a
common 3´cycle or two opposite edges in a common 4´cycle. The neighbourhood of J ,
denoted NpJq, is the subgraph generated by the edges of J . The connected components
of the graph XzzJ obtained from X by removing the interiors of the edges of J are called
the sectors delimited by J , and the connected components of NpJqzzJ are the fibers of J .
Two distinct hyperplanes J1, J2 are transverse if J2 contains an edge in NpJ1qzzJ1.

Recall that in a quasi-median graph X , a subgraph Y Ă X is gated if for any vertex
x P X , there exists a vertex y P Y so that for any z P Y , there exists a geodesic from x to
z passing through y. Such a vertex is referred to as the projection of x onto Y . Note that a
gated subgraph is convex.

The next statement shows how combinatorics of hyperplanes in a quasi-median graph
encode information about the geometry of the graph. See [Gen17, Theorem 2.15] for a
self-contained proof.

Theorem 3.2.6. Let X be a quasi-median graph. The following claims hold.

(i) For any hyperplane J of X , XzzJ has at least two connected components.

(ii) For any hyperplane of X , its sectors, neighbourhood and fibers are gated subgraphs of
X .

(iii) A path in X is a geodesic if and only if it crosses each hyperplane at most once.

(iv) The distance between two vertices ofX coincides with the number of hyperplanes sepa-
rating them.

The next statement ensures that the Helly property provided above for finite families
of gated subgraphs actually extends to infinite families of sectors of hyperplanes, under
an additional assumption of finite cubical dimension. Recall that the cubical dimension of
a quasi-median graph X , denoted dimpXq, is the maximal size of a collection of pairwise
transverse hyperplanes.

Lemma 3.2.7. Let X be a quasi-median graph with dimpXq ă 8. For every hyperplane J
of X , let J` be a sector. Assume that

(i) For any hyperplanes J1, J2 of X , J`
1 X J`

2 ‰ H.

(ii) Every non-increasing sequence J`
1 Ą J`

2 Ą . . . eventually stabilizes.

Then
č

J hyperplane

J` is non-empty and reduced to a single vertex.
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Another useful result using the cubical dimension is the following lemma [GT24b,
Lemma 5.8].

Lemma 3.2.8. Let X be a quasi-median graph and let x, y P X be two vertices. If k denotes
the maximal number of pairwise non-transverse hyperplanes separating x and y, then one has

dpx, yq ď k ¨ dimpXq.

Graph products of groups. Let Γ be a simplicial graph and let C “ tGu : u P V pΓqu be
a collection of groups indexed by the vertices of Γ. The graph product is the group denoted
ΓC and defined by

ΓC ¨̈“

ˆ

*
uPV pΓq

Gu

˙N

xxrg, hs : g P Gu, h P Gv, tu, vu P EpΓqyy.

The groups of the collection C are called the vertex-groups, and embed naturally into the
graph product. If Gu “ G for all u P V pΓq, we denote the graph product ΓG rather than
ΓC.

Graph products of groups have recently attracted much attention since they provide a
unified way to study several classes of groups with a geometric flavour, such as Coxeter
or right-angled Artin groups (see [Gen17; GM19; GV20; Gen24]). They also provide good
examples of quasi-median graphs, as shown by the following theorem, proved in [Gen17,
Proposition 8.2].

Theorem 3.2.9. Let Γ be a simplicial graph and C “ tGu : u P V pΓqu a collection of groups
indexed by the vertices of Γ. Then the graph

QMpΓ, Cq ¨̈“ Cay

¨

˝ΓC,
ď

uPV pΓq

Guzt1u

˛

‚

is a quasi-median graph of cubical dimension cliquepΓq.

Recall here that cliquepΓq is the cardinality of a maximal clique of Γ.
Here also, when the collection C consists of a single group G, we will write QMpΓ, Gq

instead of QMpΓ, Cq.
Additionally, we can relate cliques, prisms (i.e. maximal complete subgraphs) and neigh-

bourhoods of hyperplanes of this Cayley graph to the structure of the graph Γ. The next
two lemmas are the content of [Gen17, Lemma 8.6] and [Gen17, Corollary 8.10].

Lemma 3.2.10. Let Γ be a simplicial graph and C be a collection of groups indexed by V pΓq.
The cliques of QMpΓ, Cq coincide with the cosets of the vertex-groups.

In particular, for any u P V pΓq, the subgroup Gu is a clique in QMpΓ, Cq, and we denote
Ju the hyperplane dual to the cliqueGu (i.e. the edges of the cliqueGu belong to the class of
edges formed by Ju; cf. [Gen17, Definition 2.14]). As a consequence of [Gen17, Lemma 8.5
and Lemma 8.8], any hyperplane of QMpΓ, Cq is a translate of some Ju:
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Lemma 3.2.11. Let Γ be a simplicial graph and C “ tGu : u P V pΓqu a collection of groups
indexed by the vertices of Γ. Let J be a hyperplane of QMpΓ, Cq. Then there exist α P ΓC and
u P V pΓq such that J “ αJu.

For the next statement, recall that the star of a vertex u of Γ, denoted starpuq, is the sub-
graph induced by u and its neighbours, while xstarpuqy stands for the subgroup generated
by the vertices of starpuq, identified with a subset of Γ.

Lemma 3.2.12. Let Γ be a simplicial graph and C be a collection of groups indexed by V pΓq.
Let u P V pΓq. The cliques in Ju are the cosets gGu, where g P xstarpuqy. Consequently,
NpJuq “ xstarpuqy.

An immediate consequence is the following useful fact.

Lemma 3.2.13. Let Γ be a simplicial graph and C be a collection of groups indexed by V pΓq.
Let J Ă QMpΓ, Cq be a hyperplane, x P NpJq, and C1, C2 Ă NpJq two distinct cliques
containing x. If C1 Ă J , then C1 and C2 span a prism.

Proof. Up to right-multiplying x by its inverse, we may assume that x “ 1. Hence there
exist u, v P V pΓq so that J “ Ju, C1 “ Gu, C2 “ Gv. By Lemma 3.2.12, v P starpuq. Since
C1 ‰ C2, v must be adjacent to u, so that C1 and C2 span the prism Gu ‘ Gv.

Definition 3.2.14. Let Γ be a simplicial graph and C be a collection of groups indexed by
V pΓq. Denote by

ξ : ΓC ↠
à

uPV pΓq

Gu

the canonical projection. For x P ΓC, let xξ denote its image under ξ.

3.3 The embedding theorem for permutational wreath
products

This section is the central part of the article, dedicated to the proof of the embedding the-
orem. We first recall the statement from the introduction, before outlining the strategy of
the proof.

Theorem 3.3.1. Let F be a finite group,H be a finitely generated group andN◁H a normal
finitely generated subgroup of infinite index. Let A be a coarsely simply connected graph, and
let ρ : A ÝÑ F ≀H{N H be a coarse embedding. Assume that ρpAq is not coarsely separable by
any collection of subspaces that uniformly quasi-isometrically embed into N .

Then ρpAq lies in a neighbourhood of anH´coset. Moreover, the size of this neighbourhood
depends only on A, F , H and the parameters of ρ.

The strategy towards the proof of Theorem 3.3.1 is as follows. First of all, we make use
of a well-known approximation theorem to factor our coarse embedding ρ into a group
obtained as a truncation of our initial permutational lamplighter F ≀H{N H . In order to

– 121 –



Chapter 3

get a relevant factorization, the approximation needs to be non-trivial, i.e. not equal to the
whole F ≀H{NH , so we start to check that such permutational wreath products are infinitely
presented.

In a second step, we observe that these truncations are in fact semi-direct products of
H with graph products of copies of F , that are supported on Cayley graphs ofH{N . Next,
we construct a geometric model of the Cayley graph of the approximation that, moreover,
captures the fact that H ñ H{N has a non-trivial stabilizer. Then, this approximation,
that we denote F ˝Γ H naturally surjects onto F ≀H{N H and this projection sends leaves,
i.e. natural copies of H inside F ˝Γ H , to H´cosets. Therefore, to conclude the proof
of the theorem, it is enough to prove that the image of the factorization of ρ lies into a
neighbourhood of a leaf of F ˝Γ H . We show this claim exploiting the median structure of
the Cayley graph of this graph product (cf. Theorem 3.2.9) and the non-coarse separation
assumption on the image ρpAq.

3.3.1 The approximation group
Here is the first ingredient towards the proof of Theorem 3.3.1. The idea is that a group
G having a presentation of the form xS | r1, r2, . . . y can be coarsely approximated by its
finitely presented truncations Gp “ xS | r1, r2, . . . , rpy, p ě 1 (see [GT25, Fact A.2], as
well as [BGT24, Lemma 6.21] and the references therein for more details on this strategy).
Denote πp : Gp ↠ G the canonical morphism.

Theorem 3.3.2. Let A be a coarsely simply connected graph. For any coarse embedding
ρ : A Ñ G, there exists p ě 1 and a coarse embedding η : A Ñ Gp such that πp ˝ η “ ρ.

In our setting, to ensure that this theorem provides a non-trivial factorization of our
coarse embedding, we must check that our permutational wreath product F ≀H{N H is
infinitely presented. This is the content of the next lemma:

Lemma 3.3.3. Let F,H be non-trivial finitely presented groups, and let N ◁H be a normal
finitely generated subgroup of H of infinite index. Then F ≀H{N H is not finitely presented.

Proof. To get our conclusion, it is enough to show that at least one of the three conditions
of [Cor06, Theorem 1.1] does not hold. The first and second conditions are contained in
our assumptions, thus we show that the third condition does not hold, i.e. we must check
that the product action ofH onH{N ˆH{N has infinitely many orbits. This follows from
the next claim:

Claim 3.3.4. Let pX, dXq be a metric space of infinite diameter, and let G be a group acting
isometrically on X . Then the product action G ñ X2 has infinitely many orbits.

Proof of Claim 3.3.4. As X has infinite diameter, fix two sequences pakqkPN, pbkqkPN Ă X

such that dXpak, bkq ě k for any k P N. Towards a contradiction, suppose that G ñ X2

has finitely many orbitsO1, . . . ,Or. Then there exists i P t1, . . . , ru such that pak, bkq P Oi

for infinitely many k P N and thus we pick k, k1 P N such that dXpak, bkq ă k1 and such that
pak, bkq, pak1 , bk1q P Oi. Hence, there is g P G such that pak1 , bk1q “ g¨pak, bkq “ pg¨ak, g¨bkq,
and it follows that

dXpak, bkq ă k1
ď dXpak1 , bk1q “ dXpg ¨ ak, g ¨ bkq “ dXpak, bkq
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using in the last step thatG ñ X is isometric. This contradiction proves thatG ñ X2 has
infinitely many orbits. ■

In our case, assumptions of Claim 3.3.4 are satisfied, because the action of H on H{N is
isometric (when H{N is equipped with a word metric induced by a finite generating set)
and H{N has infinite diameter since N has infinite index. Thus F ≀H{N H is not finitely
presented.

We now give an explicit description of the truncations of our wreath product F ≀H{N H .
The latter admits

xH,Fg pg P H{Nq | rF1HN , Fgs pg P H{Nq, hFgh
´1

“ Fh¨g ph P H, g P H{Nqy

as a presentation, where Fg is a copy of F , for any g P H{N . Fixing S a finite subset of
H{N , we see that the truncation

xH,Fg pg P H{Nq | rF1HN , Fgs pg P Sq, hFgh
´1

“ Fh¨g ph P H, g P H{Nqy

of F ≀H{N H can be rewritten as

xH,Fg pg P H{Nq | rFg, Fhs pg´1h P Sq, hFgh
´1

“ Fh¨g ph P H, g P H{Nqy.

This is a presentation of a semi-direct product betweenH and a graph product of infinitely
many copies of F , the latter being supported on the graph Γ “ CaypH{N,Sq. Denoting

πS : ΓF ¸ H ÝÑ F ≀H{N H, px, hq ÞÝÑ pxξ, hq

the natural projection, we deduce from Theorem 3.3.2 the following statement:

Corollary 3.3.5. Let A be a coarsely simply connected graph. For any coarse embedding
ρ : A ÝÑ F ≀H{N H , there exists a locally finite Cayley graph Γ ofH{N and a coarse embed-
ding η : A ÝÑ ΓF ¸ H such that π ˝ η “ ρ.

3.3.2 A geometric model
We present now a geometric description of the group ΓF ¸H , where Γ is the graph given
by Corollary 3.3.5. Fix T a finite generating set of N , S a finite generating set of H{N .
Then U ¨̈“ ιpT q Y spSq is a finite generating set of H , where s : H{N Ñ H is a section of
the natural surjection π : H Ñ H{N , and ι : N ãÑ H is the natural inclusion.

Let F ˝Γ H be the graph of pointed-marked cliques of QMpΓ, F q, whose vertices are
triples of the form pC, x, uq where C Ă QMpΓ, F q is a clique, x P C is the point, u P N is
the mark, and whose edges have one of the following forms:

• (Slide) pC, x, uq´pC, xs, uq, where C Ă QMpΓ, F q is a clique labelled by g P V pΓq “

H{N (i.e. C “ xFg, by Lemma 3.2.10), α P Fg, and u P N ;

• (Jump) pxFg, x, uq ´ pxFg, x, uspgqtspgq´1q, where x P QMpΓ, F q, g P H{N , t P T ,
u P N ;

• (Rotation) pxFg, x, uq ´ pxFgq, x, uδg,qq where x P QMpΓ, F q, g P H{N , q P S, u P N
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and where, for any a, b P H{N , δa,b ¨̈“ spaqspbqspabq´1 is the defect of s to be a morphism.
Note that δa,b P N for any a, b P H{N : indeed one has

πpδa,bq “ πpspaqspbqspabq´1
q “ πpspaqqπpspbqqπpspabq´1

q “ abpabq´1
“ 1H{N

since π is a morphism and π ˝ s “ IdH{N . In particular, the third type of edges is well-
defined, as well as the second since N is normal in H .

As we will see below, these three types of edges are in one-to-one correspondence with
the elementary moves in the Cayley graph of ΓF ¸H endowed with its natural generating
set. The geometric picture to keep in mind is the following. Let pC, x, uq Ă QMpΓ, F q be
a pointed-marked clique. By Lemma 3.2.10, C “ xFg for some g P V pΓq “ H{N and
x P QMpΓ, F q. Given a generator s P Fg, we go from pC, x, uq to one of its neighbours
in F ˝Γ H by “sliding” the vertex x through the edge between x and xs in QMpΓ, F q. To
understand better the third type of edges, observe that cliques of QMpΓ, F q are labelled by
V pΓq “ H{N , and that two such cliques span a prism if and only if their labels in Γ are
adjacent (see Lemma 3.2.13). Given a neighbour g1 “ gq of g in Γ, we go from pxFg, x, uq

to one of its neighbours by “rotating” the clique C “ xFg around x from C “ xFg to
xFgq. Such a rotation is “elementary”, as it corresponds to an elementary move in Γ, or
equivalently it corresponds to replacing C by a clique C 1 such that C Y C 1 span a prism.
Lastly, flexibility of the marks has to be taken into account, because our subgroup N is
finitely generated and contributes to the generating set of ΓF ¸ H . As we shall see, this
contribution results in a conjugation of the marks, that we record as “jumps”, leaving the
clique and the point unchanged.

For x P QMpΓ, F q a fixed vertex, we denote Lx the subgraph given by

Lx ¨̈“ tpxFg, x, uq : g P H{N, u P Nu.

We refer to such a subgraph as a leaf in F ˝Γ H .
Then we define the map

ψ : CaypΓF ¸ H,F1HN Y Uq ÝÑ F ˝Γ H

px, hq ÞÝÑ
`

xFπphq, x, hspπphqq
´1
˘

as well as

φ : F ˝Γ H ÝÑ CaypΓF ¸ H,F1HN Y Uq

pxFg, x, uq ÞÝÑ px, ιpuqspgqq.

The fact that F ˝Γ H is a suitable geometric model for the semi-direct product ΓF ¸ H is
expressed as follows:

Lemma 3.3.6. The maps φ, ψ are graph isomorphisms, that are inverses of each other. More-
over, φ sends leaves to H´cosets.

Proof. First of all, we fix a vertex pxFg, x, uq P F ˝Γ H , and we compute that

ψ ˝ φpxFg, x, uq “ ψpx, ιpuqspgqq “
`

xFπpιpuqspgqq, x, ιpuqspgqspπpιpuqspgqqq
´1
˘

“ pxFg, x, uq
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since πpιpuqspgqq “ πpspgqq “ g, as π ˝ s “ IdH{N . The other way around, if px, hq is a
vertex of the Cayley graph of ΓF ¸ H , then

φ ˝ ψpx, hq “ φ
`

xFπphq, x, hspπphqq
´1
˘

“
`

x, ιphspπphqq
´1

qspπphqq
˘

“ px, hq

so that φ, ψ are bijections on the vertices, inverses of each other. It remains to prove they
both preserve adjacency.
Let then a and b be adjacent vertices in CaypΓF¸H,F1HNYUq. Assume first that a “ px, hq

and that there is r P F1HN so that b “ px, hqpr, 1Hq “ pxhrh´1, hq. Then

ψpaq “
`

xFπphq, x, hspπphqq
´1
˘

and
ψpbq “

`

xhrh´1Fπphq, xhrh
´1, hspπphqq

´1
˘

.

As hrh´1 P hF1HNh
´1 “ Fπphq, the latter reduces to ψpbq “

`

xFπphq, xhrh
´1, hspπphqq´1

˘

,
so that ψpaq and ψpbq are adjacent in F ˝Γ H .
Next, assume that a “ px, hq and b “ px, htq for some t P T . Then one has

ψpbq “
`

xFπphtq, x, htspπphtqq
´1
˘

“
`

xFπphq, x, htspπphqq
´1
˘

and since

htspπphqq
´1

“ hspπphqq
´1spπphqqtspπphqq

´1

we conclude that ψpaq and ψpbq are adjacent in F ˝Γ H .
Lastly, if a “ px, hq and b “ px, hspqqq for some q P S, then ψpaq “ pxFπphq, x, hspπphqq´1q

and

ψpbq “
`

xFπphspqqq, x, hspqqspπphspqqqq
´1
˘

“
`

xFπphqπpspqqq, x, hspqqspπphqπpspqqqq
´1
˘

“
`

xFπphqq, x, hspqqspπphqqq´1
˘

and the mark of ψpbq can in fact be written as

hspqqspπphqqq´1
“ hspπphqq

´1spπphqqspqqspπphqqq´1
“ hspπphqq

´1δπphq,q.

It follows that ψpaq and ψpbq are adjacent in this case as well, so ψ preserves adjacency.
Conversely, let a and b be adjacent vertices in F ˝Γ H . Again, we distinguish three cases.
Assume first that a “ pxFg, x, uq and b “ pxFg, xα, uq. Then

φpaq “ φpxFg, x, uq “ px, ιpuqspgqq, φpbq “ φpxαFg, xα, uq “ pxα, ιpuqspgqq

are adjacent in CaypΓF ¸ H,F1HN Y Uq.
Assume now that a “ pxFg, x, uq and b “ pxFg, x, uspgqtspgq´1q, where t P T . Then
φpaq “ px, ιpuqspgqq and

φpbq “
`

x, ιpuspgqtspgq
´1

qspgq
˘

“
`

x, ιpuqspgqt
˘
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so φpaq and φpbq are adjacent in CaypΓF ¸ H,F1HN Y Uq.
For the last case, write a “ pxFg, x, uq and b “ pxFgq, x, uδg,qq for some q P S. Then

φpbq “
`

x, ιpuδg,qqspgqq
˘

“
`

x, ιpuqspgqspqq
˘

with spqq P spSq, so φpaq, φpbq are adjacent in CaypΓF ¸ H,F1HN Y Uq.
For the last claim of the statement, let x P QMpΓ, F q, and notice that

φpLxq “ tpx, ιpuqspgqq : g P V pΓq “ H{N, u P Nu “ px, 1HqH

as desired. This concludes the proof.

As a consequence, there is a natural projection pΓ : F ˝Γ H ÝÑ F ≀H{N H , given by
pΓ ¨̈“ π ˝ φ, i.e.

pΓpxFg, x, uq ¨̈“ pxξ, ιpuqspgqq, x P ΓF, u P N, g P H{N.

Now, since a finitely generated group is quasi-isometric to any of its Cayley graphs, and
since composition of coarse embeddings are coarse embeddings, we combine Corollary 3.3.5
and Lemma 3.3.6 to get the following result:

Corollary 3.3.7. Let A be a coarsely simply connected graph. For any coarse embedding
ρ : A ÝÑ F ≀H{N H , there exists a locally finite Cayley graph Γ ofH{N and a coarse embed-
ding η : A ÝÑ F ˝Γ H such that pΓ ˝ η “ ρ.

We conclude this part with an easy observation on the projection pΓ.

Lemma 3.3.8. The projection pΓ : F ˝Γ H ÝÑ F ≀H{N H sends leaves to H´cosets.

Proof. If x P QMpΓ, F q and Lx “ tpxFg, x, uq : g P V pΓq, u P Nu is such a leaf, then

pΓpLxq “ tpxξ, ιpuqspgqq : g P V pΓq, u P Nu

“ pxξ, 1Hqtp0, ιpuqspgqq : g P H{N, u P Nu

“ pxξ, 1HqH

and the lemma follows.

3.3.3 Proof of the embedding theorem

We are now ready to prove our embedding theorem, using tools from quasi-median geom-
etry recalled in the previous section.

Proof of Theorem 3.3.1. LetA be a coarsely simply connected graph, F,H be as in the state-
ment, and let ρ : A ÝÑ F ≀H{NH be a coarse embedding. Without loss of generality, wemay
assume that ρ is continuous. By Corollary 3.3.7, there exists a locally finite Cayley graph Γ

of H{N and a continuous coarse embedding η : A ÝÑ F ˝Γ H such that pΓ ˝ η “ ρ:
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A F ≀H/N H

F □Γ H

ρ

η pΓ
⟳

pΓ ◦ η = ρ

Figure 3.3: Configuration from the proof of Theorem 3.3.1.

By Lemma 3.3.8, pΓ sends leaves to H´cosets. It is therefore enough to show that ηpAq

lies in the neighbourhood of a leaf in F ˝Γ H to conclude that pΓpηpAqq “ ρpAq lies in the
neighbourhood of an H´coset in F ≀H{N H .

Claim 3.3.9. Let J be a hyperplane of QMpΓ, F q, and let

HJ ¨̈“ tpC, x, uq P ηpAq : C Ă J, x P NpJqu.

There exist a sector W and a constant R ě 0, depending only on A,Γ and the parameters
of η and ρ such that ηpAqW contains points arbitrarily far away from HJ and any vertex of
ηpAqW 1 is at distance at most R fromHJ , for any sectorW 1 ‰ W delimited by J .

Here, the notation ηpAqW (resp. ηpAqW 1) is used as a shortcut to denote the subset of
vertices of F ˝Γ H having their first coordinate being cliques lying inW (resp. inW 1).

Proof of Claim 3.3.9. By Lemma 3.2.11, we may write J “ αJg for some g P V pΓq and
α P ΓF . Given pC, x, uq P HJ , Lemma 3.2.12 tells us that C “ αyFg for y P xstarpgqy,
so x “ αyfg for some fg P Fg, whence xξ “ αξyξf ξg . Since c ¨̈“ yξf ξg is an element of
À

H{N F whose non-trivial coordinates can only be the ones indexed by vertices of starpgq,
it follows that

pΓpHJq “ tpxξ, ιpuqspgqq P ρpAq : x P NpJq, u P Nu

“ tpαξc, ιpuqspgqq P ρpAq : supppcq Ă starpgq, u P Nu

“ ρpAq X

¨

˝

ğ

cP‘H{NF, supppcqĂstarpgq

␣

pαξc, ιpuqspgqq : u P N
(

˛

‚

“ ρpAq X

¨

˝

ğ

cP‘H{NF, supppcqĂstarpgq

pαξc, 1Hq
␣

p1, ιpuqspgqq : u P N
(

˛

‚

where we denote supppcq ¨̈“ tg P H{N : cpgq ‰ 1F u the support of an element c P
À

H{N F . SinceΓ is locally finite, starpgq is finite, so pΓpHJq is a subspace of ρpAqwhich is a
translate of a subspace which is quasi-isometric toN . Indeed, setting Zg ¨̈“ tp1, ιpuqspgqq :

u P Nu, the natural map

Zg ÝÑ N

p1, ιpuqspgqq ÞÝÑ u
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is a quasi-isometry (actually even a bijective quasi-isometry), when Zg is endowed with
the induced metric from F ≀H{N H and N is endowed with the word metric coming from
its generating set T (that we fixed once and for all at the beginning of Section 3.3.2). By
assumption, ρpAq cannot be coarsely separated by the collection of its subspaces that uni-
formly quasi-isometrically embed intoN , which implies that there exists a constantD ě 0

so that ρpAqzpΓpHJq contains one coarsely connected component with points at arbitrarily
large distance from pΓpHJq, and any point in another component is at distance ă D from
pΓpHJq. The claim follows. ■

For any hyperplane J of QMpΓ, F q, denote J` the sector given by Claim 3.3.9.

Claim 3.3.10. The intersection
č

J hyperplane

J` is reduced to a single vertex.

Proof of Claim 3.3.10. We check the assumptions of Lemma 3.2.7. First, if J1 and J2 are
transverse, then J`

1 and J`
2 clearly intersect. If J1, J2 are not transverse and J`

1 contains
J2, then J`

1 and J`
2 intersect. Lastly, if J1 and J2 are not transverse and J`

1 does not
contain J2, then J`

2 must be the sector delimited by J2 that contains J1 as a consequence
of Claim 3.3.9. Hence J`

1 and J`
2 intersect.

Now, towards a contradiction, assume there exists a decreasing sequence J`
1 Ą J`

2 Ą . . .

that does not stabilize. Fix a vertex pC, x, uq P F ˝ΓH with C Ă J`
1 . Since any two vertices

of QMpΓ, F q are separated by only finitely many hyperplanes, there is r ě 1 so that C is
disjoint from J`

r . Given an s ą r, we then know thatC is disjoint from J`
s (since J`

r Ą J`
s ),

so it follows from Claim 3.3.9 that pC, x, uq is at distance at most R fromHJs . Hence

R ě dppC, x, uq,HJsq ě dpx, Jsq ě s ´ r

where the second inequality comes from the definition of the metric on F ˝Γ H , and the
last inequality comes from Theorem 3.2.6(iv), since Jr, . . . , Js´1 separate x from Js. We get
a contradiction if s is chosen sufficiently large, namely s ą r ` R. ■

Let thus x P QMpΓ, F q be the vertex given by Claim 3.3.10, and consider the leaf

L ¨̈“ tpxFg, x, uq : g P V pΓq, u P Nu

in F ˝Γ H . We show that the image of η lies in a neighbourhood of L.
Let pQ, z, wq be a vertex in ηpAq. Fix a geodesic γ from z to x in QMpΓ, F q, and let K be
the clique containing the last edge of γ. Hence the hyperplane J of QMpΓ, F q containing
K separates z and x. Since moreover Q Ć J`, it follows from the definition of J` that J
separates z from a pointed-marked clique corresponding to a vertex in ηpAq, in the sense
that the point of this vertex is separated from x by J . Since ηpAq is connected, there must
exist pC, y, uq P ηpAq so that C Ă J . Denoting z1 P C the unique vertex of C in the same
sector delimited by J as z (uniqueness coming from the fact that, since J separates the
vertices of C , there cannot be two vertices of C lying in the same sector delimited by J as
z), and applying the triangle inequality to the triple of vertices pQ, z, wq, pC, z1, uq, pC, y, uq,
one has

dppQ, z, wq, pC, y, uqq ď R ` 2. (3.3.1)
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Claim 3.3.11. There exists a mark b P N such that dppC, y, uq, pK, x, bqq ď 3dpy, xq ` 1.

Proof of Claim 3.3.11. Let x0 be the unique vertex of C that belongs to J`, as x. Fix a
geodesic x0, . . . , xk´1, xk “ x from x0 to x in QMpΓ, F q. By Theorem 3.2.6(ii), this geodesic
lies in a fiber of J , so for any i P t0, . . . , ku, xi belongs to a clique Ci Ă J . By construction,
C0 “ C and Ck “ K . For all i P t0, . . . , k ´ 1u, denote Ki the clique containing the edge
rxi, xi`1s. By Lemma 3.2.13, Ci spans a prism with bothKi´1 andKi. We can therefore use
slides and rotations in F ˝Γ H to construct a path from pC, y, uq to some pK, x, bq P L as
follows:

• Start from pC, y, uq “ pC0, y, uq, and slide to pC0, x0, uq.

• Use a rotation (that will modify the mark) to go from pC0, x0, uq to some vertex
pK0, x0, u0q. Then slide to pK0, x1, u0q.

• Rotate the cliqueK0 to C1 to go to some vertex pC1, x1, u1q, and then rotate again to
go to pK1, x1, ũ1q. Then slide to pK1, x2, ũ1q.

• Rotate now to go to pC2, x2, u2q.

• More generally, being at pCi, xi, uiq for some ui P N , make a rotation-slide-rotation
to go to pCi`1, xi`1, ui`1q for some ui`1 P N .

At the end, we reach the vertex pCk, xk, ukq “ pK,x, ukq. Set b ¨̈“ uk. Counting each step
in the above path, it follows that

dppC, y, uq, pK,x, bqq ď 3k ` 1 ď 3dpy, xq ` 1

as claimed. ■

It thus remains to estimate dpy, xq. Let J1, . . . , Jℓ be a maximal collection of pairwise non-
transverse hyperplanes separating z and x. Without restrictions, we may assume that Ji
separates Ji´1 from Ji`1 for any i P t2, . . . , ℓ ´ 1u, and that J1 separates z from Jk. As C
is disjoint from J`

k and that ηpAq is connected, we find a vertex pM, p, eq P ηpAq so that
M Ă Jk. Exactly as above, we have

dpz, pq ď d
`

pQ, z, wq, pM, p, eq
˘

ď R ` 2 (3.3.2)

and on the other hand, since z and p are separated by J1, . . . , Jℓ´1, we also have dpz, pq ě

ℓ ´ 1. Thus

dpy, xq ď cliquepΓq ¨ ℓ ď cliquepΓq ¨ pdpz, pq ` 1q ď cliquepΓq ¨ pR ` 3q

using Lemma 3.2.8 for the first inequality and (3.3.2) for the last inequality. As also dpy, zq ď

dppC, y, uq, pQ, z, wqq ď R ` 2 by (3.3.1), we conclude that

dpy, xq ď dpy, zq ` dpz, xq ď R ` 2 ` cliquepΓqpR ` 3q. (3.3.3)
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Combining inequality (3.3.1) and Claim 3.3.11, we deduce

d
`

pQ, z, wq, pK,x, bq
˘

ď d
`

pQ, z, wq, pC, y, uq
˘

` d
`

pC, y, uq, pK,x, bq
˘

ď R ` 2 ` 3dpy, xq ` 1

ď R ` 2 ` 3
`

R ` 2 ` cliquepΓqpR ` 3q
˘

` 1

“ 4R ` 9 ` cliquepΓqp3R ` 9q.

Hence it follows that dppQ, z, wq,Lq ď 4R` 9 ` cliquepΓqp3R` 9q, and we conclude that
ηpAq lies in a neighbourhood of a leaf in F ˝Γ H , as was to be shown.

3.4 Large-scale geometry of permutational lamp-
lighters

In this section, we use our embedding theorem and several additional tools on cone-offs of
graphs in order to prove:

Theorem 3.4.1. Let E and F be non-trivial finite groups. Let G,H be finitely presented
groups with normal finitely generated infinite subgroupsM ◁G,N ◁H . Assume thatM has
infinite index inG and thatG (resp. H) is not coarsely separable by any collection of subspaces
that uniformly quasi-isometrically embed intoM (resp. N ). If E ≀G{M G and F ≀H{N H are
quasi-isometric, then

(i) |E| and |F | have the same prime divisors;

(ii) There exists a quasi-isometry of pairs pG,Mq ÝÑ pH,Nq. In particular,M and N are
quasi-isometric, and G{M and H{N are quasi-isometric.

Moreover, ifM is co-amenable in G, then N is co-amenable in H and there exist n, r, s ě 1

such that |E| “ nr, |F | “ ns, and the quasi-isometry of pairs from (ii) induces a quasi- s
r
-to-

one quasi-isometry G{M Ñ H{N .

3.4.1 An alternative description of permutational lamplighters
Let us first introduce some notations and a convenient description of permutational wreath
products.

Definition 3.4.2. Let n ě 2, and letX be a connected graph together with a partition C of
V pXq. The lamplighter graph over X with respect to C is the graph LnpX, Cq

• whose vertices are pairs pc, pq, where c : X Ñ Zn is a colouring of X such that c is
constant on the pieces of C and all but finitely many pieces have a trivial color (the
neutral element of Zn), and p P V pXq;

• whose edges connect pc1, p1q, pc2, p2q either if c1 “ c2 and p1, p2 are adjacent in X ,
or if p1 “ p2 and c1, c2 only differ on the piece containing p1.

– 130 –



On the quasi-isometric classification of permutational wreath products

The set of colourings as in the first point above is denoted ZpX,Cq
n .

Hence we think of the vertex pc, pq P LnpX, Cq as being a colouring of the pieces of
X (these pieces also being referred to as zones), with all but finitely many pieces having
a trivial color, together with an arrow pointing at p P V pXq. The two types of edges
correspond then to:

• either the arrow changes its position from p to a neighbour of p, and the colouring
stays unchanged;

• or the arrow stays on the vertex where it stands, but changes the color of the zone
containing this vertex.

We define the support of a colouring c P ZpX,Cq
n as being the collection of pieces of C

where c is non-trivial, i.e.

supppcq ¨̈“ tC P C : cpCq ‰ 0u .

In the graph LnpX, Cq, the distance between pc1, p1q and pc2, p2q is thus given by

d
`

pc1, p1q, pc2, p2q
˘

“ lengthpαq `
ˇ

ˇsupppc´1
1 c2q

ˇ

ˇ

where α is the shortest path inX starting from p1, visiting all zones where c1 and c2 differ,
and ending at p2.

Lastly, we define also leaves of LnpX, Cq as subgraphs of the form

Lpcq ¨̈“ tpc, pq P LnpX, Cq : p P V pXqu

where c P ZpX,Cq
n is a fixed colouring and where pc, p1q and pc, p2q are connected by an edge

if p1 and p2 are connected by an edge in X .
Hence, we can think of edges contained in a single leaf as “horizontal” edges, along

which the arrow moves, while “vertical” edges are those connecting different leaves in the
lamplighter graph, changing only the colouring and keeping the arrow on the same vertex.

An elementary but crucial fact about leaves is that they are convex.

Lemma 3.4.3. Let n ě 2. Let X be a connected graph together with a partition C of V pXq.
In LnpX, Cq, leaves are convex. In particular, they are isometrically embedded in LnpX, Cq.

Proof. Let P “ Lpcq be a leaf in LnpX, Cq. Fix a “ pc, pq P P , b “ pc, qq P P and a geodesic
γ connecting a and b. Towards a contradiction, suppose that some subpath σ Ă γ stays
outside of P . Let v0 “ pc, p0q and vr “ pc, prq denote the starting point and the ending
point of σ. Consider the subpaths of σ consisting of horizontal edges, and denote q1, . . . , qℓ
the second components of the vertices along those subpaths. Then the concatenation

γ1
Y rpc, p0q, pc, q1qs Y rpc, q1q, pc, q2qs Y ¨ ¨ ¨ Y rpc, qℓ´1q, pc, qℓqs Y γ2

where γ1 (resp. γ2) denotes the subpath of γ connecting a (resp. vr) and v0 (resp. b), is a path
connecting a and b which is shorter than γ. This contradicts the fact that γ is a geodesic.
Thus P is convex, as claimed.
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P = L(c)

a = (c, p)

γ′ v0 = (c, p0)

(c, q1)

(c, q2)
. . . (c, qℓ

)
(c, pr) = vr

γ′′ (c, q) = b

σ

Figure 3.4: The situation of Lemma 3.4.3

Now, observe that given a non-trivial finite group F , a finitely generated group H with
a finite generating set S and a subgroup N ď H , one has a graph isomorphism

Cay
`

F ≀H{N H,F Y S
˘

– L|F | pCaypH,Sq, CNq

where CN denotes the collection of leftN´cosets. Note that, inL|F | pCaypH,Sq, CNq, leaves
are simply H´cosets, since

Lpcq “ tpc, pq : p P Hu “ pc, 1HqH.

Hence, following our previous description of lamplighters over partitioned graphs, we
can see an element pc, pq P F ≀H{N H as a pair made of a colouring of the left N´cosets,
supported on finitely many cosets, together with an arrow pointing at some p P H . More
precisely, there is a canonical identification between

À

H{N F and the set

F pH,CN q ¨̈“
␣

c : H Ñ F | c constant on each N´coset and
c ” 1F for all but finitely many N´cosets

(

where CN denotes the collection of left N´cosets (i.e. the pieces of the partition). We will
denote 1 the trivial colouring, defined by 1ppNq “ 1F for any p P H .

The set F pH,CN q has an obvious group structure (written multiplicatively), when identi-
fied with

À

H{N F . Given now any S Ă H{N , the subgroup
À

S F of
À

H{N F is identified
to the subgroup F pH,Sq of F pH,CN q consisting of colourings supported only on zones from
S.

Therefore, the two elementary moves we can do in Cay
`

F ≀H{N H,F Y S
˘

to go from
pc, pq to a neighbour are:

• either the colouring stays the same, and the arrow moves from p to a neighbour in
CaypH,Sq;

• or the arrow stays where it stands, and changes the color of the coset pN .
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0 1 0 1 0 0 0

0 1 0 1 0 0 0

0 1 0 1 0 0 0

0 1 0 1 0 0 0

0 1 0 1 0 0 0

0 1 0 1 0 0 0

0 1 0 1 0 0 0

−→

0 1 1 1 0 0 0

0 1 1 1 0 0 0

0 1 1 1 0 0 0

0 1 1 1 0 0 0

0 1 1 1 0 0 0

0 1 1 1 0 0 0

0 1 1 1 0 0 0

Figure 3.5: Two neighbours in CaypZ{2Z ≀Z Z2,Z{2Z Y t˘p1, 0q,˘p0, 1quq.

Additionally, if gN , hN are two zones in H , the distance between them is defined by

dHpgN, hNq ¨̈“ min
aPgN, bPhN

dHpa, bq

and given x P H , R ě 0, we let txu`R Ă CN denote the subset of zones at distance at most
R from x, i.e.

txu`R ¨̈“ tS P CN : dHpx, Sq ď Ru.

In the sequel, to shorten notations, we will often denote the leaf Lpcq as cH . Also, if
n ě 1 and if H is a finitely generated group with a subgroup N ď H , we write merely
LnpH, CNq for the graph LnpCaypH,Sq, CNq, where S is a finite generating set of H . Note
that the large-scale geometry of LnpCaypH,Sq, CNq is in fact independent of the choice of
the generating set S, since:

Fact 3.4.4. If X and Y are biLipschitz equivalent graphs through φ : X Ñ Y and if C is a
partition of X , then LnpX, Cq and LnpY, φpCqq are biLipschitz equivalent.

Proof. Since φ is bijective and C is a partition of V pXq, φpCq is a partition of V pY q. Using
that φ and its inverse φ´1 : Y Ñ X are Lipschitz, it is not hard to prove with Lemma 1.2.25
that the map

f : LnpX, Cq ÝÑ LnpY, φpCqq

pc, pq ÞÝÑ pc ˝ φ´1, φppqq

is Lipschitz, as well as its inverse

f´1 : LnpY, φpCqq ÝÑ LnpX, Cq

pc, pq ÞÝÑ pc ˝ φ, φ´1
ppqq.

To conclude this part, we observe that some lamplighters over partitioned graphs may
coincide with standard lamplighter graphs. The next criterion will be crucial in our future
purposes:
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Proposition 3.4.5. Let n ě 2 and let X be a graph with a partition C. Assume that there
exists Q ě 0 such that diampCq ď Q for any C P C. Then there exists a graph Y , which is
quasi-isometric to X , such that LnpX, Cq is quasi-isometric to LnpY q.

Proof. For any C P C, choose a vertex xC P C . Define Y as the graph

• whose vertex set is txC : C P Cu;

• whose edges connect xC to xC1 whenever C ‰ C 1 P C contain adjacent vertices in
X .

Define then the map

φ : X ÝÑ Y

x ÞÝÑ xC , where C P C contains x.

Notice first that φ is surjective, in particular coarsely surjective. Next, let x, y P X be
adjacent vertices. There are two possible cases:

• Either x, y P C are in a same piece of the partition, in which case φpxq “ φpyq, so
dY pφpxq, φpyqq “ 0;

• Or x P C , y P C 1, C ‰ C 1. Then xC , xC1 are adjacent in Y , so

dY pφpxq, φpyqq “ dY pxC , xC1q “ 1.

In both cases, we have dY pφpxq, φpyqq ď 1, so we conclude from Lemma 1.2.25 that φ is
1´Lipschitz. The other way around, define

ψ : Y ÝÑ X

xC ÞÝÑ xC

and note that, since any vertex x P X lies at distance at most Q from a vertex of Y , ψ is
coarsely surjective. Additionally, if xC , xC1 P Y are adjacent, then C,C 1 contain adjacent
vertices in X , say u P C and v P C 1, and thus

dXpψpxCq, ψpxC1qq “ dXpxC , xC1q ď dXpxC , uq ` dXpu, vq ` dXpv, xC1q ď 2Q ` 1.

It follows from Lemma 1.2.25 that ψ is p2Q` 1q´Lipschitz. Lastly, φ ˝ψ “ IdY and for any
x P X one has

dXpx, ψpφpxqqq “ dXpx, xCq ď Q

where C P C is the piece containing x. Hence ψ ˝ φ is at distance ď Q from IdX , and we
deduce that

dXpx, yq ě dY pφpxq, φpyqq

ě
1

2Q ` 1
dX

`

ψpφpxqq, ψpφpyqq
˘

ě
1

2Q ` 1

`

dXpx, yq ´ dXpψpφpxqq, xq ´ dXpy, ψpφpyqqq
˘

ě
1

2Q ` 1
dXpx, yq ´

2Q

2Q ` 1
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for any x, y P X , so φ : X Ñ Y is a quasi-isometry, with ψ as a quasi-inverse. This shows
the first part of the proposition.
To prove the second part, we consider the map

f : LnpX, Cq ÝÑ LnpY q

pc, xq ÝÑ pc5, xCq, where C P C contains x

and where c5 is the colouring of Y naturally defined by c5pxP q ¨̈“ cpP q, for any P P C. The
other way around, define

g : LnpY q ÝÑ LnpX, Cq

pc, xCq ÞÝÑ pc̃, xCq

where c̃ is the colouring of X naturally defined by c̃pxq ¨̈“ cpxCq where C P C is the piece
containing x. Obviously, one has c̃5 “ c (resp. c̃5 “ c) for any c P ZpX,Cq

n (resp. c P ZpY q
n q,

so this already tells us that f ˝ g “ IdLnpY q. Also, for pc, xq P LnpX, Cq and C P C the zone
containing x, one has

dLnpX,Cq

`

pc, xq, gpfpc, xqq
˘

“ dLnpX,Cq

`

pc, xq, pc, xCq
˘

“ dXpx, xCq ď Q

so g ˝ f is at distance ď Q from IdLnpX,Cq. We now show that both f and g are Lipschitz.
Let a, b P LnpX, Cq be two adjacent vertices. As usual, two cases can occur:

• Either a “ pc, xq and b “ pc1, xq, where c, c1 only differ on the zoneC P C with x P C .
Then

dLnpY qpfpaq, fpbqq “ dLnpY q

`

pc5, xCq, ppc1
q

5, xCq
˘

“ 1

since c5, pc1q5 only differ on the vertex xC P Y .

• Either a “ pc, xq and b “ pc, yq where x, y are adjacent in X . If x and y are in the
same piece of the partition one has dLnpY qpfpaq, fpbqq “ 0, whereas if x P C and
y P C 1 for C ‰ C 1, then

dLnpY qpfpaq, fpbqq “ dLnpY q

`

pc5, xCq, pc5, xC1q
˘

“ dY pxC , xC1q “ 1.

In both cases we conclude that dLnpY qpfpaq, fpbqq ď 1, so f is 1´Lipschitz according to
Lemma 1.2.25.
Let now a, b P LnpY q be adjacent vertices. We treat two cases:

• Assume that a “ pc, xCq and b “ pc1, xCq where c, c1 only differ on xC P Y . Then one
has

dLnpX,Cqpgpaq, gpbqq “ dLnpX,Cq

`

pc̃, xCq, pc̃1, xCq
˘

“ 1

since c̃, c̃1 only differ on the zone C containing xC .
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• Assume now a “ pc, xCq and that b “ pc, xC1q with xC , xC1 adjacent in Y . ThenC,C 1

contain adjacent vertices in X , say u P C and v P C 1, so that

dLnpX,Cqpgpaq, gpbqq “ dLnpX,Cq

`

pc̃, xCq, pc̃, xC1q
˘

“ dXpxC , xC1q

ď dXpxC , uq ` dXpu, vq ` dXpv, xC1q

ď 2Q ` 1.

In both cases, we conclude that g sends adjacent vertices in LnpY q to vertices at distance
at most 2Q ` 1 in LnpX, Cq. Applying one last time Lemma 1.2.25 it follows that g is
p2Q ` 1q´Lipschitz. We have then

dLnpX,Cqpa, bq ě dLnpY qpfpaq, fpbqq ě
1

2Q ` 1
dLnpX,Cq pgpfpaqq, gpfpbqqq

ě
1

2Q ` 1
dLnpX,Cqpa, bq ´

2Q

2Q ` 1

for any a, b P LnpX, Cq. Thus f is a quasi-isometry with g as a quasi-inverse.

3.4.2 Leaf-preserving, aptolic and non-aptolic quasi-isometries

In [GT24b], Genevois and Tessera established a strong rigidity result for quasi-isometries
between standardwreath products and, later, formore general halo products [GT24a, Corol-
lary 6.11]. More precisely, they proved that a quasi-isometry between two halo prod-
ucts (satisfying additional properties) always lies at finite distance from an aptolic quasi-
isometry. Perhaps surprisingly, we will show in this section that such a rigidity does not
hold in the permutational case (see Proposition 3.4.12). This will motivate the strategy
developed in subsequent sections.

We begin by defining the leaf-preservingness property for permutational wreath prod-
ucts.

Definition 3.4.6. A quasi-isometry q : E ≀G{M G ÝÑ F ≀H{N H is leaf-preserving if it sends
G´cosets to H´cosets and admits a quasi-inverse that sends H´cosets to G´cosets.

From our embedding theorem we deduce that:

Corollary 3.4.7. Let E and F be non-trivial finite groups. Let G,H be finitely presented
groups with normal finitely generated infinite subgroupsM◁G,N◁H . Suppose thatM has
infinite index inG and thatG (resp. H) is not coarsely separable by any collection of subspaces
that uniformly quasi-isometrically embed intoM (resp. N ). If q : E ≀G{M G ÝÑ F ≀H{N H is
a quasi-isometry, then q is (up to finite distance) leaf-preserving.

The proof of this corollary requires, in addition to the embedding theorem, to understand
better the coarse intersection of two leaves in a permutational wreath product. This is the
goal of the next two lemmas.
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Lemma 3.4.8. LetG be a finitely generated group with an infinite normal subgroupM ◁H .
Endow G with a word metric dG coming from a finite generating set S. Then we have

dHauspgM, hMq ď dGpgM, hMq

for any g, h P G.

Proof. Without restrictions, we assume that S is symmetric. Let x P gM , y P hM be such
that dGpx, yq “ dGpgM, hMq, and let γ be a geodesic in CaypG,Sq from x to y. Let u P gM ,
and consider in CaypG,Sq the path ux´1γ:

Figure 3.6: Configuration from the proof of Lemma 3.4.8

It connects ux´1x “ u to ux´1y, and we claim that the latter belongs to hM . Indeed,

ux´1y P hM ðñ ux´1y P yM

ðñ ux´1
P yMy´1

ðñ ux´1
P M

and this last assertion is true since uM “ xM . Thus any element of gM is connected to
an element of hM by a path of length lengthpγq “ dGpgM, hMq. A symmetric reasoning
shows that any element of hM can be connected to an element of gM by a path of length
lengthpγq “ dGpgM, hMq. We then conclude that

dHauspgM, hMq ď dGpgM, hMq

and the proof is complete.

Lemma 3.4.9. LetE be a non-trivial finite group, and letG be a finitely generated group with
a normal finitely generated subgroupM ◁G. For every distinct colourings c, d P EpG,CM q, for
every R ě 0, there is a constant Q ě 0 such that

pcGq X pdGq
`R

Ă
␣

pc, pq P E ≀G{M G : p P M`Q
(

.
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Proof. Fix S a finite generating set of G, two distinct colourings c, d P EpG,CM q and R ě 0.
Let pc, pq P pcGqXpdGq`R. Thus there exists pd, qq P dG such that dE≀G{MG

`

pc, pq, pd, qq
˘

ď

R, which implies that c´1d is supported on M´cosets at distance ď R from p. In other
words, if we write explicitly supppc´1dq “ tg1M, . . . , grMu, then p P pgiMq`R for any
1 ď i ď r. Now, using Lemma 3.4.8, one has

dHauspM, giMq ď dGpM, giMq “ dGpM,Mgiq ď ℓSpgiq

for any 1 ď i ď r, and thus p P M`pR`ℓSpgiqq for any 1 ď i ď r. Taking Q ¨̈“ R `

max1ďiďr ℓSpgiq, the conclusion follows.

Proof of Corollary 3.4.7. Fix q : E ≀G{M G ÝÑ F ≀H{N H an pA,Bq´quasi-isometry and q
one of its quasi-inverses such that q˝q and q˝q are within distance ď B from the identities.
Notice that, sinceM has infinite index, E ≀G{M G is infinitely presented by Lemma 3.3.3, so
F ≀H{N H is also infinitely presented, and thusN also has infinite index inH (otherwise, as
F is finite, F ≀H{NH “ FH{N¸H would be quasi-isometric toH , and thus would be finitely
presented). By Theorem 3.3.1, qpGq lies in a neighbourhood of an H´coset, say H itself.
Conversely, qpHq lies in a neighbourhood of a G´coset, say aG. It follows that qpqpGqq

lies in a neighbourhood of aG. Since the Hausdorff distance between G and qpqpGqq is at
most B, this in turn implies that G lies in a neighbourhood of aG, say paGq`K . We now
claim that this implies aG “ G. Indeed, suppose for a contradiction that these two leaves
are distinct. Then, by Lemma 3.4.9, there is a constant Q ě 0 such that

G “ G X paGq
`K

Ă tp1, pq P E ≀G{M G : p P M`Q
u.

In other words,M is quasi-dense inG, which implies thatM has finite index inG, contrary
to our assumption. We thus deduce that aG “ G. The same reasoning shows that any other
leaf cG is sent close to a leaf αpcqH by q, which is sent back close to cG by q. It follows
that q is leaf-preserving.

Here is an example that shows that the corollary does not hold anymore if one drops the
assumption on the coarse separation of the base groups.

Example 3.4.10. Consider E “ t´1, 1u the cyclic group of order 2 and G “ Z2,M “ Z.
Let S “ t˘p1, 0q,˘p0, 1qu denote the standard generating set of G. Clearly G is coarsely
separated byM , so Corollary 3.4.7 does not apply. Consider the map

φ : E ≀G{M G ÝÑ E ≀G{M G

pc, pq ÞÝÑ

#

pc, pq if p P pr0,`8q X Zq ˆ Z

pcδ0, pq otherwise

where δ0 denotes the colouring having only coloured the Z´coset containing p0, 0q. By
construction, φ is not leaf-preserving (even up to finite distance), and we show it is indeed
a quasi-isometry.

Indeed, let a and b be adjacent vertices in CaypE ≀G{M G,EYSq. We consider two cases.
Assume first that a “ pc1, pq and b “ pc2, pq where c1, c2 only differ on the coset containing
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p. If p P pr0,`8q X Zq ˆ Z then φpaq and φpbq are adjacent in CaypE ≀G{M G,E Y Sq; and
otherwise φpaq “ pc1δ0, pq, φpbq “ pc2δ0, pq are adjacent as well since c1δ0, c2δ0 only differ
on the coset containing p.

Assume now a “ pc, pq and b “ pc, p ` sq for some s P S. If p P t´1u ˆ Z and
p ` s P t0u ˆ Z, then φpaq “ pcδ0, pq while φpbq “ pc, p ` sq, so

dpφpaq, φpbqq “ 2.

One gets the same value in the symmetric situation p P t0u ˆ Z, p ` s P t´1u ˆ Z. In the
other cases, one easily checks that φ sends adjacent vertices to adjacent vertices.

Hence we conclude from Lemma 1.2.25 that φ is 2´Lipschitz. Now, observe that φ is a
bijection, whose inverse is

ψ : E ≀G{M G ÝÑ E ≀G{M G

pc, pq ÞÝÑ

#

pc, pq if p P pr0,`8q X Zq ˆ Z

pcδ´1
0 , pq otherwise

and a similar computation shows that ψ is 2´Lipschitz. Thus it follows that

1

2
¨ dpa, bq ď dpφpaq, φpbqq ď 2 ¨ dpa, bq

for any a, b P E ≀G{M G, so φ is a biLipschitz equivalence.

We now turn to (non-)aptolic quasi-isometries. Let us first adapt the terminology
from [GT24a; GT24b] in our case.

Definition 3.4.11. A quasi-isometry q : E ≀G{M G ÝÑ F ≀H{N H is of aptolic form if there
exist two maps α : EpG,CM q ÝÑ F pH,CN q, β : G Ñ H such that qpc, pq “ pαpcq, βppqq for
any pc, pq P E ≀G{MG. Moreover, q is aptolic if it is of aptolic form and it has a quasi-inverse
of aptolic form.

The following proposition indicates that a strategy similar to the one followed in [GT24a]
cannot be replicated in the context of permutational wreath products.

Proposition 3.4.12. Let F be a finite group. LetH be a finitely generated group, N ď H an
infinite index subgroup containing an element z P N of infinite order which is central in H .
Then the map

φ : F ≀H{N H ÝÑ F ≀H{N H

pc, pq ÞÝÑ pc, pz|supppcq|
q

is a leaf-preserving quasi-isometry which is not at finite distance from an aptolic quasi-
isometry.

Proof. Denote S a finite symmetric generating set of H , and let G ¨̈“ F ≀H{N H . We first
show that φ is Lipschitz. Fix a and b two adjacent vertices in CaypG,F YSq. There are two
cases to consider:
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• Assume first that a “ pc, pq and b “ pc, psq for some s P S. Then

dGpφpaq, φpbqq “ dG
`

pc, pz|supppcq|
q, pc, psz|supppcq|

q
˘

“ dHppz|supppcq|, pz|supppcq|sq

“ dHp1H , sq

“ 1

ď 1 ` ℓHpzq

using Lemma 3.4.3 and the fact that z (or any of its power) is central for the second
equality.

• Assume now that a “ pc, pq and b “ pc1, pq where c, c1 only differ on the N´coset
containing p. Then

dGpφpaq, φpbqq “ dG
`

pc, pz|supppcq|
q, pc1, pz|supppc1q|

q
˘

“ 1 ` dHppz|supppcq|, pz|supppc1q|
q

“ 1 ` dHpz|supppcq|, z|supppc1q|
q

ď 1 ` ℓHpzq

using in the last equality that |supppc1q| P
␣

|supppcq| ´ 1, |supppcq|, |supppcq| ` 1
(

.

We conclude from Lemma 1.2.25 that φ is
`

1 ` ℓHpzq
˘

´Lipschitz. Now, notice that φ is a
bijection, whose inverse is

ψ : G ÝÑ G

pc, pq ÞÝÑ pc, pz´|supppcq|
q.

In particular, φ is coarsely surjective, and a similar computation as the one above shows
that ψ is also

`

1 ` ℓHpzq
˘

´Lipschitz. Therefore

dGpx, yq “ dG
`

ψpφpxqq, ψpφpyqq
˘

ď
`

1 ` ℓHpzq
˘

¨ dGpφpxq, φpyqq

for any x, y P G, whence

1

1 ` ℓHpzq
¨ dGpx, yq ď dGpφpxq, φpyqq ď

`

1 ` ℓHpzq
˘

¨ dGpx, yq

for all x, y P G. Thus φ : G Ñ G is a biLipschitz equivalence.
Next, φ is leaf-preserving by construction, so we are only left to prove that φ is not aptolic,
up to finite distance. Towards a contradiction, assume there is R ě 0 and

q : G ÝÑ G

pc, pq ÞÝÑ pαpcq, βppqq
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an aptolic self-quasi-isometry of G such that dpq, φq ď R. Then, for any pc, pq P G, denot-
ing βc : H Ñ H , p ÞÝÑ pz|supppcq|, one gets

dHpβcppq, βppqq ď dG
`

pc, βcppqq, pαpcq, βppqq
˘

“ dG
`

qpc, pq, φpc, pq
˘

ď dpq, φq

ď R

and it follows that dpβc, βq ď R. In particular, all βc lie at distance at most 2R from β1 “

IdH . On the other hand, since z has infinite order and balls in CaypH,Sq are finite, there
is an integer m P N such that dHpzm, 1Hq ą 2R, and thus, fixing an arbitrary colouring c
supported onm cosets of N , we see that

dHpβcppq, pq “ dHpp, pz|supppcq|
q “ dHp1H , z

m
q ą 2R

for any p P H , whence dpβc, IdHq ą 2R. This contradiction proves that φ is not at finite
distance from an aptolic quasi-isometry, concluding the proof.

Remark 3.4.13. In this proof, the fact that F is finite plays no role, and one can show
the same result for F an arbitrary finitely generated group, as soon as one modifies the
definition of lamplighter graphs over partitioned graphs as follows: declare now that the
colourings take values in another graph Y , and that two pairs pc, pq, pc1, pq are adjacent if
c, c1 only differ on the zone C containing p and that cpCq, c1pCq are adjacent in Y .

Based on the same idea, one can exhibit plenty of leaf-preserving non-aptolic quasi-
isometries of various permutational halo products, showing that the general rigidity result
proved in [GT24a, Corollary 6.11] fails in the permutational case.

3.4.3 Preserving zones
The goal of this subsection is now to deduce from the property of preserving the leaves that
in fact any quasi-isometry between two permutational wreath products must also quasi-
preserve zones inside a single leaf. More formally:

Proposition 3.4.14. Let E,F be non-trivial finite groups, and G,H be finitely generated
groups, with normal infinite subgroupsM ◁G, N ◁H . Suppose thatM has infinite index in
G. If a quasi-isometry q : E ≀G{MG ÝÑ F ≀H{NH is leaf-preserving, then it is a quasi-isometry
of pairs

pE ≀G{M G,Mq ÝÑ pF ≀H{N H,Nq.

Proof. Fix A ě 1, B ě 0 such that q and a quasi-inverse q1 : F ≀H{N H ÝÑ E ≀G{M G are
both pA,Bq´quasi-isometries. As q, q1 are leaf-preserving we may write

qpc, pq “ pαpcq, βcppqq, pc, pq P E ≀G{M G

for some maps α : EpG,CM q ÝÑ F pH,CN q and βc : G Ñ H , c P EpG,CM q; as well as

q1
pc, pq “ pα1

pcq, β1
cppqq, pc, pq P F ≀H{N H
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for some α1 : F pH,CN q ÝÑ EpG,CM q and β1
c : H Ñ G, c P F pH,CN q. Let us record the following

observation for future use:

Claim 3.4.15. The maps α, α1 are bijections, inverses of each other, and for any c P EpG,CM q,
βc : G Ñ H is an pA,Bq´quasi-isometry, with β1

αpcq : H Ñ G as a quasi-inverse.

Proof of Claim 3.4.15. Fix a finitely supported colouring c P EpG,CM q. Then, for any p P G,
we have

d
`

pc, pq, pα1
˝ αpcq, β1

αpcq ˝ βcppqq
˘

“ d
`

pc, pq, pq1
˝ qqpc, pq

˘

ď B (3.4.1)

which implies that c and α1 ˝ αpcq may only differ on zones at distance at most B from p,
for any p P G. AsM has infinite index in G, it follows that α1 ˝ αpcq “ c. Similarly, using
that q ˝q1 is at distance ď B from IdF ≀H{NH , we deduce also α˝α1pcq “ c for all c P F pH,CN q.
Thus α is a bijection, whose inverse is α1.
Now let p1, p2 P G. Then

dHpβcpp1q, βcpp2qq “ d
`

pαp1q, βcpp1qq, pαp1q, βcpp2qq
˘

“ d
`

qp1, p1q, qp1, p2q
˘

ď A ¨ d
`

p1, p1q, p1, p2q
˘

` B

“ A ¨ dGpp1, p2q ` B

and similarly one gets

dHpβcpp1q, βcpp2qq ě
1

A
¨ dGpp1, p2q ´ B.

Thus βc is an pA,Bq´quasi-isometric embedding, and additionally for any h P H there
exists pc, pq P E ≀G{M G such that d

`

qpc, pq, p0, hq
˘

ď B, whence

dHpβcppq, hq ď d
`

pαpcq, βcppqq, p1, hq
˘

“ d
`

qpc, pq, p1, hq
˘

ď B.

Hence βc is coarsely surjective as well, and it is then an pA,Bq´quasi-isometry G Ñ H .
Likewise, we prove that β1

αpcq : H Ñ G is an pA,Bq´quasi-isometry, and from (3.4.1) it
follows that β1

αpcq ˝ βc is at distance ď B from IdG. Using similarly that q ˝ q1 is at distance
ď B from the identity, we deduce that βc ˝ β1

αpcq is at distance ď B from IdH . We conclude
that βc and β1

αpcq are quasi-inverses of each other. ■

To prove the statement, it is enough to prove that each βc : G Ñ H is a quasi-isometry of
pairs pG,Mq ÝÑ pH,Nq (here we identify geometrically the leaf Lpcq (resp. Lpαpcqq) in
E ≀G{M G (resp. in F ≀H{N H) with G (resp. H)).
Fix then a colouring c P EpG,CM q, a zone gM Ă Lpcq, and let c1 P EpG,CM q be a colouring
that differs from c only on the zone gM . Let p P gM . One has then

d
`

pαpcq, βcppqq, pαpc1
q, βc1ppqq

˘

“ d
`

qpc, pq, qpc1, pq
˘

ď A ¨ d
`

pc, pq, pc1, pq
˘

` B “ A ` B
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since d
`

pc, pq, pc1, pq
˘

“ 1. This inequality implies that

supp
`

αpcq´1αpc1
q
˘

Ă tβcppqu`pA`Bq

so if we write explicitly supp pαpcq´1αpc1qq “ th1N, . . . , hrNu where r ě 1, we get

dHphiN, βcppqq ď A ` B (3.4.2)

for any 1 ď i ď r. Thus βcppq P

r
č

i“1

phiNq
`pA`Bq. Since this holds for any p P gM , we have

proved that

βcpgMq Ă

r
č

i“1

phiNq
`pA`Bq.

Now, for any 1 ď i ď r, it also follows from (3.4.2) and from Lemma 3.4.8 that

dHausphiN, βcpgqNq ď A ` B

for any 1 ď i ď r, so that

βcpgMq Ă

r
č

i“1

phiNq
`pA`Bq

Ă

r
č

i“1

`

pβcpgqNq
`pA`Bq

˘`pA`Bq
Ă
`

βcpgqN
˘`2pA`Bq

using Lemma 1.2.26(ii). Similarly, one shows that given any zone hN Ă Lpαpcqq, we have

β1
αpcqphNq Ă

`

β1
αpcqphqM

˘`2pA`Bq
.

In particular, when h “ βcpgq, this gives

β1
αpcqpβcpgqNq Ă

`

pβ1
αpcqpβcpgqqM

˘`2pA`Bq

and applying βc to this inclusion and using Lemma 1.2.26(iii), and that βc˝β1
αpcq is at distance

ď B from IdH , it follows that

βcpgqN Ă
`

βc ˝ β1
αpcqpβcpgqNq

˘`B

Ă βc

´

`

β1
αpcqpβcpgqqM

˘`2pA`Bq
¯`B

Ă

´

βc
`

β1
αpcqpβcpgqqM

˘`Ap2pA`Bqq`B
¯`B

Ă βc
`

β1
αpcqpβcpgqqM

˘`p2ApA`Bq`2Bq
.

It just remains to notice that, since β1
αpcqpβcpgqq and g are at distance at most B in G,

Lemma 3.4.8 ensures that the Hausdorff distance between β1
αpcqpβcpgqqM and gM is at most

B as well, and we finally get

βcpgqN Ă βc
`

β1
αpcqpβcpgqqM

˘`p2ApA`Bq`2Bq

Ă βcppgMq
`B

q
`p2ApA`Bq`2Bq

Ă βcpgMq
`pp2ApA`Bq`2Bq`AB`Bq.
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We conclude that

dHaus
`

βcpgMq, βcpgqN
˘

ď 2ApA ` Bq ` pA ` 3qB

showing that βc is indeed a quasi-isometry of pairs pG,Mq ÝÑ pH,Nq. l

Corollary 3.4.16. Let E and F be non-trivial finite groups. Let G,H be finitely presented
groups with normal finitely generated infinite subgroupsM◁G,N◁H . Suppose thatM has
infinite index inG and thatG (resp. H) is not coarsely separable by any collection of subspaces
that uniformly quasi-isometrically embed intoM (resp. N ). Then any quasi-isometry E ≀G{M

G ÝÑ F ≀H{N H is a quasi-isometry of pairs

pE ≀G{M G,Mq ÝÑ pF ≀H{N H,Nq.

Proof. By Corollary 3.4.7, such a quasi-isometry can be assumed to be leaf-preserving, so
the conclusion follows from Proposition 3.4.14.

ckG

ck−1G

ck−2G

dkH

dk−1H

dk−2H

...

...

...

...

E ≀G/M G F ≀H/N H
f

f

f(ckG)

f(dk−2H)

Figure 3.7: The behaviour of an arbitrary quasi-isometry E ≀G{M G ÝÑ F ≀H{N H .

Remark 3.4.17. In the realm of quasi-isometric rigidity, an interesting and challenging
question, already raised in [HMPSS25, Question 2.3], is the following: given finitely gener-
ated groupsG,H and a collection P of subgroups ofG, under which conditions does there
exist a collection Q of subgroups of H such that any quasi-isometry G Ñ H extends to
a quasi-isometry of pairs pG,Pq ÝÑ pH,Qq? Corollary 3.4.16 shows that permutational
wreath products of the form E ≀G{M G, with our running assumptions, provide a class of
groups answering positively to this question.

3.4.4 Coning-off graphs
In this part, we introduce our main tool that will help us to deduce some valuable informa-
tion from the existence of a quasi-isometry between two permutational wreath products,
even if the latter is not aptolic.
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Definition 3.4.18. LetX be a graph with a partition C of V pXq. The cone-off ofX over C,
denoted COpX, Cq, is the graph obtained from X by adding an edge between two vertices
whenever they belong to a common piece C P C.

CO(Z2,Z− cosets) Z

−2 −1 0 1 2

−2 −1 0 1 2

Figure 3.8: A quasi-isometry between the cone-off of Z2 with respect to its Z´cosets and
Z.

As a graph, COpX, Cq carries a natural metric. Moreover, since now any two vertices in
the same piece are adjacent, we have dCOpX,Cqpx, yq ď dXpx, yq for any x, y P X .

We record some basic facts about cone-offs of quasi-isometric graphs. These are probably
well known by the experts, but we include the proofs for completeness.

Lemma 3.4.19. Let X, Y be two graphs, f : X Ñ Y be a quasi-isometry, and C be a
partition of X . Then f induces a quasi-isometry f̂ : COpX, Cq ÝÑ COpY, fpCqq, where
fpCq ¨̈“ tfpCq : C P Cu.

Proof. Fix constants A ě 1, B ě 0 such that f and one of its quasi-inverse f 1 are both
pA,Bq´quasi-isometric embeddings with f ˝ f 1, f 1 ˝ f at distance ď B from the identities.
As fpXq is quasi-dense in Y , so is fpCOpX, Cqq in COpY, fpCqq. Now let x, y P X , and let
x “ x0, x1, . . . , xn “ y be the vertices of a geodesic connecting x and y in COpX, Cq. For
any 0 ď i ď n´ 1, there are then two possibilities: either xi and xi`1 belong to a common
piece C P C, so dCOpY,fpCqqpfpxiq, fpxi`1qq ď 1 ď A ` B; or xi and xi`1 are adjacent in X ,
in which case

dCOpY,fpCqqpfpxiq, fpxi`1qq ď dY pfpxiq, fpxi`1qq ď A ¨ dXpxi, xi`1q ` B “ A ` B.

Therefore one deduces that

dCOpY,fpCqqpfpxq, fpyqq ď

n´1
ÿ

i“0

dCOpY,fpCqqpfpxiq, fpxi`1qq

ď pA ` Bq ¨ n

“ pA ` Bq ¨ dCOpX,Cqpx, yq.
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For the other inequality, let now fpxq “ x0, x1, . . . , xn “ fpyq denote the vertices of a
geodesic connecting fpxq and fpyq in COpY, fpCqq. Here also there are two cases: if for
some 0 ď i ď n ´ 1, xi and xi`1 are in the same piece fpCq for some C P C, then

dCOpX,Cqpf
1
pxiq, f

1
pxi`1qq ď dCOpX,Cqpf

1
pxiq, Cq ` dCOpX,Cqpf

1
pxi`1q, Cq ` 1 ď 2B ` 1

where the second inequality follows from

Claim 3.4.20. If a P fpCq for some C P C, then dXpf 1paq, Cq ď B.

Proof of Claim 3.4.20. Write a “ fpbq with b P C, so that

dXpf 1
paq, Cq ď dXpf 1

paq, bq ď dX
`

f 1
paq, f 1

pfpbqq
˘

` dXpf 1
pfpbqq, bq ď B

since f 1 ˝ f is at distance ď B from IdX . ■

In the case where xi and xi`1 are adjacent in Y , then

dCOpX,Cqpf
1
pxiq, f

1
pxi`1qq ď dXpf 1

pxiq, f
1
pxi`1qq ď A ¨ dY pxi, xi`1q ` B “ A ` B.

Hence it follows that

dCOpX,Cqpx, yq ď 2B ` dCOpX,Cq

`

f 1
pfpyqq, f 1

pfpxqq
˘

ď 2B `

n´1
ÿ

i“0

dCOpX,Cqpf
1
pxiq, f

1
pxi`1qq

ď 2B ` maxpA ` B, 2B ` 1q ¨ n

“ 2B ` maxpA ` B, 2B ` 1q ¨ dCOpY,fpCqqpfpxq, fpyqq.

We conclude that f induces a quasi-isometry COpX, Cq ÝÑ COpY, fpCqq, as desired.

Our second observation ensures that the cone-offs of the same graph over two different
partitions are quasi-isometric if the two partitions coarsely coincide.

Lemma 3.4.21. LetX be a graph, and C1, C2 two partitions ofX . Assume there existsQ ě 0

such that, for any C1 P C1 (resp. C2 P C2), there exists C2 P C2 (resp. C1 P C1) such that the
Hausdorff distance between C1 and C2 is at most Q. Then the identity map X Ñ X induces
a quasi-isometry COpX, C1q ÝÑ COpX, C2q.

Proof. Let x, y P X , and fix a geodesic x “ x0, x1, . . . , xn “ y connecting x and y
in COpX, C1q. For every 0 ď i ď n ´ 1, either xi and xi`1 are adjacent in X , so
dCOpX,C2qpxi, xi`1q “ 1 ď 2Q ` 1, or xi and xi`1 belong to a common piece of C1, so
that dCOpX,C2qpxi, xi`1q ď 2Q ` 1. Thus we get

dCOpX,C2qpx, yq ď

n´1
ÿ

i“0

dCOpX,C2qpxi, xi`1q ď p2Q ` 1q ¨ n “ p2Q ` 1q ¨ dCOpX,C1qpx, yq.

By symmetry, one also has 1
2Q`1

¨ dCOpX,C1q ď dCOpX,C2q, which concludes.
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The following claim is then a direct consequence of Lemmas 3.4.19 and 3.4.21.

Corollary 3.4.22. Let X (resp. Y ) be a graph with a partition C (resp. D), and let
f : pX, Cq ÝÑ pY,Dq be an pA,B,Qq´quasi-isometry of pairs. Then f induces an
pA1, B1q´quasi-isometry f in : COpX, Cq ÝÑ COpY,Dq, where

A1 ¨̈“ p2Q ` 1q ¨ maxpA ` B, 2B ` 1q, B1 ¨̈“ p2Q ` 1q ¨
2B

maxpA ` B, 2B ` 1q
.

Observe that, given a graph X and a partition C, leaves form a partition of LnpX, Cq.
Moreover, each leaf is itself a copy of X and thus carries its own partition C. Hence the
collection of all pieces constituting all the leaves form a partition pC of LnpX, Cq, and one
can consider the cone-off CO

`

LnpX, Cq, pC
˘

. A crucial observation about this cone-off is the
following:

Lemma 3.4.23. Let n ě 2. Let X be a graph with a partition C, and let pC be the induced
partition of LnpX, Cq. Then there is a graph isomorphism

CO
`

LnpX, Cq, pC
˘

– LnpCOpX, Cq, Cq.

Proof. Define the map

φ : CO
`

LnpX, Cq, pC
˘

ÝÑ LnpCOpX, Cq, Cq

pc, pq ÞÝÑ pc, pq

where, in the target space, c is seen as a colouring of the partition C of the graph COpX, Cq.
Clearly, φ sends bijectively vertices of CO

`

LnpX, Cq, pC
˘

to vertices of LnpCOpX, Cq, Cq,
so we only need to check that it sends adjacent vertices to adjacent vertices. Thus, let
a “ pc1, p1q, b “ pc2, p2q be adjacent vertices in CO

`

LnpX, Cq, pC
˘

. There are three cases to
consider.

• Assume first that c1 “ c2 and that p1, p2 are in the same zone. Then φpaq “ pc1, p1q,
φpbq “ pc1, p2q are in the same leaf and they are adjacent in LnpCOpX, Cq, Cq since
p1, p2 are adjacent in COpX, Cq;

• Assume next that c1 “ c2 and that p1, p2 are in different zones. Then dXpp1, p2q “ 1,
so φpaq, φpbq are adjacent in LnpCOpX, Cq, Cq;

• Lastly, suppose that c1 ‰ c2 and p1 “ p2. Then c1 and c2 differ only on the zone
containing p1, and this remains true in LnpCOpX, Cq, Cq, so that φpaq and φpbq are
adjacent in this case as well.

Conversely, consider the map

ψ : LnpCOpX, Cq, Cq ÝÑ CO
`

LnpX, Cq, pC
˘

pc, pq ÞÝÑ pc, pq

where, in the target space, c is seen as a finitely supported colouring of the vertices of
X , constant on each piece of C. Let a “ pc1, p1q, b “ pc2, p2q be adjacent vertices in
LnpCOpX, Cq, Cq.
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• Assume first that c1 “ c2 and p1, p2 are in the same zone. Then a “ pc, p1q and b “

pc, p2q are in the same piece of pC, so ψpaq and ψpbq are adjacent in CO
`

LnpX, Cq, pC
˘

;

• Assume next that c1 “ c2 but p1 and p2 are in different zones. Then dXpp1, p2q “ 1,
so a and b are adjacent in LnpX, Cq, and thus also in CO

`

LnpX, Cq, pC
˘

;

• Lastly, suppose that c1 ‰ c2 and p1 “ p2. Then c1 and c2 differ only on the zone
containing p1, and this stays true when coning-off LnpX, Cq with respect to pC. Thus
ψpaq and ψpbq are adjacent as well.

We conclude that φ is a graph isomorphism, with ψ as its inverse.

3.4.5 Proof of Theorem 3.4.1
We are finally ready to exploit our work in the above parts to deduce the main theorem of
this section.

Proof of Theorem 3.4.1. Let T (resp. S) be a finite generating set of G (resp. H), and denote
πG (resp. πH ) the natural projection of G (resp. H) onto G{M (resp. H{N ).
Fix q : E ≀G{M G ÝÑ F ≀H{N H such an pA,Bq´quasi-isometry. By Corollary 3.4.7, we
know that, up to finite distance, q can be taken to be leaf-preserving, so we can write

qpc, pq “ pαpcq, βcppqq, pc, pq P E ≀G{M G

for some bijection α : EpG,CM q ÝÑ F pH,CN q and some quasi-isometries βc : G Ñ H , c P

EpG,CM q. Using Proposition 3.4.14, we also fix Q ě 0 such that

q : pE ≀G{M G,Mq ÝÑ pF ≀H{N H,Nq

is an pA,B,Qq´quasi-isometry of pairs.
Now, the image under q of the partition xCM ofE≀G{MG coarsely coincidewith xCN , according
to Corollary 3.4.16. Thus, from Corollary 3.4.22, we deduce that q induces a quasi-isometry

qin : CO
`

E ≀G{M G, xCM
˘

ÝÑ CO
`

F ≀H{N H,xCN
˘

or equivalently, by Lemma 3.4.23, a quasi-isometry

qin : L|E|

`

COpCaypG, T q, CMq, CM
˘

ÝÑ L|F |

`

COpCaypH,Sq, CNq, CN
˘

.

Now, pieces of COpCaypG, T q, CMq (resp. COpCaypH,Sq, CNq) are uniformly bounded, so
we may apply Proposition 3.4.5 to deduce that there are graphs YM and YN , quasi-isometric
to COpCaypG, T q, CMq and COpCaypH,Sq, CNq respectively, and a quasi-isometry

L|E|pYMq ÝÑ L|F |pYNq.

Additionally, it follows from the proof of Proposition 3.4.5 that YM (resp. YN ) is isomorphic
to CaypG{M,πGpT qq (resp. CaypH{N, πHpSqq), so that there is a quasi-isometry

φ : L|E|

`

CaypG{M,πGpT qq
˘

ÝÑ L|F |

`

CaypH{N, πHpSqq
˘
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given by pc, pMq ÞÝÑ
`

αpc̃q5, βc̃ppMq
˘

(here the notations are the ones introduced in the
proof of Proposition 3.4.5). In such a situation, the proof of [GT24a, Corollary 6.11] shows
that all βc : G{M Ñ H{N lie at a uniform bounded distance from β1: indeed, the source and
target spaces of φ are in fact quasi-isometric to Cayley graphs of Z|E| ≀G{M and Z|F | ≀H{N

respectively. These groups are finitely generated halo groups in the sense of [GT24a], and
they have finite altitude [GT24a, Lemma 6.12]. Hence φ is at bounded distance from the
aptolic quasi-isometry

L|E|

`

CaypG{M,πGpT qq
˘

ÝÑ L|F |

`

CaypH{N, πHpSqq
˘

pc, pMq ÞÝÑ pαpc̃q5, β1ppMqq.

(
E ≀G/M G, {M − cosets}

) (
F ≀H/N H, {N − cosets}

)

CO
(
E ≀G/M G, {M − cosets}

)
CO

(
F ≀H/N H, {N − cosets}

)

E ≀G/M F ≀H/N

q

qin

φ

CO CO

Figure 3.9: The situation in the proof of Theorem 3.4.1

We deduce from [GT24b, Proposition 3.4] that |E| and |F | must have the same prime divi-
sors, which proves (i) and, moreover, ifM is co-amenable in G, we conclude from [GT24b,
Theorem 3.9] that |E| “ nr, |F | “ ns for some n, r, s ě 1, and that β1 : G{M Ñ H{N is
quasi- s

r
-to-one.

To conclude, we have proved in Proposition 3.4.14 that β1 is a quasi-isometry of pairs, and
the existence of such a quasi-isometry implies that G{M is quasi-isometric to H{N by
Proposition 1.6.3. Lastly, the restriction of a quasi-isometry of pairs pG,Mq ÝÑ pH,Nq

to M provides a quasi-isometry g : pM,dT q ÝÑ pN, dSq. If we fix a finite generating
set R (resp. U ) for M (resp. for N ), we know that IdM : pM,dRq ÝÑ pM,dT q and
IdN : pN, dUq ÝÑ pN, dSq are coarse equivalences, and thus

IdN ˝ g ˝ IdM : pM,dRq ÝÑ pN, dUq

is a coarse equivalence. Such a coarse equivalence is in fact a quasi-isometry (Proposi-
tion 1.2.24(ii)), concluding the proof.
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3.5 Constructing quasi-isometries of permutational
wreath products

In this part, we focus on the converse of Theorem 3.4.1, and show how to construct quasi-
isometries between permutational wreath products, given various assumptions on the car-
dinalities of lamp groups or on the geometry of the base groups.

3.5.1 Non-amenable quotients
We start with the non-amenable case, by showing that, if the subgroup under consideration
is not co-amenable into the ambient group, then two permutational wreath products are
quasi-isometric as soon as the cardinalities of the lamp groups have the same prime divisors,
namely:

Proposition 3.5.1. Let n,m ě 2. Let H be a finitely generated group, and let N ◁ H be a
normal subgroup of H . If N is not co-amenable in H and if n and m have the same prime
divisors, then there exists an aptolic quasi-isometry

LnpH, CNq ÝÑ LmpH, CNq.

Recall that LnpH, CNq stands for LnpCaypH,Sq, CNq where S is a finite generating set
of H .

We emphasize that, in this statement as well as in the other ones in this section, the
subgroup N need not be finitely generated.

Proof. Fix a finite generating set S ofH . Denote πH : H Ñ H{N the canonical projection.
As a first reduction, we fix integersm ě 1, n ě 2 and a prime number p, and we show that
there exists an aptolic quasi-isometry

LmppH, CNq ÝÑ LmpnpH, CNq.

This is sufficient to deduce the proposition.
First of all, since H{N is not amenable, there exists an n-to-one map f : H{N Ñ H{N

lying at bounded distance from the identity IdH{N . Indeed, as H{N is not amenable, the
embedding ι : H{N ãÑ H{N ‘ Zn lies at finite distance, say Q ě 0, from a bijection
g : H{N ÝÑ H{N ‘ Zn. If p : H{N ‘ Zn ÝÑ H{N denotes the natural projection, then
f ¨̈“ p ˝ g is n-to-one and

dH{Npx, fpxqq “ dH{N

`

ppιpxqq, ppgpxqq
˘

ď dHpιpxq, gpxqq ď Q

for any x P H{N , so f is at distance ď Q from IdH{N .
Fix an enumeration of H{N and identify Zmp (resp. Zmpn) with Zm ‘ Zp (resp. Zm ‘ Zn

p ).
We denote by π1 and π2 the projections on the first and second coordinates in both Zm‘Zp

and Zm ‘ Zn
p .

Given a colouring c : H{N ÝÑ Zm ‘ Zp, we define a new colouring c̃ : H{N ÝÑ Zm ‘ Zn
p

as follows. Given a point x P H{N , set
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• π1pc̃pxqq ¨̈“ π1pcpxqq;

• enumerate f´1
ptxuq as tx1, . . . , xnu following the order of our enumeration, and set

π2pc̃pxqq ¨̈“
`

π2pcpx1qq, . . . , π2pcpxnqq
˘

We can then define

φ : LmppH, CNq ÝÑ LmpnpH, CNq

pc, pq ÞÝÑ pc̃, pq

and we claim that φ is a quasi-isometry. To prove this claim, fix two vertices a “ pc, pq, b “

pd, qq of LmppH, CNq.
Notice that if c̃ppNq ‰ d̃ppNq for some pN P H{N , then either π1pc̃ppNqq ‰ π1pd̃ppNqq,
i.e. π1pcppNqq ‰ π1pdppNqq, hence pN P supppc´1dq; or π2pc̃ppNqq ‰ π2pd̃ppNqq, i.e.
there exists some p1N P f

´1
ppNq such that π2pcpp1Nqq ‰ π2pdpp1Nqq, whence p1N P

supppc´1dq. We deduce that

supp
`

c̃´1d̃
˘

Ă supppc´1dq Y f
`

supppc´1dq
˘

(3.5.1)

Next, if cppNq ‰ dppNq, then either π1pcppNqq ‰ π1pdppNqq hence π1pc̃ppNqq ‰

π1pd̃ppNqq; or π2pcppNqq ‰ π2pdppNqq, in which case c̃
`

fppNq
˘

‰ d̃
`

fppNq
˘

. Thus it
follows that

supppc´1dq Ă supp
`

c̃´1d̃
˘

Y f
´1`supp

`

c̃´1d̃
˘˘

. (3.5.2)
Now, fix a path α in CaypH,Sq starting from p, visiting all zones in supppc´1dq and ending
at q, such that

lengthpαq ` |supppc´1dq| “ dpa, bq.

We write explicitly supppc´1dq “ tp1N, . . . , prNu. For any 1 ď i ď r, denote by xi P piN

the point where the color of the zone is modified. Since

dH{N

`

piN, fppiNq
˘

ď Q

there is a loop γi in CaypH{N, πHpSqq based at piN and passing through fppiNq, of length
ď 2Q. Thus there is in CaypH,Sq a loop γi based at xi and passing through the zone
fppiNq, of length ď 2Q. We concatenate this loop to α. Doing this for any 1 ď i ď r, we
get a path α1 in CaypH,Sq starting at p, visiting all zones in supppc´1dq Y fpsupppc´1dqq

and ending at q. A fortiori, α1 visits all zones in supp
`

c̃´1d̃
˘

, according to (3.5.1). Observe
also that

lengthpα1
q ď lengthpαq ` 2Q ¨ |supppc´1dq| ď p2Q ` 1q ¨ lengthpαq

and thus it follows that

dpφpaq, φpbqq “ d
`

pc̃, pq, pd̃, qq
˘

ď lengthpα1
q `

ˇ

ˇsupp
`

c̃´1d̃
˘ˇ

ˇ

ď 2 ¨ lengthpα1
q

ď 2p2Q ` 1q ¨ lengthpαq

ď 2p2Q ` 1q ¨ dpa, bq.
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Conversely, fix a path β in CaypH,Sq starting from p, visiting all zones in supp
`

c̃´1d̃
˘

,
ending at q, such that

lengthpβq `
ˇ

ˇsupp
`

c̃´1d̃
˘ˇ

ˇ “ dpφpaq, φpbqq.

Here also, we write supp
`

c̃´1d̃
˘

“ tq1N, . . . , qsNu and for any 1 ď i ď s, we let yi P qiN

be the point where the color of the zone is changed. For any 1 ď i ď s, and for any
q1N P f

´1
ptqiNuq, there is a loop ηi in CaypH{N, πHpSqq based at qiN and passing through

q1N , of length ď 6Q, since

dH{NpqiN, q
1Nq ď dH{N

`

qiN, fpqiNq
˘

`dH{N

`

fpqiNq, fpq1Nq
˘

`dH{N

`

fpq1Nq, q1N
˘

ď 3Q.

Thus there is a loop ηi in CaypH,Sq based at yi and passing through the zone q1N , of
length ď 6Q. We concatenate this loop to β. Doing this for any 1 ď i ď s and for any pre-
image of qiN under f , we get a path β1 in CaypH,Sq starting from p, visiting all zones in
supp

`

c̃´1d̃
˘

Yf
´1`supp

`

c̃´1d̃
˘˘

and ending at q. A fortiori, β1 visits all zones in supppc´1dq

according to (3.5.2). Moreover, one has

lengthpβ1
q ď lengthpβq ` 6nQ ¨

ˇ

ˇsupp
`

c̃´1d̃
˘
ˇ

ˇ ď p6nQ ` 1q ¨ lengthpβq.

Hence we deduce that

dpa, bq “ dppc, pq, pd, qqq ď lengthpβ1
q ` |supppc´1dq|

ď 2 ¨ lengthpβ1
q

ď 2p6nQ ` 1q ¨ lengthpβq

ď 2p6nQ ` 1q ¨ dpφpaq, φpbqq.

This concludes the proof that φ is a quasi-isometry.

Remark 3.5.2. More generally, and as already noticed in [BGT24] for the standard case,
the same strategy proves that if A,B andH are finitely generated groups and that N ◁H

is not co-amenable in H , then there is a quasi-isometry

pA ˆ Bq ≀H{N H ÝÑ pA ˆ Bn
q ≀H{N H

for any n ě 1.

Next, we show that a quasi-isometry of pairs inducing a quasi-one-to-one quasi-isometry
between the quotients allows us to construct aptolic quasi-isometries between permuta-
tional wreath products.

Proposition 3.5.3. Let n ě 2. Let G,H be finitely generated groups with normal subgroups
M◁G,N◁H . Let f : pG,Mq ÝÑ pH,Nq be a quasi-isometry of pairs such that f : G{M Ñ

H{N is quasi-one-to-one. Then there exists an aptolic quasi-isometry

LnpG, CMq ÝÑ LnpH, CNq.
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Note that, according to Remark 1.6.6, the assumption made on f does not depend on a
specific choice of the induced quasi-isometry.

Proof. Since f is quasi-one-to-one, we know from Theorem 1.5.2 that it lies at finite dis-
tance, say Q ě 0, from a bijection g : G{M Ñ H{N . Given now p P G, define hppq P H as
being a point of the coset gppMq that minimizes the distance to fppq. Such a point exists,
and as

dH{N

`

gppMq, fppMq
˘

ď Q

it is at distance at mostQ inH from fppq. The map h : G Ñ H thus defined lies at distance
ď Q from f , so it is itself a quasi-isometry, and by construction it sends anM´coset into
an N´coset. Moreover, still by construction, one can take h “ g. We thus have a quasi-
isometry of pairs h : pG,Mq ÝÑ pH,Nq inducing a bijection at the level of quotients. We
now claim that

φ : LnpG, CMq ÝÑ LnpH, CNq

pc, pq ÞÝÑ pc ˝ h
´1
, hppqq

is the quasi-isometry we are looking for.
Denote T (resp. S) a finite generating set for G (resp. H). Let C ě 1, K ě 0 be such that
h : G Ñ H and a quasi-inverse h1 : H Ñ G are pC,Kq´quasi-isometries, with h ˝ h1 and
h1 ˝ h at distance ď K from the identities. Moreover, in this situation we may assume that
h1 “ h

´1.
Notice first that φ is pC `Kq´Lipschitz. Indeed, if a, b P LnpG, CMq are adjacent vertices,
then

• either a “ pc, pq and b “ pc, psq for some s P T , so

dpφpaq, φpbqq “ dHphppq, hppsqq ď C ¨ dGpp, psq ` K “ C ` K;

• or a “ pc, pq and b “ pc1, pq, where c, c1 only differ on pM . In this case, we get

c ˝ h
´1

phppqNq “ c ˝ h
´1`

hppMq
˘

“ cppMq

and likewise c1 ˝h
´1

phppqNq “ c1ppMq, so c˝h
´1
, c1 ˝h

´1 differ on the coset contain-
ing hppq; and if yN ‰ hppqN is another coset on which these two colourings differ,
then we may write yN “ hpzMq for some zM P G{M , and we get

c ˝ h
´1

pyNq “ cpzMq, c1
˝ h

´1
pyNq “ c1

pzMq

so c, c1 differ also on zM ‰ pM , a contradiction. Thus c ˝ h
´1
, c1 ˝ h

´1 differ only on
hppqN , and we conclude that φpaq, φpbq are adjacent in LnpH, CNq.

In both cases, we conclude that dpφpaq, φpbqq ď C ` K , and Lemma 1.2.25 now ensures
that φ is pC ` Kq´Lipschitz.
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Next, consider the map

ψ : LnpH, CNq ÝÑ LnpG, CMq

pc, pq ÝÑ pc ˝ h, h1
ppqq

and note that
d
`

ψ ˝ φpc, pq, pc, pq
˘

“ dG
`

h1
phppqq, p

˘

ď K

for any pc, pq P LnpG, CMq, so ψ ˝φ is at distance ď K from IdLnpG,CM q; and similarly φ ˝ψ

is at distance ď K from IdLnpH,CN q.
Finally, let us prove that ψ is also pC `Kq´Lipschitz. Fix a and b two adjacent vertices in
LnpH, CNq, and consider two cases:

• if a “ pc, pq and b “ pc, psq for some s P S, then

dpψpaq, ψpbqq “ dG
`

h1
ppq, h1

ppsq
˘

ď C ¨ dHpp, psq ` K “ C ` K;

• and if a “ pc, pq, b “ pc1, pq where c, c1 differ only on pN , then c ˝ h, c1 ˝ h differ on
h1ppqN , since

c˝h
`

h1
ppqM

˘

“ c˝h
`

h1ppNq
˘

“ cppNq, c1
˝h

`

h1
ppqM

˘

“ c1
˝h

`

h1ppNq
˘

“ c1
ppNq

and since c, c1 differ on pN by assumption (here we use also that h1 “ h
´1); and if by

contradiction c ˝ h, c1 ˝ h differ on another coset yM ‰ h1ppqM , then we write this
coset as yM “ h

´1
pzNq “ h1pzNq to get that c, c1 differ on the coset zN ‰ pN , a

contradiction. Thus c ˝h and c1 ˝h differ only on the coset h1ppqM , so ψpaq and ψpbq

are adjacent in LnpG, CMq.

Hence we conclude that dpψpaq, ψpbqq ď C ` K , so ψ is pC ` Kq´Lipschitz by
Lemma 1.2.25. Thus we conclude that

dpφpaq, φpbqq ě
1

C ` K
¨ d
`

ψpφpaqq, ψpφpbqq
˘

ě
1

C ` K

`

dpψpφpaqq, aq ´ dpa, bq ´ dpb, ψpφpbqqq
˘

ě
1

C ` K
¨ dpa, bq ´

2K

C ` K

for any a, b P LnpG, CMq, so φ is indeed a quasi-isometry, with ψ as a quasi-inverse.

We can then deduce that:

Corollary 3.5.4. Let n,m ě 2. LetG,H be finitely generated groups with normal subgroups
M ◁G, N ◁H . Assume thatM is not co-amenable in G. If there exists a quasi-isometry of
pairs f : pG,Mq ÝÑ pH,Nq and if n and m have the same prime divisors, then there exists
an aptolic quasi-isometry

LnpG, CMq ÝÑ LmpH, CNq.
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Proof. As the quotient groups G{M , H{N are not amenable, the induced quasi-isometry
f : G{M Ñ H{N is quasi-one-to-one, and Proposition 3.5.3 then shows that there is an
aptolic quasi-isometry LnpG, CMq ÝÑ LnpH, CNq. Additionally, we know that n and m
have the same prime divisors, so we deduce from Proposition 3.5.1 the existence of an
aptolic quasi-isometry

LnpH, CNq ÝÑ LmpH, CNq.

Composing these two quasi-isometries yields the desired conclusion.

3.5.2 Amenable quotients
We now shift our attention to the amenable case. We start with a statement giving sufficient
conditions to construct aptolic quasi-isometries in a general situation.

Proposition 3.5.5. Let n,m ě 2. Let G,H be finitely generated groups with normal sub-
groupsM ◁G, N ◁H . Suppose that α : ZpG{Mq

n ÝÑ ZpH{Nq
m , β : G Ñ H are two maps such

that:

(i) α is a bijection;

(ii) β : pG,Mq ÝÑ pH,Nq is a quasi-isometry of pairs;

(iii) there exists a choice of β for which there exists a constant Q ě 0 such that,
for any c1, c2 P ZpG{Mq

n , the Hausdorff distance between β
`

supppc´1
1 c2q

˘

and
supp

`

αpc1q´1αpc2q
˘

is at most Q.

Then the map

q : LnpG, CMq ÝÑ LmpH, CNq

pc, pq ÞÝÑ pαpcq, βppqq

is an aptolic quasi-isometry.

Notice that, as in the non-amenable case above (cf. subsection 3.5.1), we treat colourings
here as colourings of the quotient groups.

Proof. Let T (resp. S) denote a finite generating set ofG (resp. H), and let πG (resp. πH ) be
the canonical projection of G (resp. H) onto G{M (resp. H{N ). Up to finite distance, we
assume that β sendsM´cosets intoN´cosets, and that a quasi-inverse βqi : H Ñ G sends
N´cosets intoM´cosets. Fix also constants C,K ě 0 such that β, βqi are pC,Kq´quasi-
isometries, with β ˝ βqi, βqi ˝ β within distance ď K from the identities. Up to increasing
those constants, we also assume that β, βqi are pC,Kq´quasi-isometries. Lastly, recall from
Lemma 1.6.2(iii) that a quasi-inverse of β is precisely given by βqi, i.e. βqi

“ βqi.
To start, we prove that q is Lipschitz. Fix a, b P LnpG, CMq two adjacent vertices. We treat
two cases:

• Assume first that a “ pc, pq and b “ pc, psq for some s P T . Then one gets

dpqpaq, qpbqq “ d
`

pαpcq, βppqq, pαpcq, βppsqq
˘

“ dHpβppq, βppsqq ď C ` K;
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• Assume now that a “ pc, pq and b “ pc1, pq, where c, c1 only differ on pM . Then
β
`

supppc´1c1q
˘

is reduced to a point, and it follows from assumption (iii) that

supp
`

αpcq´1αpc1
q
˘

Ă BH{N

`

βppMq, Q
˘

“ BH{NpβppqN,Qq.

the ball centered at βppqN of radius Q in H{N . We deduce from this inclusion that

dpqpaq, qpbqq ď 2Q ¨
ˇ

ˇsupppαpcq´1αpc1
qq
ˇ

ˇ `
ˇ

ˇsupppαpcq´1αpc1
qq
ˇ

ˇ

ď p2Q ` 1q ¨ DQ

where D ě 1 is an integer larger than the maximal degree of a vertex in
CaypH{N, πHpSqq.

We conclude from Lemma 1.2.25 that q is maxpC ` K, p2Q ` 1q ¨ DQq´Lipschitz.
Next, consider the map

q1 : LmpH, CNq ÝÑ LnpG, CMq

pc, pq ÞÝÑ pα´1
pcq, βqi

ppqq.

Then we have

d
`

pc, pq, q1
˝ qpc, pq

˘

“ d
`

pc, pq, pc, βqi
˝ βppqq

˘

“ dH
`

p, βqi
˝ βppq

˘

ď K

for any pc, pq P LnpG, CMq, as well as

d
`

pc, pq, q ˝ q1
pc, pq

˘

“ d
`

pc, pq, pc, β ˝ βqi
ppqq

˘

“ dG
`

p, β ˝ βqi
ppq

˘

ď K

for any pc, pq P LmpH, CNq.
Notice that the map q1 satisfies also points (i)-(iii) of the statement. Points (i), (ii) are clearly
satisfied. To prove (iii), fix two colourings c1, c2 P ZpH{Nq

m . We know by assumption that

dHaus
`

β
`

supppα´1
pc1q

´1α´1
pc2qq

˘

, supppc´1
1 c2q

˘

ď Q

which, by Lemma 1.2.26(iv), implies

dHaus
`

β
qi

˝ β
`

supppα´1
pc1q

´1α´1
pc2qq

˘

, β
qi`supppc´1

1 c2q
˘˘

ď C ¨ Q ` K.

On the other hand, the Hausdorff distance between βqi
˝ β

`

supppα´1pc1q´1α´1pc2qq
˘

and
supp

`

α´1pc1q´1α´1pc2q
˘

is at mostK , so we conclude that the Hausdorff distance between
supp

`

α´1pc1q´1α´1pc2q
˘

and βqi`supppc´1
1 c2q

˘

is at most C ¨Q` 2K . Recalling that βqi
“

βqi shows (iii) for q1. Henceforth, we can reproduce the argument we did for q to conclude
that q1 is max

`

C ` K, p2Q1 ` 1q ¨ D1Q1
˘

´Lipschitz, where Q1 ¨̈“ C ¨ Q ` 2K and where
D1 ě 1 is an integer larger than the maximal degree of a vertex of CaypG{M,πGpT qq. It
follows that

d
`

qpc1, p1q, qpc2, p2q
˘

ě
1

maxpC ` K, p2Q1 ` 1q ¨ D1Q1
q

¨ d
`

q1
˝ qpc1, p1q, q

1
˝ qpc2, p2q

˘

ě
1

maxpC ` K, p2Q1 ` 1q ¨ D1Q1
q

¨ dppc1, p1q, pc2, p2qq ´
2K

maxpC ` K, p2Q1 ` 1q ¨ D1Q1
q
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for any pc1, p1q, pc2, p2q P LnpG, CMq; and that

d
`

q1
pc1, p1q, q1

pc2, p2q
˘

ě
1

maxpC ` K, p2Q ` 1q ¨ DQq
¨ d
`

q ˝ q1
pc1, p1q, q ˝ q1

pc2, p2q
˘

ě
1

maxpC ` K, p2Q ` 1q ¨ DQq
¨ dppc1, p1q, pc2, p2qq ´

2K

maxpC ` K, p2Q ` 1q ¨ DQq

for any pc1, p1q, pc2, p2q P LmpH, CNq. Thus q is an aptolic quasi-isometry, with q1 as a
quasi-inverse.

We can therefore deduce the following consequence.

Proposition 3.5.6. Let n,m ě 2. Let G and H be finitely generated groups with normal
subgroups M ◁ G, N ◁ H . Suppose n “ kr, m “ ks for some k, r, s ě 1. If there exists a
quasi-isometry of pairs f : pG,Mq ÝÑ pH,Nq such that f : G{M Ñ H{N is quasi- s

r
-to-one,

then there exists an aptolic quasi-isometry

LnpG, CMq ÝÑ LmpH, CNq.

We emphasize that, in this statement as well, the subgroupsN andM need not be finitely
generated.

Proof. As usual, fix T (resp. S) a finite generating set for G (resp. for H) and let πG (resp.
πH ) be the canonical projection onto G{M (resp. H{N ). Up to finite distance, we may
assume that fppMq Ă fppqN for any p P G.
As f : G{M Ñ H{N is quasi- s

r
-to-one, we know from Theorem 1.5.10 that there exists

a partition P (resp. Q) of CaypG{M,πGpT qq (resp. CaypH{N, πHpSqq) with uniformly
bounded pieces of size s (resp. of size r), a bijectionψ : P Ñ Q and amap β : G{M Ñ H{N

at finite distance, say C ě 0, from f such that βpP q Ă ψpP q for any P P P .
Now, given p P G, define hppq P H as a point of the coset βppMq Ă H minimizing the
distance to fppq. Such a point exists, and it is at distance ď C from fppq: indeed, as

dH{N

`

βppMq, fppMq
˘

ď C

any point of fppMq “ fppqN is at distance ď C in H from a point in βppMq Ă H .
In particular, the map h : G Ñ H thus defined is itself a quasi-isometry of pairs, and by
construction it satisfies h “ β.
Next, fix a bijection σ : Zs

n ÝÑ Zr
m such that σp0q “ 0, and define a bijectionα : ZpG{Mq

n ÝÑ

ZpH{Nq
m such that α sends LnpP q (recall that the latter stands for colourings supported ex-

clusively on elements of P ) to LmpψpP qq through σ, for any P P P . Namely, given a
finitely supported colouring c P ZpG{Mq

n , its values on a piece P P P form a vector v with
s components and with entries in Zn, i.e. an element of Zs

n. Then σpvq is a vector with
r components and with entries in Zm. These entries are then the values of the colouring
αpcq on the piece ψpP q. This way, LnpP q is sent to LmpψpP qq for any P P P , and the
condition σp0q “ 0 ensures that finitely supported colourings are sent to finitely supported
colourings.
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Define then

q : LnpG, CMq ÝÑ LmpH, CNq

pc, pq ÞÝÑ pαpcq, hppqq.

We show that q is an aptolic quasi-isometry by checking points (i)-(iii) of Proposition 3.5.5.
Points (i) and (ii) are satisfied by construction. For (iii), let c1, c2 P ZpG,CM q

n , and de-
note P1, . . . , Pn the pieces of P containing points of supppc´1

1 c2q. Then the pieces
ψpP1q, . . . , ψpPnq are the pieces of Q containing the points of supp

`

αpc1q
´1αpc2q

˘

. Be-
cause the pieces ofQ are uniformly bounded, we deduce that there is D ě 0 (independent
of c1, c2) such that

dHaus
`

supppαpc1q
´1αpc2qq, ψpP1q Y ¨ ¨ ¨ Y ψpPnq

˘

ď D.

Also, since β sends each piece P of P into ψpP q, we see that

h
`

supppc´1
1 c2q

˘

“ β
`

supppc´1
1 c2q

˘

lies in ψpP1q Y ¨ ¨ ¨ Y ψpPnq and has a point in each of these pieces. Once again, we deduce
that

dHaus
`

βpsupppc´1
1 c2qq, ψpP1q Y ¨ ¨ ¨ Y ψpPnq

˘

ď D1

for someD1 ě 0 independent of c1 and c2. We conclude that theHausdorff distance between
h
`

supppc´1
1 c2q

˘

and supp
`

αpc1q
´1αpc2q

˘

is bounded above by a constant, independently
of c1, c2. Thus (iii) of Proposition 3.5.5 holds as well, and we deduce from the latter that
q : LnpG, CMq ÝÑ LmpH, CNq is an aptolic quasi-isometry, as desired.

3.5.3 Proof of Theorem III.A
We can now deduce our main theorem from the introduction.

Proof of Theorem III.A. Assume that E ≀G{M G and F ≀H{N H are quasi-isometric. By The-
orem 3.4.1, we know that |E| and |F | have the same prime divisors and that there is a
quasi-isometry of pairs β : pG,Mq ÝÑ pH,Nq, which is the desired conclusion in the case
whereM is not co-amenable inG. IfM is co-amenable inG, we know from Theorem 3.4.1
that |E| “ nr and |F | “ ns are powers of a common number and that β : G{M Ñ H{N

must be quasi- s
r
-to-one.

Conversely, in the case where M is co-amenable, the conclusion follows from Proposi-
tion 3.5.6, while ifM is not co-amenable, the conclusion follows from Corollary 3.5.4.

3.6 Consequences of Theorem III.A

3.6.1 Proof of Corollaries III.B and III.C
We start this part with some concrete applications of our criterion.
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Proof of Corollary III.B. The subgroup M “ Zm´n (resp. N “ Zm1´n1) has growth degree
m ´ n ď m ´ 2 (resp. m1 ´ n1 ď m1 ´ 2), so that its coarsely embedded subspaces do not
coarsely separate G “ Zm (resp. H “ Zm1) by Theorem 3.2.3. Additionally, notice that
given any k ą 0, there is a quasi-isometry of pairs pZm,Zm´nq ÝÑ pZm,Zm´nq inducing
a quasi-k-to-one quasi-isometry Zn Ñ Zn. Indeed, since ScpZnq “ Rą0, fix any quasi-k-to-
one quasi-isometry f : Zn Ñ Zn, and extend it to Zm by setting

g : Zm
“ Zm´n

ˆ Zn
ÝÑ Zm´n

ˆ Zn
“ Zm

px, yq ÞÝÑ px, fpyqq.

Then g is a quasi-isometry of pairs and g “ f . Hence the conclusion follows from Theo-
rem III.A.

As highlighted in the introduction, since ScpZnq “ Rą0 for any n ě 1, this result is a
particular case of Corollary III.C, that we prove now using the same argument.

Proof of Corollary III.C. The left to right direction is the first point of Theorem III.A.
Conversely, assume that |E| “ nr, |F | “ ns for some integers n, r, s ě 1, and that s

r
P

ScpKq. Fix then f : K Ñ K a quasi- s
r
-to-one quasi-isometry, and extend it to G “ M ˆK

via

g : M ˆ K ÝÑ M ˆ K

pm, kq ÞÝÑ pm, fpkqq.

Then g is a quasi-isometry of pairs pG,Mq ÝÑ pG,Mq, and by construction g “ f . Thus
we deduce from Theorem III.A that E ≀K G and F ≀K G are quasi-isometric.

3.6.2 BiLipschitz equivalences of permutational wreath products
Let us now shift our attention to Corollary III.F. It will be a straightforward consequence
of the next result:

Proposition 3.6.1. Let E, F be two non-trivial finite groups. Let G, H be finitely generated
groups, with normal subgroups M ◁ G, N ◁ H . Suppose that M is co-amenable in G. If
there exist n, r, s ě 1 such that |E| “ nr, |F | “ ns and there exists a quasi-one-to-one quasi-
isometry of pairs f : pG,Mq ÝÑ pH,Nq such that f : G{M Ñ H{N is quasi- s

r
-to-one, then

E ≀G{M G and F ≀H{N H are biLipschitz equivalent.

This proposition is proved using the same techniques as Theorem III.A, with the follow-
ing additional observation:

Proposition 3.6.2. Let n,m ě 2. Let G,H be finitely generated groups with normal sub-
groups M ◁ G, N ◁ H of infinite index. Suppose that α : ZpG{Mq

n ÝÑ ZpH{Nq
m , β : G Ñ H

are two maps such that

q : LnpG, CMq ÝÑ LmpH, CNq

pc, pq ÝÑ pαpcq, βppqq

is an aptolic quasi-isometry. If β is quasi-k-to-one for some k ą 0, then so is q.
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Proof. Fix a finite set A Ă LmpH, CNq. Let S Ă F pH,CN q denote the set of colourings
appearing as first coordinates of elements of A, and for any c P S , let Ac Ă A denote the
subset of elements of A having c as first coordinate. Then

|A| “
ÿ

cPS
|Ac|, |q´1

pAq| “
ÿ

cPS
|q´1

pAcq|

and letting Bc ¨̈“ πHpAcq, where πH : LmpH, CNq ÝÑ H is the canonical projection, we
have |q´1pAcq| “ |β´1pBcq| for any c P S . Since β is quasi-k-to-one, there exists a constant
C ą 0 such that

ˇ

ˇk|A| ´ |q´1
pAq|

ˇ

ˇ ď
ÿ

cPS

ˇ

ˇk|Ac| ´ |q´1
pAcq|

ˇ

ˇ

“
ÿ

cPS

ˇ

ˇk|Bc| ´ |β´1
pBcq|

ˇ

ˇ

ď
ÿ

cPS
C ¨ |BHBc|.

It remains to notice that
Ů

cPStcu ˆ BHBc Ă BA to deduce that
ˇ

ˇk|A| ´ |q´1
pAq|

ˇ

ˇ ď C ¨ |BA|

for some constant C ą 0 independent of A. Thus q is quasi-k-to-one and the proof is
complete.

Proof of Proposition 3.6.1. Assume thatM is co-amenable in G, that |E| “ nr, |F | “ ns for
some n, r, s ě 1 and that there is a quasi-one-to-one quasi-isometry of pairs

f : pG,Mq ÝÑ pH,Nq

such that f : G{M Ñ H{N is quasi- s
r
-to-one. Up to finite distance, we may assume that

fppMq Ă fppqN for any p P G. We proceed exactly as in the proof of Proposition 3.5.6:
we use Theorem 1.5.10 to get partitions P ,Q of G{M and H{N respectively, a bijection
ψ : P Ñ Q and a map β : G{M Ñ H{N , sending any piece P P P into ψpPq, that lies at
finite distance from f . Then, we can construct a map h : G Ñ H at finite distance from f

such that h “ β, and this map allows us to define an aptolic quasi-isometry

q : E ≀G{M G ÝÑ F ≀H{N H

as in the proof of Proposition 3.5.6. Since now h is at finite distance from f , it is quasi-
one-to-one, so q is also quasi-one-to-one according to Proposition 3.6.2. We conclude from
Theorem 1.5.2 that this quasi-isometry lies at finite distance from a bijection

E ≀G{M G ÝÑ F ≀H{N H

which is the desired biLipschitz equivalence.
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We are in position to deduce Corollary III.F. We emphasize here that, even though the
conclusion is the same as Corollary III.B, the same proof does not work: indeed, given
|E| “ nr and |F | “ ns, we do not only need a quasi-isometry of pairs inducing a quasi-
s
r
-to-one at the level of quotients, but we must require this quasi-isometry of pairs to be

quasi-one-to-one. Proceeding as in the proof of Corollary III.B would only give us a quasi-
s
r
-to-one quasi-isometry of the base groups.
We must then explicitly construct such a quasi-isometry of pairs, in such a way that the

induced map satisfies the required scaling condition. Let us first explain the proof below on
a simple example. Consider Z2 with its Z´cosets seen as vertical lines. Given a vertical line
ℓ “ pk, 0qZ Ă Z2, the idea is to “split” it into two vertical lines p2k, 0qZ and p2k ` 1, 0qZ,
sending bijectively the “even part” of ℓ to p2k, 0qZ and the “odd part” of ℓ to p2k ` 1, 0qZ.

ℓ = (k, 0)Z
...

...

(k, 3)

(k, 2)

(k, 1)

(k, 0)

(k,−1)

(k,−2)

(k,−3)

“Even part” of ℓ
(even j)

sent to (2k, 0)Z

“Odd part” of ℓ
(odd j)

sent to (2k + 1, 0)Z

(2k, 0)Z
(even part)

...

...

(2k, 3)

(2k, 2)

(2k, 1)

(2k, 0)

(2k,−1)

(2k,−2)

(2k,−3)

(2k + 1, 0)Z
(odd part)

...

...

(2k + 1, 3)

(2k + 1, 2)

(2k + 1, 1)

(2k + 1, 0)

(2k + 1,−1)

(2k + 1,−2)

(2k + 1,−3)

Figure 3.10: Splitting cosets of Z2.

More formally, we define the bijection

γ : Z2
ÝÑ Z2

pi, jq ÞÝÑ

#

p2i, j
2
q if j is even

p2i ` 1, j`1
2

q if j is odd

that sends the coset pk, 0qZ at Hausdorff distance at most one from the coset p2k, 0qZ, so
that the induced map γpkq “ 2k is quasi-1

2
-to-one. Thus there is a biLipschitz equivalence

Z2
2 ≀Z Z2

ÝÑ Z2 ≀Z Z2.

In higher dimensions, the idea is the same, except that we must split a coset into more
cosets if we have a bigger lamp group.

Proof of Corollary III.F. If E ≀Zn Zm and F ≀Zn Zm are biLipschitz equivalent, they are quasi-
isometric and we know from Corollary III.B that |E|, |F | are powers of a common number.
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Conversely, suppose that |E| “ kr and |F | “ ks. Without loss of generality, we may
assume thatE “ Zr

k and F “ Zs
k. As a first reduction, notice that it is enough to prove that

there is a biLipschitz equivalence

Zr
k ≀Zn Zm

ÝÑ Zk ≀Zn Zm.

To prove this claim, following Proposition 3.6.1, it is enough to exhibit a quasi-one-to-one
quasi-isometry γ : Zm Ñ Zm quasi-preserving the cosets of Zm´n, such that the induced
quasi-isometry γ : Zn Ñ Zn is quasi-1

r
-to-one. Consider the map

γ : Zm
ÝÑ Zm

px1, . . . , xmq ÞÝÑ

$

’

’

’

’

’

&

’

’

’

’

’

%

`

rx1, x2, . . . , xm´1,
xm
r

˘

if xm ” 0 rrs
´

rx1 ` 1, x2, . . . , xm´1,
xm`pr´1q

r

¯

if xm ” 1 rrs
... ...

`

rx1 ` pr ´ 1q, x2, . . . , xm´1,
xm`1
r

˘

if xm ” r ´ 1 rrs

and its inverse

η : Zm
ÝÑ Zm

pp1, . . . , pmq ÞÝÑ

$

’

’

’

’

’

&

’

’

’

’

’

%

`

p1
r
, p2, . . . , pm´1, rpm

˘

if p1 ” 0 rrs
`

p1´1
r
, p2, . . . , pm´1, rpm ´ pr ´ 1q

˘

if p1 ” 1 rrs
... ...

´

p1´pr´1q

r
, p2, . . . , pm´1, rpm ´ 1

¯

if p1 ” r ´ 1 rrs

.

One directly checks with Lemma 1.2.25 that γ and η are both Lipschitz maps, inverses of
each other, and thus are biLipschitz equivalences. In particular, they are quasi-one-to-one,
and they induce two maps given by

γ : Zn
ÝÑ Zn

px1, . . . , xnq ÞÝÑ prx1, x2, . . . , xnq

and

η : Zn
ÝÑ Zn

pp1, . . . , pnq ÞÝÑ

$

’

’

’

’

’

&

’

’

’

’

’

%

`

p1
r
, p2, . . . , pn

˘

if p1 ” 0 rrs
`

p1´1
r
, p2, . . . , pn

˘

if p1 ” 1 rrs
... ...

´

p1´pr´1q

r
, p2, . . . , pn

¯

if p1 ” r ´ 1 rrs

.

We know from Lemma 1.6.5(ii) that η is a quasi-inverse of γ, and given any pp1, . . . , pnq P

Zn, we see that η´1
`

tpp1, . . . , pnqu
˘

equals
␣

prp1, . . . , pnq, prp1 ` 1, p2, . . . , pnq, . . . , prp1 ` pr ´ 1q, p2, . . . , pnq
(

.

In particular, η is r-to-one, a fortiori quasi-r-to-one, and it follows from Proposition 1.5.5(iii)
that γ is quasi-1

r
-to-one, as desired. This concludes the proof.
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3.6.3 More wreath products
Let us now focus on Corollary III.G. As indicated in the introduction, we decompose its
proof into several intermediate steps, which individually use less assumptions than in the
statement. We start with the flexibility part:

Proposition 3.6.3. Let n,m, p, q ě 2. Let H be a finitely generated group with a normal
subgroup N ◁ H of infinite index. Suppose that N is not co-amenable in H . If n and m
have the same prime divisors, and p and q have the same prime divisors, then there exists a
quasi-isometry

Zn ≀ pZp ≀H{N Hq ÝÑ Zm ≀ pZq ≀H{N Hq.

Proof. Assume that n andm have the same prime divisors, and p and q have the same prime
divisors. The latter implies that there is a quasi-isometry

Zp ≀H{N H ÝÑ Zq ≀H{N H

using the second point of Theorem III.A. As N is not co-amenable in H , H cannot be
amenable (otherwise H{N would be), hence Zp ≀H{N H and Zq ≀H{N H are not amenable.
We can then use Theorem 3.1.2 to deduce that there is an aptolic quasi-isometry

Zn ≀ pZp ≀H{N Hq ÝÑ Zm ≀ pZq ≀H{N Hq

as claimed.

Proposition 3.6.4. Let n,m, p, q ě 2. Let H be a one-ended finitely presented group with
a finitely generated infinite normal subgroup N ◁H of infinite index. Suppose that H is not
coarsely separable by any collection of subspaces that uniformly quasi-isometrically embed
intoN . Suppose that Zn ≀pZp ≀H{NHq and Zm ≀pZq ≀H{NHq are quasi-isometric. The following
claims hold.

(i) If H is amenable, then n and m are powers of a common number, p “ kr and q “ ks

are powers of a common number and there exists a quasi-isometry of pairs pH,Nq ÝÑ

pH,Nq inducing a quasi- s
r
-to-one quasi-isometry H{N Ñ H{N ;

(ii) If N is not co-amenable in H , then n andm have the same prime divisors, and p and q
have the same prime divisors.

Proof. (i) By Theorem 2.3.34, which applies since Zp ≀H{NH , Zq ≀H{NH have the thick bigon
property (see Corollary 2.3.10) and are both amenable, we deduce that n andm are powers
of a common number and that there exists a (measure-scaling) quasi-isometry

Zp ≀H{N H ÝÑ Zq ≀H{N H.

Hence the conclusion follows from the first point of Theorem III.A.
(ii) Assume that there is a quasi-isometry

Zn ≀ pZp ≀H{N Hq ÝÑ Zm ≀ pZq ≀H{N Hq. (3.6.1)
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In this case, we start rather with Proposition 2.3.30, which applies sinceZp≀H{NH ,Zq ≀H{NH

have the thick bigon property (see Corollary 2.3.10), to deduce that n andm have the same
prime divisors. Additionally, as explained in the proof of Proposition 2.3.30, the quasi-
isometry (3.6.1) can be assumed to be aptolic (in the sense of Definition 3.1.3), and thus
provides a quasi-isometry Zp ≀H{NH ÝÑ Zq ≀H{NH . Now Theorem III.A implies that p and
q have the same prime divisors, and the proof is complete.

Proof of Corollary III.G. Combine Proposition 3.6.3 and point (ii) of Proposition 3.6.4.

In the situation of an amenable permutational wreath product, Theorem III.A imposes
an additional scaling condition, so wemust determine scaling groups of such permutational
wreath products in order to prove Proposition III.H. We can compute some of them thanks
to the next observation:

Lemma 3.6.5. Let G and H be finitely generated groups. Then ScpGq and ScpHq are sub-
groups of ScpG ˆ Hq.

Proof. The claim is symmetric in G and H so we do the proof for G only.
Let k P ScpGq and let f : G Ñ G be a pC,Kq´quasi-isometry which is quasi-k-to-one. We
define then

f̃ : G ˆ H ÝÑ G ˆ H

pg, hq ÞÝÑ pfpgq, hq.

One directly checks that f̃ is a quasi-isometry, and we claim it is also quasi-k-to-one. In-
deed, fix a finite subset A Ă GˆH . Then A intersects finitely many (say r ě 1) G´cosets
in G ˆ H , and we can decompose

A “

r
ğ

i“1

Ai

where, for any 1 ď i ď r,Ai is contained in a singleG´coset. Moreover, denoting πG : Gˆ

H ÝÑ G the projection on the first factor, one has

|Ai| “ |πGpAiq| and f̃´1
pAiq “ f´1

pπGpAiqq

for any 1 ď i ď r. Hence it follows that

ˇ

ˇ

ˇ
k|A| ´ |f̃´1

pAq|

ˇ

ˇ

ˇ
ď

r
ÿ

i“1

ˇ

ˇ

ˇ
k|Ai| ´ |f̃´1

pAiq|

ˇ

ˇ

ˇ

ď

r
ÿ

i“1

ˇ

ˇk|πGpAiq| ´ |f´1
pπGpAiqq|

ˇ

ˇ

ď C ¨

r
ÿ

i“1

|BGπGpAiq|

ď C ¨ |BGˆHA|
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for some constant C ą 0, using that f is quasi-k-to-one and the inclusion

r
ğ

i“1

BGπGpAiq Ă BGˆHA

for the last inequality. This proves that k P ScpG ˆ Hq as claimed.

Corollary 3.6.6. Let F , N andK be finitely generated groups. Then ScpNq is a subgroup of
Sc
`

F ≀K pN ˆ Kq
˘

.

Proof. This follows from Lemma 3.6.5 and the fact that F ≀K pN ˆKq – N ˆ pF ≀Kq.

Thus, for instance, if F is finite and m ą n ě 1, ScpF ≀Zn Zmq “ Rą0 as it contains
ScpZm´nq “ Rą0. This leads us to a proof of the next statement:

Proposition 3.6.7. Let n,m, p ě 2. Let N and K be finitely presented infinite amenable
groups, and let G ¨̈“ N ˆ K . If ScpNq “ Rą0, then Zn ≀ pZp ≀K Gq and Zm ≀ pZp ≀K Gq are
quasi-isometric if and only if n andm are powers of a common number.

Proof. By Theorem 2.3.34, our two groups are quasi-isometric if and only if there exist
k, r, s ě 1 such that n “ kr, m “ ks and s

r
P ScpZp ≀K Gq. By Corollary 3.6.6, ScpZp ≀K Gq

contains ScpNq “ Rą0, so that ScpZp ≀K Gq “ Rą0. Hence we conclude that Zn ≀ pZp ≀K Gq

and Zm ≀ pZp ≀K Gq are quasi-isometric if and only if n and m are powers of a common
number.

With the same techniques, we may now deduce a proof of Proposition III.H.

Proof of Proposition III.H. Suppose first that Zn ≀ pZp ≀Zk Zdq and Zm ≀ pZq ≀Zk Zdq are quasi-
isometric. Then Theorem 2.3.34 implies that n “ ar,m “ as for some a, r, s ě 1 and there
exists a quasi- s

r
-to-one quasi-isometry Zp ≀Zk Zd ÝÑ Zq ≀Zk Zd. Then Corollary III.B shows

that p and q must be powers of a common number, as claimed.
Conversely, suppose that n “ ar and m “ as are powers of a common number, and like-
wise that p and q are powers of a common number. This assumption implies, according to
Corollary III.F, that there is a biLipschitz equivalence

Zp ≀Zk Zd
ÝÑ Zq ≀Zk Zd.

We also know that ScpZq ≀Zk Zdq “ Rą0, so s
r

P ScpZq ≀Zk Zdq, and thus there exists a quasi-
s
r
-to-one quasi-isometry Zq ≀Zk Zd ÝÑ Zq ≀Zk Zd. Composing this quasi-isometry with the

above biLipschitz equivalence provides a quasi- s
r
-to-one quasi-isometry

Zp ≀Zk Zd
ÝÑ Zq ≀Zk Zd.

Since we know that n “ ar andm “ as, [GT24b, Proposition 3.12] implies that Zn ≀ pZp ≀Zk

Zdq and Zm ≀ pZq ≀Zk Zdq are quasi-isometric. The proof is complete.
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In [GT24b, Corollary 1.16] are also recorded the first examples of amenable groups hav-
ing all their self-quasi-isometries at a bounded distance from a bijection, namely F ≀ H
where F is finite and H is amenable finitely presented and one-ended. In particular, the
scaling group of such wreath products is always trivial. In contrast, permutational wreath
products have many measure-scaling quasi-isometries that do not lie within bounded dis-
tance from a bijection. An explicit example is the following: let G ¨̈“ Z2 ≀Z2 Z3, and let
π : G Ñ Z3 be the natural surjection. ThenK2 ¨̈“ π´1pZˆZˆ2Zq is a proper subgroup of
G, of index 2. Thus the natural inclusion ι : K2 ãÑ G is quasi-1

2
-to-one, and since G – K2,

composing this isomorphism with ι provides a quasi-1
2
-to-one quasi-isometry G Ñ G.

This example also allows us to exclude the natural analog of [GT24b, Corollary 1.17] in
the permutational case: K2 and K3 ¨̈“ π´1pZ ˆ Z ˆ 3Zq are biLipschitz equivalent (even
isomorphic) finite index subgroups of G “ Z2 ≀Z2 Z3, but they do not have the same index
in G.

3.7 Concluding remarks and questions

We conclude the article with a list of questions related to the coarse geometry of permuta-
tional wreath products.

First of all, the proof of Theorem III.A requires strong assumptions, and it is natural to
ask what happens if we drop some of these assumptions. For instance:

Question 3.7.1. Let n,m ě 2. LetG (resp. H) be a finitely presented group with a finitely
generated subgroup M ď G (resp. N ď H) of infinite index. Assume that G (resp. H)
is not coarsely separable by any collection of subspaces that uniformly quasi-isometrically
embed intoM (resp. N ). When are Zn ≀G{M G and Zm ≀H{N H quasi-isometric? biLipschitz
equivalent?

In the same vein, notice that in [GT24a] the authors extended their embedding theo-
rem from [GT24b] to include some standard lamplighters with infinitely presented base
groups. Namely, they introduced a new quasi-isometry invariant, referred to as the thick
bigon property (see Chapter 2), and proved a version of the embedding theorem for geodesic
metric spaces satisfying this property (see Theorem 2.3.2). Therefore, one might wonder
whether there is a version of this embedding theorem for permutational halo products. As
an application, this could provide an answer to:

Question 3.7.2. Let n,m, p, q ě 2, and letH be a finitely generated groupwithN a normal
subgroup of infinite index. Letting Zp ≀H{N H (resp. Zq ≀H{N H) act on its quotientH , when
are Zn ≀H pZp ≀H{N Hq and Zm ≀H pZq ≀H{N Hq quasi-isometric?

Some partial answers can be deduced from our previous results. For instance, in the
case where N is not co-amenable in H , if p and q have the same prime divisors, then by
Proposition 3.5.1 there exists a quasi-isometry of pairs

˜

Zp ≀H{N H,
à

H{N

Zp

¸

ÝÑ

˜

Zq ≀H{N H,
à

H{N

Zq

¸
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and if additionally n andm have the same prime divisors, there exists a quasi-isometry

Zn ≀H pZp ≀H{N Hq ÝÑ Zm ≀H pZq ≀H{N Hq.

still by Proposition 3.5.1. A possible refinement of the previous question is then:

Question 3.7.3. Let n,m, p, q ě 2, and letH be a finitely generated groupwithN a normal
subgroup of infinite index. Assume that N is not co-amenable in H . If Zn ≀H pZp ≀H{N Hq

and Zm ≀H pZq ≀H{N Hq are quasi-isometric, must n and m (resp. p and q) have the same
prime divisors?

In the context of iterated wreath products, it is worth to notice that the assumption ofN
being infinite in Corollary III.G is crucial to apply results from [GT24a]. Indeed, as explained
in the latter, permutational wreath products of the form E ≀G{M G withM infinite satisfy
the thick bigon property, which allows to use the embedding theorem from [GT24a] to get
information on the quasi-isometries between wreath products of the form Zn ≀ pE ≀G{M Gq.
On the other hand, standard wreath products of the form pfiniteq ≀ G usually do not have
the thick bigon property, even if G has it. Hence, the following question remains:

Question 3.7.4. Let n,m, p, q ě 2 be four integers. Let G and H be one-ended finitely
presented groups. If Zn ≀ pZp ≀Gq and Zm ≀ pZq ≀Hq are quasi-isometric, must n andm (resp.
p and q) have the same prime divisors? Must G and H be quasi-isometric?

In another direction, it is natural to wonder what happens when the lamp groups are
infinite, in the same spirit as [BGT24, Theorem 6.33 and Corollary 6.36]. For instance:

Question 3.7.5. Let A1, A2 be two nilpotent groups, and H1, H2 two finitely presented
groups, with normal infinite finitely generated subgroups N1 ◁ H1, N2 ◁ H2. When are
A1 ≀H1{N1 H1 and A2 ≀H2{N2 H2 quasi-isometric?

The case of free abelian groups would be interesting already. For instance, if Zn ≀Zk Zd

and Zn1 ≀Zk1 Zd1 are quasi-isometric, does it follow that d “ d1 and k “ k1? Or does one have
more flexibility? Note that when the subgroup is not co-amenable into the ambient group,
Remark 3.5.2 provides some flexibility in the lamp groups.

Note that, as explained below in Remark 4.5.2, a quasi-isometry between Zn ≀Zk Zd and
Zn1 ≀Zk1 Zd1 does not necessarily imply that n “ n1.

Lastly, Theorem III.A requires a strong assumption of non-coarse separation, and it is
natural to ask what happens in the remaining cases. For instance:

Question 3.7.6. If E and F are two non-trivial finite groups and m ě 2, and if E ≀Z Zm

and F ≀Z Zm are quasi-isometric, must |E| and |F | be powers of a common number?

We conjecture a positive answer. Note that Example 3.4.10 provides an example of a non-
leaf-preserving quasi-isometry Z2 ≀Z Z2 ÝÑ Z2 ≀Z Z2, hence the need of another strategy.
When looking at quasi-isometries between spaces that are direct products, such as

E ≀Z Zm
– Zm´1

ˆ pE ≀ Zq,

another natural form of rigidity that can occur is the one of “product quasi-isometries” (see
for instance [KL97; EFW12; EFW13]), namely those quasi-isometries that are given by a
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quasi-isometry of the first factor in the first component and a quasi-isometry of the second
factor in the second component. Moreover, in our case, such a rigidity would allow us to
deduce a positive answer to Question 3.7.6, thanks to [EFW13, Theorem 1.2].

However, it is not hard to construct automorphisms (and thus quasi-isometries) of such
products that do not lie at bounded distance from a product quasi-isometry. One such
example is given by Z ˆ pE ≀ Zq ÝÑ Z ˆ pE ≀ Zq, pk, pc, pqq ÞÝÑ pk ` p, pc, pqq. Hence,
for now, the quasi-isometric classification of direct products of Z with lamplighters over Z
stays out of reach.

Next, regarding biLipschitz equivalences between permutational wreath products, it is
natural to ask whether the sufficient condition given by Proposition 3.6.1 is also necessary,
at least under the assumptions of Theorem III.A.

Question 3.7.7. Let n,m ě 2 and let G,H be finitely presented groups with finitely gen-
erated infinite normal subgroupsM◁G,N◁H of infinite index. Suppose thatG (resp. H)
is not coarsely separable by any collection of subspaces that uniformly quasi-isometrically
embed intoM (resp. N ). If Zn ≀G{M G and Zm ≀H{N H are biLipschitz equivalent, does there
exist k, r, s ě 1 such that n “ kr, m “ ks and a quasi-one-to-one quasi-isometry of pairs
pG,Mq ÝÑ pH,Nq inducing a quasi- s

r
-to-one quasi-isometry G{M Ñ H{N?

We showed in Corollary 3.6.6 that ScpF ≀G{N Gq always contains ScpNq if G splits as a
direct product N ˆ K . It is therefore natural to ask:

Question 3.7.8. Let F and G be finitely generated groups, and let N ď G be finitely
generated. Is it true that ScpNq injects into ScpF ≀G{N Gq?

In fact, we showed in Lemma 3.6.5 that the scaling group of a direct product always
contains scaling groups of the factors. More generally:

Question 3.7.9. Let G and H be finitely generated groups, and let φ : H ÝÑ AutpGq be a
group morphism. Is it true that ScpG ¸φ Hq contains ScpGq?

On the other hand, the scaling group of G ¸φ H usually does not contain ScpHq. For
instance, ScpZ2 ≀ Z2q “ t1u by [GT24b, Corollary 1.16], while ScpZ2q “ Rą0.
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Quasi-isometric rigidity of
lamplighters with lamps of
polynomial growth

This chapter presents the content of the paper [Dum25], that explains a rigidity phe-
nomenon for quasi-isometries between wreath products with infinite lamp groups having
polynomial growth.

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169

4.2 Notations and preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174

4.3 Aptolic quasi-isometries between wreath products . . . . . . . . . . . . . . . . . . 175

4.4 Proof of Theorem IV.A . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180

4.5 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182

4.6 Comments and questions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186

4.1 Introduction

In geometric group theory, a challenging question is to understand the collection of all
maps between two given metric spaces that are compatible with the large-scale geometry
of our spaces. Such collections encompass for instance quasi-isometries, coarse and quasi-
isometric embeddings, or regular maps. The motivation behind this program is that, on
the one hand finitely generated groups are naturally metric spaces and can thus be studied
from a geometric point of view, and on the other hand their geometric properties are closely
related to their algebraic structure.

Several milestones have been achieved in the study of the quasi-isometric rigidity of
many classes of groups, among which abelian and non-abelian free groups [Dun85], map-
ping class groups [Beh+12], non-uniform lattices of IsompHnq [Sch96], n ě 3, lamplighters
over Z and others SOL´like groups [EFW12; EFW13], or Baumslag-Solitar groups [FM98;
FM99; Why01].

169



Chapter 4

In a recent work [GT24b], Genevois and Tessera established a complete classification up
to quasi-isometry of lamplighters over finitely presented one-ended groups. Precisely, they
showed that the existence of a quasi-isometry between E ≀H and F ≀K is parametrized by
the existence of a quasi-isometry between H and K which is compatible in a certain way
with the lamp groupsE andF , in the sense that it must bemeasure-scaling for some scaling
factor that depends on the cardinalities of E and F . Roughly speaking, a quasi-isometry
X Ñ Y between two metric spaces is quasi-k-to-one if the size of the pre-image of a finite
subsetA of Y is k |A|, up to an error controlled uniformly overA Ă Y (a precise definition is
given in Definition 1.5.1). This quantification is also motivated by a famous result of Whyte
(see Theorem 1.5.2), which says that being quasi-one-to-one is the same as lying within
bounded distance from a bijection. Furthermore, the property of being measure-scaling is
well-behaved under composition and quasi-inverses (see Proposition 1.5.5), which yields to
define the scaling group of an amenable space X as

ScpXq ¨̈“ tk ą 0 : D a quasi-k-to-one quasi-isometry X Ñ Xu .

In this way, ScpXq is a subgroup of pRą0, ¨q. Given an amenable space X , its scaling
group is an object of independent interest, that encodes many possible behaviours for its
self-quasi-isometries. In the case of X “ G a finitely generated group, identifying its scal-
ing group can give access to informations on its algebraic structure. For instance, it is not
hard to check that, given a finite-index subgroup H of G, the natural inclusion H ãÑ G is
quasi- 1

rG:Hs
-to-one. Thus, ifG has trivial scaling group, it cannot contain proper finite index

subgroups isomorphic to itself. We refer to Section 1.5 for more details and explanations
on scaling quasi-isometries and scaling groups.

Scaling groups of several classes of amenable groups, among which Carnot groups
and Baumslag-Solitar groups, have been computed in [GT22, Corollary 6.6]. Additionally,
as an important consequence of the classification established in [GT24b, Corollary 1.6],
ScpF ≀Kq “ t1u if F is finite and K is amenable, finitely presented and one-ended. As
explained in Section 2.4, this computation heavily relies on the aptolicity (in the sense of
Definition 2.2.9) rigidity phenomenon of quasi-isometries between lamplighters.

Here we show that, for lamplighters with lamps of polynomial growth, if all quasi-
isometries are aptolic (up to bounded distances), then they are also all measure-scaling,
with a scaling factor depending on the involved growth degrees.

Theorem IV.A. LetN andM be finitely generated groups of polynomial growth, with growth
degrees n and m respectively. Let G and H be finitely generated amenable groups such that
any quasi-isometry between N ≀ G andM ≀H is (up to bounded distance) aptolic. Then any
quasi-isometry N ≀G ÝÑ M ≀H is quasi-m

n
-to-one.

Explicit examples of groups G andH for which any quasi-isometry N ≀G ÝÑ M ≀H is
aptolic, up to a finite distance change, are provided in [BGT24]. Thus:

Theorem IV.B. LetN andM be finitely generated groups of polynomial growth, with growth
degrees n andm respectively. Let G andH be finitely presented amenable groups fromMexp.
Then any quasi-isometry N ≀G ÝÑ M ≀H is quasi-m

n
-to-one.

We refer to Section 4.2 for the precise definition of the class Mexp. For now, let us
simply mention that it contains many amenable groups: solvable Baumslag-Solitar groups
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BSp1, nq, n ě 2, SOLpZq, lamplighter groups, as well as any direct product of one of these
groups with an arbitrary finitely generated amenable group.

We also emphasize that, in these theorems, the amenability condition is necessary to
avoid an empty statement: between non-amenable spaces, a quasi-isometry is measure-
scaling for all possible scaling factors; see Remark 1.5.3.

Quasi-isometries and biLipschitz equivalences. Refining our understanding of quasi-
isometries, another interesting problem is to understand to what extent being quasi-
isometric and being biLipschitz equivalent differ. Whyte’s theorem mentioned above (see
Theorem 1.5.2) ensures that, for non-amenable spaces, a quasi-isometry can always be
turned into a biLipschitz equivalence by a finite distance change. For amenable spaces,
the question is much more subtle, and no analog of Whyte’s theorem can hold: indeed, for
a proper finite-index subgroupH of an amenable finitely generated groupG, the inclusion
H ãÑ G is quasi- 1

rG:Hs
-to-one and thus does not lie at bounded distance from a bijection.

The first example of a pair of amenable quasi-isometric groups that are not biLipschitz
equivalent appears in [Dym10] and involves lamplighters over Z.

Concerning biLipschitz equivalences between lamplighters with infinite lamp groups,
we can deduce from our main result the next consequence:

Corollary IV.C. Let N andM be finitely generated groups with polynomial growth. Let G
and H be finitely presented amenable groups from Mexp. If N ≀ G and M ≀ H are biLips-
chitz equivalent, then N and M have the same growth degree and G and H are biLipschitz
equivalent.

It is worth noticing that the converse statement is not true: according to [BGT24, Corol-
lary 6.36], ifN andM are nilpotent andN ≀G andM ≀H are quasi-isometric, thenN andM
must have the same nilpotent step. Thus, for instance, Z4 ≀ BSp1, nq and HeispZq ≀ BSp1, nq

are not quasi-isometric, even though Z4 and HeispZq have equal growth degrees. Restrict-
ing to virtually abelian groups, we can completely describe the quasi-isometry class of our
wreath products.

Theorem IV.D. Let A1 and A2 be infinite virtually abelian finitely generated groups, with
growth degrees d1 and d2 respectively. Let G and H be finitely presented amenable groups
fromMexp. Then:

(i) A1 ≀G andA2 ≀H are quasi-isometric if and only if there exists a quasi-d2
d1
-to-one quasi-

isometry G Ñ H ;

(ii) A1 ≀ G and A2 ≀ H are biLipschitz equivalent if and only if d1 “ d2 and there exists a
biLipschitz equivalence G Ñ H .

We thus get additional examples of pairs of quasi-isometric groups that are not biLips-
chitz equivalent: for instance, as ScpBSp1, kqq “ Rą0 (see Proposition 1.5.12), Zn ≀ BSp1, kq

and Zm ≀BSp1, kq are quasi-isometric for all n,m ě 1 and k ě 2, while they are biLipschitz
equivalent if and only if n “ m.

In the opposite direction, as mentioned above, Genevois and Tessera showed in [GT24b]
that a lamplighter group F ≀K , where F is finite andK is amenable, one-ended and finitely
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presented, has all its self-quasi-isometries at bounded distance from bijections. As a con-
sequence of Theorem IV.B, the same phenomenon occurs for lamplighters with lamps of
polynomial growth:

Corollary IV.E. Let N andM be finitely generated groups with polynomial growth. Let G
and H be finitely presented amenable groups from Mexp. If N and M have equal growth
degrees, then any quasi-isometry N ≀ G ÝÑ M ≀ H lies within bounded distance from a
bijection.

In particular, any quasi-isometryN ≀G ÝÑ N ≀G lies at bounded distance from a bijection,
and thus ScpN ≀Gq “ t1u.

As explained in Section 1.5.3, the fact that N ≀G has a trivial scaling group allows us to
deduce some algebraic facts on its subgroups of finite index. For instance, two biLipschitz
equivalent finite-index subgroups of N ≀ G must have the same index (Corollary 1.5.15),
and, in particular,N ≀G does not have any proper finite-index subgroup isomorphic to itself
(Corollary 1.5.14), a fact that is not obvious to prove from a purely algebraic point of view.
In turn, this has the consequence that any non-surjective monomorphism N ≀G ãÑ N ≀G
has an image of infinite index (such morphisms exist as soon as N or G is not co-Hopfian,
e.g. N “ Zn or G “ BSp1, nq for n ě 1; see [BFF24, Theorem 6.1]).

Application to lamplighter-rigidity. So far, related to the quasi-isometric classification
of wreath products of the form pfiniteq ≀ pfinitely generatedq, all results recorded in the
literature exhibit a flexibility part, namely given a finitely generated groupH and integers
n,m ě 2 satisfying some arithmetic condition, it is often possible to construct a quasi-
isometry between Zn ≀H and Zm ≀H . This observation then suggests the next question:

Question 4.1.1. Does there exist a finitely generated groupH such that Zn ≀H and Zm ≀H
are never quasi-isometric if n ‰ m?

We know the answer when H belongs to various classes of groups: for instance, if H is
non-amenable, Zn ≀ H and Zm ≀ H are quasi-isometric as soon as n and m have the same
prime divisors, by Theorem 2.2.12. Hence an example of a groupH must necessarily come
from the class of amenable groups.

But, further, ifH is amenable, it has finitelymany ends, and thus it has either zero, one or
two ends. The zero end case is trivial, as then bothZn≀H andZm≀H are finite and thus quasi-
isometric, for any choice of n andm. The two-ended case is also completely understood by
the work of Eskin-Fisher-Whyte [EFW12; EFW13], and in this case it suffices to take n and
m to be powers of a common number to construct a quasi-isometry Zn ≀ H ÝÑ Zm ≀ H .
Therefore, for a positive answer to Question 4.1.1, one has to look into amenable one-ended
groups. In this class, the case of finitely presented groups is also completely understood, and
here as well it suffices to take n “ as and m “ ar powers of a common number to deduce
that Zn ≀ H and Zm ≀ H are quasi-isometric if s

r
P ScpHq [GT24b, Theorem 3.12]. Hence,

within this class, an example of a groupH answering positively Question 4.1.1 should have
trivial scaling group. However, we do not know a single example of a finitely presented
one-ended group with trivial scaling group.

On the other hand, despite the fact that our wreath products N ≀G are not finitely pre-
sented, they do have trivial scaling group, and we show that they indeed provide examples
of groups answering positively Question 4.1.1:
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Proposition IV.F. Let n,m ě 2 be two integers. Let N be a finitely generated group with
polynomial growth, and let G be a finitely presented amenable group from Mexp. Then the
lamplighters Zn ≀ pN ≀Gq and Zm ≀ pN ≀Gq are quasi-isometric if and only if n “ m.

More generally, we know from [GT24b] that the existence of a quasi-isometry
Zn ≀G ÝÑ Zm ≀H provides a measure-scaling quasi-isometry G Ñ H , where the scal-
ing factor depends on n and m. Thus, when G and H are themselves lamplighters with
lamps of polynomial growth, the existence of such a quasi-isometry imposes a compatibil-
ity condition between n, m and the growth degrees of lamp groups. This is the content of
the next statement.

Proposition IV.G. Let n,m ě 2 be two integers. LetN1 andN2 be finitely generated groups
of polynomial growth, with growth degrees n1 and n2 respectively. Let G and H be finitely
presented amenable groups fromMexp. If Zn ≀ pN1 ≀Gq and Zm ≀ pN2 ≀Hq are quasi-isometric,
then there exist a, r, s ě 1 such that n “ ar,m “ as, and s

r
“ n2

n1
.

Iterated wreath products. In the light of Proposition IV.G, it is also natural to try to
fully classify iterated wreath products. For such groups, most of the technology developed
in [GT24a; GT24b] does not apply, because lamplighter groups F ≀ K with F finite do
not have the thick bigon property, a key quasi-isometry invariant introduced in [GT24a].
Roughly speaking, a finitely generated group G has the thick bigon property if given any
two points x, y P G connected by a path γ1 and any point p P γ1 far enough from x and y, it
is always possible to connect x and y by a path γ2 which is coarsely homotopic to γ1 and that
avoids arbitrary large balls centered at p (see Definition 2.3.4 for a more precise definition).
It turns out that, as soon as F is infinite, wreath products F ≀K have this property [GT24a,
Proposition 1.3], and building on Theorem IV.D, we get a complete classification of wreath
products of the form

pfiniteq ≀ ppinfinite virtually abelianq ≀ pfinitely presented fromMexpqq.

Corollary IV.H. Let n,m ě 2 be two integers. Let A1 and A2 be infinite virtually abelian
finitely generated groups, with growth degrees d1 and d2 respectively. Let G andH be finitely
presented amenable groups fromMexp. Then:

(i) Zn ≀ pA1 ≀Gq and Zm ≀ pA2 ≀Hq are quasi-isometric if and only if there exist a, r, s ě 1

such that n “ ar, m “ as, s
r

“ d2
d1
, and there exists a quasi-d2

d1
-to-one quasi-isometry

G Ñ H ;

(ii) Zn ≀ pA1 ≀Gq and Zm ≀ pA2 ≀Hq are biLipschitz equivalent if and only if n “ m, d1 “ d2
and there exists a biLipschitz equivalence G Ñ H .

For instance, this corollary rules out the existence of a quasi-isometry

Z2 ≀ pZ2 ≀ BSp1, nqq ÝÑ Z4 ≀ pZ3 ≀ BSp1, nqq

where n ě 2.
It is worth noticing that, if the amenability assumption onG andH is removed, a classi-

fication can also be easily deduced from [BGT24] and Proposition 4.5.1 below: Zn ≀ pA1 ≀Gq

and Zm ≀ pA2 ≀Hq are quasi-isometric if and only if n andm have the same prime divisors
and G and H are quasi-isometric.
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More wreath products. Observe that, when comparing two wreath products over the
same bases, many quasi-isometry invariants (such as the volume growth, the number of
ends, Følner functions, divergence, asymptotic dimension to name a few) fail to distin-
guish them. In general, much more involved methods, as the ones developed in [EFW12;
EFW13; GT24a; GT24b], appear necessary to exhibit a significant geometric difference be-
tween our groups. Those strategies require additional assumptions, relying on notions such
as the thick bigon property in [GT24a] or coarse separation in [BGT24]. We conclude the
article by noticing that our construction of quasi-isometries, combined with results of Er-
schler [Dyu00; Ers03], also provides classification results in situations where techniques
from [GT24a; BGT24] cannot be applied.

Corollary IV.I. Let A1, A2, B1, B2 be infinite virtually abelian finitely generated groups.
Then A1 ≀ B1 and A2 ≀ B2 are quasi-isometric if and only if B1 and B2 have same growth
degrees.

For instance, Zd ≀ Zk and Zd1 ≀ Zk1 are quasi-isometric if and only if k “ k1.

Plan of the chapter. Section 4.2 introduces notations and the necessary background
on the class Mexp, and Section 4.3 the necessary results on aptolic quasi-isometries be-
tween wreath products. Section 4.4 is dedicated to the proof of our main result. Section 4.5
presents the various mentioned applications, and Section 4.6 records several questions re-
lated to the article.

4.2 Notations and preliminaries

4.2.1 Notations

For an integer n ě 1, Zn denotes the cyclic group of order n. Given a metric space pX, dXq,
we denote

BXpx, rq ¨̈“ ty P X : dXpx, yq ď ru

the closed ball centered at x P X of radius r ą 0.
Any graph in this text is unoriented and simplicial, that is without loops nor multiple

edges. For such a graph Γ, V pΓq refers to its set of vertices, while EpΓq stands for the set
of edges. Given any subset A Ă Γ, its boundary in Γ is denoted BΓA and is defined as

BΓA ¨̈“ ty P ΓzA : Dx P A, px, yq P EpΓqu .

4.2.2 Coarse separation
We now define coarse separation of spaces, as in [BGT24]. For this, recall that a metric
space pX, dXq is k´coarsely connected, with k ą 0, if for any x, y P X , there is a sequence
of points x “ x0, x1, . . . , xn´1, xn “ y such that dXpxi´1, xiq ď k for any i “ 1, . . . , n.

Definition 4.2.1. Let pX, dXq be a metric space, and letW be a family of subsets ofX . We
say that W coarsely separates X if there exist k ą 0 and L ě 0 such that for any D ě 0,
there existsW P W such thatXzW`L has at least two k´coarsely connected components
with points at distance ě D fromW .
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Given a familyW of subsets of X , we define its growth function as

VWprq “ sup
WPW, wPW

|W X Bpw, rq|, r ě 0

and we say that W has subexponential growth if lim suprÑ8
1
r
lnpVWprqq “ 0. We denote

Mexp the class of bounded degree graphs such that any coarsely separating family of subsets
must have exponential growth. Note that this class is invariant under quasi-isometries.

The following theorem is one of the main results of [BGT24].

Theorem 4.2.2 ([BGT24, Theorem 1.4]). For i “ 1, 2, letXi be either a pk`1q´regular tree
with k ě 2 or a rank one symmetric space of non-compact type. Then the horocyclic product
X1 ’ X2 belongs to Mexp, as well as any direct product of X1 ’ X2 with an arbitrary
bounded degree graph.

As already mentioned, this theorem provides many examples of amenable groups that
belong to Mexp, among which solvable Baumslag-Solitar groups BSp1, nq, n ě 2, lamp-
lighter groups and SOLpZq.

4.3 Aptolic quasi-isometries between wreath products

As explained earlier, a quasi-isometry between wreath products is aptolic if it preserves
the lamplighter structure. In [GT24b], Genevois and Tessera proved that when N and M
are finite andG andH are both finitely presented and one-ended, then any quasi-isometry
N ≀ G ÝÑ M ≀H is at bounded distance from an aptolic quasi-isometry. Later, with Ben-
said, they proved that the same phenomenon occurs when N and M are infinite and of
subexponential growth, provided that the base groups G and H belong toMexp:

Theorem 4.3.1 ([BGT24, Theorem 6.30]). Let A1, A2 be two finitely generated groups of
subexponential growth, and let B1, B2 be two finitely presented groups from Mexp. Then any
quasi-isometryA1 ≀B1 ÝÑ A2 ≀B2 is within bounded distance from an aptolic quasi-isometry.

Similarly to the strategy for lamplighters over finitely presented one-ended groups
from [GT24b], it is proved in [BGT24] that any quasi-isometry A1 ≀ B1 ÝÑ A2 ≀ B2, with
the assumptions of Theorem 4.3.1, has the property of being leaf-preserving, i.e. it sends
anyB1´coset ofA1 ≀B1 at a uniform bounded distance from aB2´coset ofA2 ≀B2 and has
a quasi-inverse that does the same with roles of B1 and B2 reversed. This fact is deduced
from another version of the embedding theorem proved in [BGT24, Theorem 6.1] and that
also relies on quasi-median geometry. The second step of the strategy, namely the fact
that leaf-preservingness implies aptolicity (up to finite distance), is mentioned in [BGT24,
Theorem 6.28] and actually follows from [GT24a, Corollary 6.11 and Lemma 6.12].

In [GT24b, Proposition 3.1] is proved a characterisation of aptolic quasi-isometries be-
tween wreath products with finite lamp groups. We will need in our computations a similar
characterisation for wreath products with arbitrary lamp groups.

Proposition 4.3.2. Let M,N,G,H be finitely generated groups, and consider two maps
α : N pGq ÝÑ M pHq and β : G ÝÑ H . Then the map

φ : N ≀G ÝÑ M ≀H, pc, pq ÞÝÑ pαpcq, βppqq
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is an aptolic quasi-isometry if and only if the following conditions hold:

(i) α : N pGq ÝÑ M pHq is a bijection;

(ii) β : G Ñ H is a quasi-isometry;

(iii) There exists Q ě 0 such that, for any colourings c1, c2 P N pGq, the Hausdorff distance
between supp

`

αpc1q´1αpc2q
˘

and β
`

supppc´1
1 c2q

˘

is at most Q;

(iv) There exists L ě 0 such that, for any colourings c1, c2 P N pGq that differ on a single
point p P G and such that c1ppq, c2ppq are adjacent in N , one has

dM
`

αpc1qptq, αpc2qptq
˘

ď L

for all t P H ;

(v) There exists L1 ě 0 such that, for any colourings c1, c2 P M pHq that differ on a single
point p P H and such that c1ppq, c2ppq are adjacent inM , one has

dN
`

α´1
pc1qptq, α´1

pc2qptq
˘

ď L1

for all t P G.

In particular, every aptolic quasi-inverse of φ is of the form

pc, pq ÞÝÑ pα´1
pcq, βppqq, pc, pq P M ≀H

where β : H Ñ G is a quasi-inverse of β : G Ñ H .

Proof. Suppose first that φ : N ≀ G ÝÑ M ≀ H is a pC,Kq´quasi-isometry. The proof
of (i), (ii), (iii) and of the last claim of the statement follow the same lines as the proof of
Proposition 2.2.10.
Let us then turn to (iv). Let c1, c2 P N pGq be two colourings of G that differ only on p P G,
and that take adjacent values on that point. This means that pc1, pq and pc2, pq are neigh-
bours in N ≀G, and thus

dM ≀H
`

pαpc1q, βppqq, pαpc2q, βppqq
˘

“ dM ≀Hpφpc1, pq, φpc2, pqq

ď C ¨ dN ≀Gppc1, pq, pc2, pqq ` K

“ C ` K.

This distance being less than C `K implies that αpc1q and αpc2q can only differ on points
at distance ď C ` K from βppq and, at each point t P H where they effectively differ, one
can go inM from αpc1qptq to αpc2qptq in at most C ` K steps. Thus

dM
`

αpc1qptq, αpc2qptq
˘

ď C ` K

for any t P H .
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The proof of (v) is analogous, using a quasi-inverse φ of φ that takes the form

pc, pq ÞÝÑ pα´1
pcq, βppqq, pc, pq P M ≀H

where β : H Ñ G is a quasi-inverse of β.
Conversely, assume that (i) ´ (v) hold. Fix constants C ě 1, K ě 0 such that β : G Ñ H

and a quasi-inverse β : H Ñ G are pC,Kq´quasi-isometries, and such that β ˝β, β ˝β are
at distance ď K from IdG, IdH respectively.
We start by showing that φ is Lipschitz. Let a “ pc1, p1q, b “ pc2, p2q be two adjacent
vertices in N ≀G. We distinguish two cases:

• First, say that c1 “ c2 and that p1 and p2 are neighbours in G. Then we have

dM ≀Hpφpaq, φpbqq “ dM ≀H
`

pαpc1q, βpp1qq, pαpc1q, βpp2qq
˘

“ dHpβpp1q, βpp2qq

ď C ¨ dGpp1, p2q ` K

“ C ` K.

• Now, assume that p1 “ p2 and that c1, c2 differ only on p1, and that c1pp1q and c2pp1q
are adjacent in N . From (iii), we know that

supp
`

αpc1q
´1αpc2q

˘

Ă BHpβpp1q, Qq

and, from (iv), we know that for any t P supp
`

αpc1q´1αpc2q
˘

, there is a path of length
ď L inM from αpc1qptq to αpc2qptq. This yields the estimate

dM ≀Hpφpaq, φpbqq “ dM ≀H
`

pαpc1q, βpp1qq, pαpc2q, βpp1qq
˘

ď L ¨ |BHpβpp1q, Qq|

ď L ¨ DQ

where D ě 3 is a fixed integer larger than the degree of a vertex in CaypH,T q.

In all cases, we conclude that

dM ≀Hpφpaq, φpbqq ď maxpC ` K,L ¨ DQ
q

so that φ is maxpC ` K,L ¨ DQq´Lipschitz according to Lemma 1.2.25.
Now, consider the map

ψ : M ≀H ÝÑ N ≀G
pc, pq ÞÝÑ pα´1

pcq, βppqq.

For any pc, pq P N ≀G, one computes that

dN ≀G pψ ˝ φpc, pq, pc, pqq “ dN ≀G
`

pc, βpβppqqq, pc, pq
˘

“ dG
`

β ˝ βppq, p
˘

ď K
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so ψ ˝ φ is at distance ď K from IdN ≀G, and similarly, using that β ˝ β is at distance ď K

from IdH , one shows that φ ˝ ψ is at distance ď K from IdM ≀H . Thus it only remains to
prove that ψ is Lipschitz. For this, note that:

Claim 4.3.3. There exists Q1 ě 0 such that, for any c1, c2 P M pHq, the Hausdorff distance
between supp

`

α´1pc1q´1α´1pc2q
˘

and β
`

supppc´1
1 c2q

˘

is at most Q1.

Proof of Claim 4.3.3. Fix c1, c2 P M pHq. Applying (iii) to α´1pc1q and α´1pc2q, we have

dHaus
`

supppc´1
1 c2q, β

`

supppα´1
pc1q

´1α´1
pc2qq

˘˘

ď Q

and applying β, it follows from Lemma 1.2.26(iv) that

dHaus
`

βpsupppc´1
1 c2qq, β

`

β
`

supppα´1
pc1q

´1α´1
pc2qq

˘˘˘

ď C ¨ Q ` K.

As the Hausdorff distance between β
`

β
`

supppα´1pc1q´1α´1pc2qq
˘˘

and
supp

`

α´1pc1q´1α´1pc2q
˘

is bounded by K , we get the claim with Q1 ¨̈“ C ¨ Q ` 2K . ■

Using Claim 4.3.3 and (v), computations as the ones above show that ψ sends any two
adjacent vertices ofM ≀H to vertices that are at distance at most

max
´

C ` K,L1
¨ D1Q1

¯

in N ≀ G, where D1 ě 3 is a fixed integer larger than the degree of a vertex in CaypG,Sq.
Invoking once again Lemma 1.2.25, we conclude that ψ ismaxpC`K,L1 ¨D1Q1

q´Lipschitz.
Finally, we get that

dM ≀Hpφpaq, φpbqq ě
1

maxpC ` K,L1 ¨ D1Q1
q
dN ≀G

`

ψpφpaqq, ψpφpbqq
˘

ě
1

maxpC ` K,L1 ¨ D1Q1
q

¨ dN ≀Gpa, bq ´
2K

maxpC ` K,L1 ¨ D1Q1
q

for any a, b P N ≀G, which concludes the proof that φ : N ≀G ÝÑ M ≀H is a quasi-isometry,
with ψ : M ≀H ÝÑ N ≀G as a quasi-inverse.

Here is then the key statement that will provide us with the rigidity we are looking for.

Proposition 4.3.4. Let N,M,G,H be finitely generated groups. Let φ : N ≀ G ÝÑ M ≀ H
be an aptolic quasi-isometry, i.e. there are two maps α : N pGq ÝÑ M pHq and β : G Ñ H such
that φpc, pq “ pαpcq, βppqq for any pc, pq P N ≀G.

For any quasi-inverse β of β, there exists a constant Q ě 0 such that, for any finite subset
A Ă G and any Q1 ě Q, α´1

`

LpβpAq`Q1

q
˘

is a union of cosets of LpAq; and conversely, for
any finite subset B Ă H and any Q1 ě Q, α

`

LpβpBq`Q1

q
˘

is a union of cosets of LpBq.

Recall that, for a subset A Ă G, LpAq stands for the subgroup of N pGq of colourings
supported on A.

The proof of this observation requires two intermediate lemmas.
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Lemma 4.3.5. LetN,M,G,H be finitely generated groups. Consider two maps α : N pGq ÝÑ

M pHq and β : G Ñ H . Suppose that there exists Q ě 0 such that, for any c1, c2 P N pGq with
supppc´1

1 c2q Ă tpu for some p P G, we have supp
`

αpc1q
´1αpc2q

˘

Ă BHpβppq, Qq.
Then, for any finite subset A Ă G and any colouring c P N pGq, we have

α
`

cLpAq
˘

Ă αpcqL
`

βpAq
`Q

˘

.

Proof. Let c P N pGq. We prove the claim by induction on |A|. Suppose to start that |A| “ 1

and c P N pGq, and let c1 P cLpAq. Then c and c1 differ on at most one point p of G, so our
assumption implies that αpcq and αpc1q can only differ on points from

BHpβppq, Qq “ βptpuq
`Q

“ βpAq
`Q.

This means that αpc1q P αpcqL
`

βpAq`Q
˘

, so the claim holds for subsets reduced to a point.
Suppose now that it holds for any colouring and for subsets of cardinality k ě 1, and let
A Ă G be a set of cardinality k ` 1. Let c P N pGq and let c1 P cLpAq. Hence c´1c1 P LpAq,
and we can write c´1c1 “ c2d for some colourings c2 P LpAztauq, d P Lptauq, where a P A

is an arbitrary point. Thus c1 “ pcc2qd, and it follows that

αpc1
q P αpcc2

qL
`

βptauq
`Q

˘

.

On the other hand, the inductive assumption applied to Aztau shows that
αpcc2q P αpcqL

`

βpAztauq`Q
˘

, whence

αpc1
q P αpcc2

qL
`

βptauq
`Q

˘

Ă αpcqL
`

βpAztauq
`Q

˘

L
`

βptauq
`Q

˘

“ αpcqL
`

βpAq
`Q

˘

.

Thus we conclude that α
`

cLpAq
˘

Ă αpcqL
`

βpAq`Q
˘

, and the induction is complete.

Proof of Proposition 4.3.4. By Proposition 4.3.2, there exists Q ě 0 such that the Hausdorff
distance between β

`

supppc´1
1 c2q

˘

and supp
`

αpc1q
´1αpc2q

˘

is at most Q, for any c1, c2 P

N pGq. In particular, the assumption of Lemma 4.3.5 is satisfied.
Fix now any finite subset A Ă G and a number Q1 ě Q. Let c1 P α´1

`

LpβpAq`Q1

q
˘

, and
let d P LpAq. Then, applying Lemma 4.3.5, one has

αpc1dq P αpc1
qL

`

βpAq
`Q

˘

Ă αpc1
qL

`

βpAq
`Q1˘

and since αpc1q P L
`

βpAq`Q1
˘

, we deduce that αpc1dq P LpβpAq`Q1

q, i.e.

c1d P α´1
´

LpβpAq
`Q1

q

¯

.

Thus α´1
`

LpβpAq`Q1

q
˘

is stable under multiplication by elements of LpAq, which implies
that it is a union of cosets of LpAq.

Let us conclude this section with a sufficient condition for aptolic quasi-isometries to be
scaling.
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Lemma 4.3.6. LetN,M,G,H be finitely generated groups. Consider two maps α : N pGq ÝÑ

M pHq and β : G Ñ H such that the map

φ : N ≀G ÝÑ M ≀H
pc, pq ÞÝÑ pαpcq, βppqq

is a quasi-isometry. If β is quasi-k-to-one for some k ą 0, then φ is quasi-k-to-one.

Proof. The proof of Lemma 2.4.2 applies word for word.

4.4 Proof of Theorem IV.A

We can now combine all these intermediate observations to prove our main result. Fix
then φ : N ≀G ÝÑ M ≀H an arbitrary quasi-isometry, where N and M have polynomial
growth of degrees n andm respectively. Our goal is to prove that φ is quasi-m

n
-to-one.

LetC ě 1,K ě 0 be such thatφ and a quasi-inverseφ : M ≀H ÝÑ N ≀G are pC,Kq´quasi-
isometries, and such that φ˝φ, φ˝φ are within distanceK from IdN ≀G, IdM ≀H respectively.
By assumption, up to a bounded distance, φ can be chosen aptolic, i.e. there are two maps
α : N pGq ÝÑ M pHq, β : G Ñ H such that

φpc, pq “ pαpcq, βppqq

for any pc, pq P N ≀ G. It follows from Proposition 4.3.2 that α is a bijection, that β is a
pC,Kq´quasi-isometry, and that φ takes the form

φpc, pq “ pα´1
pcq, βppqq

for any pc, pq P M ≀H , where β : H Ñ G is a quasi-inverse of β (with same parameters C
andK). Lastly, by increasingK if needed, we may assume that it is larger than the constant
Q ě 0 given by Proposition 4.3.2(iii).

Claim 4.4.1. The equality |A| “ m
n

¨
ˇ

ˇβpAq`K
ˇ

ˇ holds for any finite subset A Ă G.

Proof of Claim 4.4.1. Let A Ă G be finite. Notice that, by Proposition 4.3.4,
α´1

`

LpβpAq`2Kq
˘

is a union of cosets of LpAq, say

α´1
`

LpβpAq
`2K

q
˘

“

k
ğ

i“1

diLpAq

for some k ě 1 and d1, . . . , dk P N pGq. Consider then the subset

S ¨̈“
␣

pd, qq P M ≀H : d P LpβpAq
`K

q, q P βpAq
`K

(

.

Notice that S`K Ă
␣

pd, qq P M ≀H : d P LpβpAq`2Kq, q P βpAq`2K
(

, so that

φ´1
pS`K

q Ă φ´1
`␣

pd, qq P M ≀H : d P LpβpAq
`2K

q, q P βpAq
`2K

(˘

“
␣

pc, pq P N ≀G : c P α´1
`

LpβpAq
`2K

q
˘

, p P β´1
`

βpAq
`2K

˘(

“

#

pc, pq P N ≀G : c P

k
ğ

i“1

diLpAq, p P β´1
`

βpAq
`2K

˘

+
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and the latter has growth degree n|A|. Hence φ´1pS`Kq has growth degree at most n|A|.
On the other hand, φ´1pS`Kq coarsely coincides withφpSq by Lemma 1.5.8, so their growth
degrees coincide, and as moreover the growth degree is preserved by quasi-isometries
(Proposition 1.3.5), it follows that φ´1pS`Kq has the same growth degree as S, which is
m
ˇ

ˇβpAq`K
ˇ

ˇ. We thus get the inequality

m
ˇ

ˇβpAq
`K

ˇ

ˇ ď n |A| (4.4.1)

for any finite subset A Ă G. The same reasoning with φ shows that

n
ˇ

ˇβpBq
`K

ˇ

ˇ ď m |B| (4.4.2)

for any finite subsetB Ă H . Thus, fixing any finite subsetA Ă G and applying (4.4.2) with
B “ βpAq`K and then (4.4.1), it follows that

n
ˇ

ˇ

ˇ
β
`

βpAq
`K

˘`K
ˇ

ˇ

ˇ
ď m

ˇ

ˇβpAq
`K

ˇ

ˇ ď n |A|

Since A Ă β
`

βpAq`K
˘`K (any x P A is within distance K from βpβpxqq with βpxq P

βpAq`K), we get that

n |A| ď n
ˇ

ˇ

ˇ
β
`

βpAq
`K

˘`K
ˇ

ˇ

ˇ
ď m

ˇ

ˇβpAq
`K

ˇ

ˇ ď n |A|

and finallym
ˇ

ˇβpAq`K
ˇ

ˇ “ n |A|, i.e. |A| “ m
n

¨
ˇ

ˇβpAq`K
ˇ

ˇ for any finite subset A Ă G. This
proves Claim 4.4.1. ■

Claim 4.4.2. The quasi-isometry β : G Ñ H is quasi-m
n
-to-one.

Proof of Claim 4.4.2. Fix any finite subset A Ă H . Using Claim 4.4.1, we estimate
ˇ

ˇ

ˇ

m

n
|A| ´ |β´1

pAq|

ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ

m

n
|A| ´

m

n
|βpβ´1

pAqq
`K

|

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

m

n
|A| ´

m

n
|A`K

|

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ

m

n
|A`K

| ´
m

n
|βpβ´1

pAqq
`K

|

ˇ

ˇ

ˇ

ď
m

n

ˇ

ˇA`K
zA

ˇ

ˇ `
m

n

ˇ

ˇA`K
zβpβ´1

pAqq
`K

ˇ

ˇ .

Now, we claim that A`Kzβpβ´1pAqq`K Ă pBHAq`p2K´1q. Indeed, let y P

A`Kzβpβ´1pAqq`K . We distinguish two cases. If y R A, then y P A`KzA Ă

pBHAq`pK´1q Ă pBHAq`p2K´1q as wanted.
We may therefore assume that y P A. We know that there is x P G with dHpy, βpxqq ď K .
In particular, βpxq P A`K . On the other hand, since y R βpβ´1pAqq`K , it follows that
x R β´1pAq, i.e. βpxq R A. Thus βpxq P A`KzA Ă pBHAq`pK´1q. As y is within distanceK
from βpxq, it follows that y is within distance 2K ´ 1 from BHA, as wanted.
In any case, we get y P pBHAq`p2K´1q, which proves that

A`K
zβpβ´1

pAqq
`K

Ă pBHAq
`p2K´1q.
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Therefore, it follows from Lemma 1.5.6(i) and (ii) that there exist constants L ą 0, R ą 0

(depending only on K and H) such that
ˇ

ˇA`K
zA

ˇ

ˇ ď R ¨ |BHA|

and
ˇ

ˇA`K
zβpβ´1

pAqq
`K

ˇ

ˇ ď
ˇ

ˇpBHAq
`p2K´1q

ˇ

ˇ ď L ¨ |BHA| .

Hence we finish our estimation above as
ˇ

ˇ

ˇ

m

n
|A| ´ |β´1

pAq|

ˇ

ˇ

ˇ
ď
m

n
¨ pL ` Rq ¨ |BHA|

which proves Claim 4.4.2. ■

Now, the fact that φ is quasi-m
n
-to-one directly follows from Claim 4.4.2 and Lemma 4.3.6,

which proves Theorem IV.A.

4.5 Applications

We can now focus on the consequences mentioned in the introduction.

Proof of Theorem IV.B. By Theorem 4.3.1, any quasi-isometry N ≀ G ÝÑ M ≀ H is at a
bounded distance from an aptolic quasi-isometry. Thus Theorem IV.A applies and gives
the conclusion.

Proof of Corollary IV.C. Assume that N ≀ G and M ≀ H are biLipschitz equivalent. Such a
biLipschitz equivalence is quasi-one-to-one, and up to a finite distance change, it can be
taken aptolic. This new quasi-isometry, that we denote

φ : N ≀G ÝÑ M ≀H
pc, pq ÞÝÑ pαpcq, βppqq

is still quasi-one-to-one by Proposition 1.5.5(i), and in addition it must be quasi-m
n
-to-one by

Theorem IV.B. From Lemma 1.5.4, it follows thatm “ n, andwe also deduce that β : G Ñ H

is quasi-one-to-one. From Theorem 1.5.2, β lies at finite distance from a bijection, which is
the desired biLipschitz equivalence G Ñ H .

The proofs of Theorem IV.D and Corollary IV.I require, in the flexibility part, to be able
to construct quasi-isometries between wreath products in general situations. This is the
goal of the next criterion.

Proposition 4.5.1. Let N,M,G,H be finitely generated groups. Let n,m ě 2. If there exist
a biLipschitz equivalence Nm Ñ Mn and a quasi-m

n
-to-one quasi-isometry G Ñ H , then

there exists an aptolic quasi-isometry

N ≀G ÝÑ M ≀H.
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Proof. Let σ : Nm Ñ Mn be a C´biLipschitz equivalence, and let β : G Ñ H be quasi-
m
n
-to-one. From Theorem 1.5.10, there exist a partition P (resp. Q) of G (resp. of H) with

uniformly bounded pieces of size m (resp. of size n) and a bijection ψ : P Ñ Q such that
βpP q Ă ψpP q for all P P P . Up to postcomposing σ with a translation by an element of
Mn, we can assume that σp1Nmq “ 1Mn . We can now define a bijection α : N pGq ÝÑ M pHq

in such a way that α sends LpP q into LpψpP qq through σ for any P P P , and α´1 sends
LpQq into Lpψ´1pQqq through σ´1 for any Q P Q. Set

f : N ≀G ÝÑ M ≀H
pc, pq ÞÝÑ pαpcq, βppqq.

We show that f is a quasi-isometry by checking the five points of Proposition 4.3.2. Points
(i) and (ii) are satisfied by construction. For (iv), fix two colourings c1, c2 P N pGq that
differ on a single point p P G and such that dNpc1ppq, c2ppqq “ 1. Let P P P be the piece
containing p. Let u P Nm (resp. v P Nm) be the vector formed by colours of c1 (resp. of c2)
on the piece P . Then dNmpu, vq “ 1, and since σ is C´Lipschitz, it follows that

dMnpσpuq, σpvqq ď C. (4.5.1)

By construction, the components of σpuq P Mn (resp. of σpvq P Mn) are the colors of αpc1q

(resp. of αpc2q) on the piece ψpP q. Thus, from (4.5.1), it follows that

dM
`

αpc1qptq, αpc2qptq
˘

ď C

for any t P ψpP q. Additionally, if t P HzψpP q, then it belongs to another pieceQ P Q, that
we may writeQ “ ψpP 1q for some P 1 ‰ P . By assumption, c1 and c2 agree on P 1, so αpc1q

and αpc2q agree on ψpP 1q, in particular on t P ψpP 1q. Thus we have proved

dM
`

αpc1qptq, αpc2qptq
˘

ď C

for any t P H , which is exactly (iv) of Proposition 4.3.2. Point (v) is checked in a similar
manner.
Finally, let us focus on (iii). Fix two colourings c1, c2 P N pGq, and let P1, . . . , Pk P P be
the pieces of P containing points of supppc´1

1 c2q. Then ψpP1q, . . . , ψpPkq are the pieces
of Q containing points of β

`

supppc´1
1 c2q

˘

. Since those pieces are uniformly bounded, we
deduce that there is a constant D ě 0 such that

dHaus
`

supppαpc1q
´1αpc2qq, ψpP1q Y ¨ ¨ ¨ Y ψpPkq

˘

ď D.

Additionally, since β
`

supppc´1
1 c2q

˘

Ă ψpP1q Y ¨ ¨ ¨ YψpPkq and has a point in each of these
pieces, there is some D1 ě 0 such that

dHaus
`

β
`

supppc´1
1 c2q

˘

, ψpP1q Y ¨ ¨ ¨ Y ψpPkq
˘

ď D1.

We conclude that

dHaus
`

β
`

supppc´1
1 c2q

˘

, supp
`

αpc1q
´1αpc2q

˘˘

ď D ` D1

where D and D1 are independent of c1, c2. This shows (iii) of Proposition 4.3.2 and com-
pletes the proof that f is a quasi-isometry.
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We already know from [BGT24, Fact 6.35] that the converse statement is not true; namely
a quasi-isometry between N ≀G andM ≀H does not necessarily provide a quasi-isometry
between a power of N and a power ofM .

Remark 4.5.2. Proposition 4.5.1 can be adapted to construct quasi-isometries between per-
mutational wreath products with infinite lamp groups, thus providing amenable analogs of
the flexibility already observed in Remark 3.5.2. For instance, combining the above method
with the one of Proposition 3.5.6 shows that Zn ≀Zk Zd and Zn1 ≀Zk Zd are quasi-isometric
for any n, n1 ě 1 and d ě k ě 1.

We can now deduce Theorem IV.D from these observations and our main theorem.

Proof of Theorem IV.D. We start proving (i). First, if there is a quasi-isometry φ : A1 ≀G ÝÑ

A2 ≀H , then up to finite distance, φ can be chosen aptolic, so we write

φpc, pq “ pαpcq, βppqq

for any pc, pq P A1 ≀ G. From (the proof of) Theorem IV.A, we know then that β : G Ñ H

is quasi-d2
d1
-to-one.

Conversely, assume that there exists a quasi-d2
d1
-to-one quasi-isometryG Ñ H . Since there

exists a biLipschitz equivalence pZd1qd2 ÝÑ pZd2qd1 , Proposition 4.5.1 shows that there is a
quasi-isometry

φ : Zd1 ≀G ÝÑ Zd2 ≀H.
We therefore have our conclusion once we have proved the following:

Claim 4.5.3. An infinite virtually abelian group of growth degree d ě 1 is biLipschitz equiv-
alent to Zd.

Proof of Claim 4.5.3. If A is virtually abelian and has growth degree d, it contains Zd as a
finite-index subgroup, and thus there is a quasi-rA : Zds-to-one quasi-isometry f : A Ñ Zd

(any quasi-inverse of the inclusion Zd ãÑ A). Since ScpZdq “ Rą0, we may fix an arbitrary
quasi- 1

rA:Zds
-to-one quasi-isometry g : Zd Ñ Zd, and the composition g ˝ f : A Ñ Zd is

therefore quasi-one-to-one according to Proposition 1.5.5(ii). Thus, from Theorem 1.5.2,
we deduce that it lies at finite distance from a bijection, which is the desired biLipschitz
equivalence A Ñ Zd. ■

Now, Claim 4.5.3 shows thatA1 is biLipschitz equivalent to Zd1 , so Proposition 2.1.2 implies
that there is a biLipschitz equivalence f1 : A1 ≀G ÝÑ Zd1 ≀G. Likewise, there is a biLipschitz
equivalence f2 : Zd2 ≀H ÝÑ A2 ≀H . The composition

f2 ˝ φ ˝ f1 : A1 ≀G ÝÑ A2 ≀H

is the quasi-isometry we are looking for.
Let us now focus on (ii). The left-to-right direction is a particular case of Corollary IV.C.
Conversely, if d1 “ d2, it follows fromClaim 4.5.3 thatA1 andA2 are biLipschitz equivalent,
so Proposition 2.1.2 implies that A1 ≀G and A2 ≀G are biLipschitz equivalent. Additionally,
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Proposition 2.1.3 ensures that A2 ≀G and A2 ≀H are biLipschitz equivalent, and composing
these two biLipschitz equivalences provides a biLipschitz equivalence between A1 ≀G and
A2 ≀H .

Proof of Corollary IV.I. Assume that A1 ≀ B1 is quasi-isometric to A2 ≀ B2. In particular,
Følner functions of these two groups must coincide up to » (see Theorem 1.3.29), which,
by Theorem 1.3.31, implies that

`

ndegpA1q
˘ndegpB1q

»
`

ndegpA2q
˘ndegpB2q

.

It follows that ndegpB1q lnpnq » ndegpB2q lnpnq, and thus ndegpB1q » ndegpB2q. The latter implies
degpB1q “ degpB2q (Example 1.3.4(i)) as claimed.
Conversely, if B1 and B2 both have growth degree d, they are both biLipschitz equiva-
lent to Zd by Claim 4.5.3, and since ScpZdq “ Rą0 (see Proposition 1.5.12), we may fix an
arbitrary quasi-degpA2q

degpA1q
-to-one quasi-isometry Zd Ñ Zd. The latter then provides us a quasi-

degpA2q

degpA1q
-to-one quasi-isometry B1 Ñ B2. Additionally, as there is a biLipschitz equivalence

A
degpA2q

1 ÝÑ A
degpA1q

2 , we conclude with Proposition 4.5.1 that there is a quasi-isometry

A1 ≀B1 ÝÑ A2 ≀B2

as desired. The proof is complete.

Concerning iterated wreath products, we prove first Proposition IV.G, and Proposi-
tion IV.F follows immediately.

Proof of Proposition IV.G. Assume that there exists a quasi-isometry

Zn ≀ pN1 ≀Gq ÝÑ Zm ≀ pN2 ≀Hq.

From [GT24a, Proposition 1.3], N1 ≀G and N2 ≀H have the thick bigon property, and they
are both amenable, so we may apply Theorem 2.3.34 to deduce that there exist a, r, s ě 1

such that n “ ar, m “ as and a quasi- s
r
-to-one quasi-isometry N1 ≀ G ÝÑ N2 ≀ H . By

Theorem IV.A, the latter is also quasi-n2

n1
-to-one, and thus Lemma 1.5.4 forces s

r
“ n2

n1
.

We conclude with the proof of Corollary IV.H.

Proof of Corollary IV.H. (i) The left-to-right direction is a particular case of Proposi-
tion IV.G. Conversely, given a quasi-d2

d1
-to-one quasi-isometry G Ñ H , we apply Propo-

sition 4.5.1 to construct an aptolic quasi-isometry

A1 ≀G ÝÑ A2 ≀H.

From the proof of Proposition 4.5.1 and Lemma 4.3.6, this quasi-isometry is quasi-d2
d1
-to-

one, thus also quasi- s
r
-to-one by assumption. As n “ ar and m “ as, we apply [GT24b,

Proposition 3.12] to deduce that there is a quasi-isometry

Zn ≀ pA1 ≀Gq ÝÑ Zm ≀ pA2 ≀Hq

as claimed.
Lastly, (ii) follows from a combination of (i) and of Lemma 1.5.4.
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4.6 Comments and questions

Results from [BGT24] still apply when lamp groups have superpolynomial but subexponen-
tial growth. For such groups, the growth function can exhibit several behaviors, and our
understanding is much more limited, but from the proof of Theorem IV.A we can deduce
the following:

Corollary 4.6.1. Let Γ and Λ be finitely generated groups with subexponential and super-
polynomial growth. Let G and H be finitely presented groups fromMexp.

(i) If γΓpnq » en
α , γΛpnq » en

β for some α, β P p0, 1q, and if Γ ≀ G and Λ ≀ H are
quasi-isometric, then α “ β.

(ii) If γΓpnq » elnpnqnα , γΛpnq » elnpnqnβ for some α, β P p0, 1q, and if Γ ≀G and Λ ≀H are
quasi-isometric, then α “ β.

(iii) If γΓpnq » e
n

ln˝kpnq , γΛpnq » e
n

ln˝dpnq for some integers d, k ě 1, and if Γ ≀G and Λ ≀H
are quasi-isometric, then k “ d.

Here, γG stands for the growth function of a group G, and for k ě 1, ln˝k
“ lnplnp. . . qq

denotes the k´th iteration of the log with itself.

Proof. The proof of Claim 4.4.2 in Section 4.4 in fact shows that some powers of γΓ are
equivalent to some powers of γΛ. More precisely, given our pC,Kq´quasi-isometry

Γ ≀G ÝÑ Λ ≀H, pc, pq ÞÝÑ pαpcq, βppqq,

one has γ|A|

Γ pnq » γ
|βpβpAq`Kq`K |

Λ pnq for any finite subset A Ă G. A direct computation
then shows that, for the three possible behaviours, such equivalences force equalities of
the parameters.

Additionally, one also deduces from the equivalences

γ
|A|

Γ pnq » γ
|βpβpAq`Kq`K |

Λ pnq, A Ă G finite

that these three ranges of behaviours are quasi-isometrically distinct when taking wreath
products: for instance, if γΓpnq » en

α and γΛpnq » elnpnqnβ for some α, β P p0, 1q and if
G,H are finitely presented groups fromMexp, then Γ ≀G and Λ ≀H are not quasi-isometric.

Moreover, we know that these three types of behaviour occur for finitely generated
groups. It is shown in [EZ20, Theorem B] that some periodic Grigorchuk groups, among
which the first Grigorchuk group, fall into the first class, and the logarithmic growth ex-
ponent is computed explicitly. Other examples appear in [BE12, Theorem 1], where the
authors construct two families of groups pKkqkPN and pHkqkPN such that

γKk
pnq » en

1´p1´αqk and γHk
pnq » elnpnqn1´p1´αqk

where α – 0.7674 is a fixed constant. Thus, for instance, it follows from Corollary 4.6.1
that, for n ě 2, Kr ≀ BSp1, nq and Ks ≀ BSp1, nq are quasi-isometric if and only if r “ s.
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Lastly, the existence of groups with growth functions asymptotically equal to e
n

ln˝kpnq for
integers k ě 1 is proved in [BE14, Theorem A].

However, in the case of intermediate growth, the fact that powers of the growth func-
tions must be equivalent does not provide any valuable informations on scaling properties
for β. Thus we may ask:

Question 4.6.2. Let Γ be an intermediate growth group, and let G be a finitely presented
amenable group fromMexp. Is ScpΓ ≀Gq reduced to t1u?

Note that the proof of Proposition IV.F only uses the fact that N ≀G has the thick bigon
property and a trivial scaling group. Therefore, any group with these two properties is
lamplighter-rigid.

Corollary 4.6.3. Let n,m ě 2 be two integers. LetH be a finitely generated amenable group
satisfying the thick bigon property. If ScpHq “ t1u, thenZn ≀H andZm ≀H are quasi-isometric
if and only if n “ m.

It would be interesting to find other examples of classes of groups satisfying these two
properties. Plausible candidates could be direct products of standard wreath products.
Hence:

Question 4.6.4. Let F1, F2 be non-trivial finite groups. LetG,H be finitely generated one-
ended amenable groups. Is it true that Sc

`

pF1 ≀Gq ˆ pF2 ≀Hq
˘

“ t1u? At least under some
assumptions on G and H to determine?

On the other hand, wreath products F ≀ K with F finite and K amenable finitely pre-
sented and one-ended, do not satisfy the thick bigon property, but still have trivial scaling
group [GT22, Proposition 6.8]. Hence:

Question 4.6.5. Let F be a non-trivial finite group, and let K be a finitely presented one-
ended amenable group. Is F ≀K lamplighter-rigid?

Even though we focused on wreath products, it is worth noticing that scaling quasi-
isometries also parametrize the existence of quasi-isometries between other halo products,
as defined in Chapter 2. Among these, lampshufflers are of great interest and, for instance,
combining [GT24a, Corollary 8.9] with Theorem IV.D, it follows that ShufflerpZn ≀ Gq and
ShufflerpZm ≀ Hq are quasi-isometric if and only if n “ m, when G and H are amenable
finitely presented groups fromMexp.

Finally, regarding quasi-isometric classifications of wreath products, it is natural to won-
der whether there is an iterated version of Corollary IV.I, at least for wreath products of the
form

Zn1 ≀
`

Zn2 ≀ p¨ ¨ ¨ ≀ pZnr ≀ Zk
qq
˘

, n1, . . . , nr, k ě 1.

The existence of a quasi-isometry

Zn1 ≀
`

Zn2 ≀ p¨ ¨ ¨ ≀ pZnr ≀ Zk
qq
˘

ÝÑ Zm1 ≀
`

Zm2 ≀ p¨ ¨ ¨ ≀ pZmr ≀ Zk1

qq
˘

already imposes k “ k1, by computing Følner functions, and it seems not unreasonable
to believe that it imposes an arithmetic condition of the kind m1

n1
“ m2

n2
“ ¨ ¨ ¨ “ mr

nr
, in

the spirit of Proposition IV.G. Additionally, note that Proposition 4.5.1 already provides the
flexibility part, if all these quotients are equal. Hence:
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Question 4.6.6. Let n1,m1, . . . , nr,mr ě 1 and k, k1 ě 1. Is it true that Zn1 ≀
`

Zn2 ≀
p¨ ¨ ¨ ≀ pZnr ≀ Zkqq

˘

and Zm1 ≀
`

Zm2 ≀ p¨ ¨ ¨ ≀ pZmr ≀ Zk1

qq
˘

are quasi-isometric if and only if
m1

n1
“ m2

n2
“ ¨ ¨ ¨ “ mr

nr
and k “ k1?
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Isoperimetric profiles of
lamplighter-like groups

This chapter presents the paper [CD25], written in collaboration with Corentin Correia.

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189

5.2 Notations and terminologies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199

5.3 Halo products . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 202

5.4 Estimates of Følner functions of halo products . . . . . . . . . . . . . . . . . . . . . 207

5.5 Estimates of isoperimetric profiles for some examples of halo products . . . . . . . 213

5.6 Applications to quasi-isometric classifications and regular maps . . . . . . . . . . . 224

5.7 Appendix: Lamplighter subgroups in lampshufflers . . . . . . . . . . . . . . . . . . 229

5.1 Introduction

It is a recurrent theme in geometric group theory to understand the collection of all maps
between two given finitely generated groups that are compatible with their large-scale ge-
ometries. Such collections include for instance quasi-isometries, coarse embeddings, and
more generally regular maps. The motivation behind this program is that the large-scale
geometry of a group is in fact deeply related to its algebraic structure.

Several milestones have been achieved in the study of quasi-isometries of many classes
of groups, among which abelian free groups, lamplighters over virtually cyclic groups and
other SOL-like groups [EFW12; EFW13], Baumslag-Solitar groups [FM98; FM99; Why01],
or lamplighters over one-ended groups [GT24b].

If one rather wants to exclude the existence of such maps between some spaces, an ef-
ficient strategy is to use invariants, or even monotonous quantities, that are computable
in practice. Numerous invariants have been introduced for quasi-isometries, including
the isoperimetric profiles which are monotonous under regular maps [DKLMT22, Theo-
rem 5.5]. We refer the reader to Section 5.6 for other examples of invariants (asymptotic
dimension, volume growth).
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The aim of the paper is to compute the isoperimetric profiles of lampshufflers, and more
generally of the so-called halo products introduced in [GT24a].

Isoperimetric profiles and Følner functions. For a finitely generated group G with
a finite generating set SG, and for a p ě 1, its ℓp´isoperimetric profile is the function
jp,G : N Ñ R` given by

jp,Gpnq ¨̈“ sup
f : GÑR`

|supp f |ďn

}f}p

}∇f}p

where the support of f : G Ñ R` is supp f ¨̈“ tg P G : fpgq ‰ 0u and the ℓp´norm of its
gradient is defined by

}∇f}
p
p

¨̈“
ÿ

gPG, sPSG

|fpgq ´ fpgsq|
p .

Remark 5.1.1. Wewarn the reader that many authors introduce the ℓp´isoperimetric pro-
file with } ¨ }pp instead of } ¨ }p in the definition, so their ℓp´isoperimetric profile is jp,Gpxqp

with our conventions.

The ℓp´isoperimetric profile of a group G is the generalized inverse of its ℓp´Følner
function Følp,G : N Ñ R`, defined as

Følp,Gpnq ¨̈“ inf

"

|supp f | :
}∇f}p

}f}p
ď

1

n

*

.

In the case p “ 1, these functions are simply called isoperimetric profile and Følner func-
tion, and have a simpler definition (up to asymptotic behaviour), namely

j1,Gpnq ¨̈“ sup
|A|ďn

|A|

|BGA|
and FølGpnq ¨̈“ inf

"

|A| :
|BGA|

|A|
ď

1

n

*

,

where BGA ¨̈“ ASGzA “ tg P GzA : Ds P SG, Dh P A, g “ hsu is the boundary of A in G.
Note that we only find the ℓ1´Følner function in the literature. In this paper we introduce
the more general ℓp versions for p ě 1.

Without loss of generality, we may and do assume that the ℓp´isoperimetric profile and
the ℓp´Følner function are real inverses of each other, and not only generalized inverses;
see Remark 5.2.1.

Notice that the ℓp´isoperimetric profile of a finitely generated group is bounded if and
only if the group is not amenable. Therefore, we will only be interested in ℓp´isoperimetric
profiles of amenable groups. The asymptotic behaviour of the ℓp´isoperimetric profile
is, somehow, a measurement of its amenability; the faster it goes to infinity, the “more
amenable” the group is.

Among amenable groups, the ℓp´isoperimetric profile (or equivalently the ℓp´Følner
function) has been computed for many finitely generated groups. Given p ě 1, we have for
instance:

• jp,Gpnq » n
1
d if G has polynomial growth of degree d ě 1;

• jp,Gpnq » lnpnq forG “ BSp1, kq, k ě 2, orG “ F ≀Z, where F is a non-trivial finite
group;
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• jp,Gpnq » lnpnq for any polycyclic groupGwith exponential growth [Pit95; Pit00], or
more generally any exponential growth group within the class GES of Tessera [Tes13,
Corollary 5];

• jp,F ≀Npnq » lnpnq
1
d with F a non-trivial finite group, and N having polynomial

growth of degree d ě 1 [Ers03];

• for any non-decreasing function f : R` Ñ R` such that x ÞÝÑ x
fpxq

is non-decreasing,
Brieussel and Zheng constructed in [BZ21, Theorem 1.1] a finitely generated group
H with exponential volume growth having isoperimetric profile

jp,Hpxq »
lnpxq

fplnpxqq
.

We will refer to such a group as a Brieussel-Zheng’s group.

Classes of amenable groups Asymptotic behaviour of the
isoperimetric profile

Groups of polynomial growth of
degree d ≥ 1 j1,G(n) ≃ n1/d.

Polycyclic groups of exponential
growth j1,G(n) ≃ lnn.

Solvable groups of exponential
growth in Tessera’s GES class j1,G(n) ≃ lnn.

Baumslag–Solitar groups
BS(1, k), k ≥ 2 j1,BS(1,k)(n) ≃ lnn.

F ≀H, with F a non-trivial finite
group

Under regularity assumptions on j1,H ,

j1,F ≀H(n) ≃ j1,H(lnn).

A ≀N , where A and N have
polynomial growth and N has
growth degree d ≥ 1

j1,A≀N (n) ≃
(

lnn

ln lnn

)1/d

.

Shuffler(H), where H has
polynomial growth of degree
d ≥ 1

j1,Shuffler(H)(n) ≃
(

lnn

ln lnn

)1/d

.

Brieussel–Zheng groups

j1,G(n) ≃
lnn

f(lnn)
,

where f is increasing and x 7→ x/f(x) is
increasing.

Finitely generated amenable
groups of exponential growth j1,G(n) ≼ lnn.

Figure 5.1: A brief overview of the state of the art on isoperimetric profiles.
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In fact, isoperimetric profiles and Følner functions have been studied in the more general
framework of bounded degree graphs; see Section 5.2 for details. For now, let us simply
mention that, in this setup, Erschler’s estimates for ℓ1´Følner functions of lamplighter
graphs [Ers03; Ers06] will be a key ingredient in our strategy (see Section 5.4.2).

It is a well-known fact that if p ą q, then jp,Gpxq ď jq,Gpxq, see Lemma 5.4.3. Moreover,
a stronger phenomenon is conjectured: jp,Gpxq » jq,Gpxq for all p, q ě 1.

Lampshuffler groups. As a starting point of our work, let us first focus on lampshuffler
groups. Later in the introduction, we will present the more general notion of halo products,
constructed in a similar way to wreath products (as lampshufflers).

Given a group H , the lampshuffler group over H is the semi-direct product

ShufflerpHq ¨̈“ FSympHq ¸ H

where FSympHq is the group of finitely supported bijections H Ñ H , and where H acts
on the latter as ph ¨σqpxq ¨̈“ hσph´1xq. These groups already appeared several times in the
literature, in relations with many topics of interest in group theory, see for instance [Yad09;
HO16; BZ19; EZ21; SZ21; GT24a; Sil24].

Let us first present what is known about profiles of lampshufflers and our results for this
class of groups.

Isoperimetric profiles of lampshufflers. In [SZ21, Theorem 6.8], Saloff-Coste and
Zheng establish a general lower bound on jp,ShufflerpHq for a finitely generated group H ,
of the form

jp,H

ˆ

lnpxq

lnplnpxqq

˙

ď jp,ShufflerpHqpxq.

Their proof will be useful since we will present a natural generalization for halo products,
see Corollary 5.5.6.

From [SZ21, Theorem 6.7], we also know upper bounds on jp,ShufflerpHq for general groups
H , and [EZ21, Corollary 1.4] provides a lower bound on Føl1,ShufflerpHq, equivalently an
upper bound on j1,ShufflerpHq.

Theorem 5.1.2 ([SZ21, Theorem 6.7]). Let H be a finitely generated group, with a finite
generating set SH . For p “ 1, 2, we have

jp,ShufflerpHqpxq ď β´1
H,SH

ˆ

lnpxq

lnplnpxqq

˙

.

Here, βH,SH
refers to the growth function of H with respect to the finite generating set

SH . Note that the statement in their paper appears with an exponent p, since we do not use
the same convention; see Remark 5.1.1.

Theorem 5.1.3 ([EZ21, Corollary 1.4]). Let H be a finitely generated group, with a finite
generating set SH . Then, we have

Føl1,ShufflerpHqpxq ě βH,SH
pxq

βH,SH
pxq.
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From these theorems, one can deduce for instance the isoperimetric profile of lampshuf-
flers over polynomial growth groups:

j1,ShufflerpHqpxq »

ˆ

lnpxq

lnplnpxqq

˙
1
d

,

when H has polynomial growth of degree d ě 1.
For many groups, the lower and upper bounds provided by these results are not the

same, so they do not provide precise estimates on the isoperimetric profiles of lampshufflers.
TheoremV.A below provides finer estimates. It is in fact an application of Corollary V.F, that
we deduce from Theorem V.E, stated in the more general context of halo products. Before
defining these groups, let us focus on lampshufflers and the consequences of Theorem V.A.

In our statements, saying that jp,H satisfies Assumption p‹q means that jp,HpCxq “

Opjp,Hpxqq for any C ą 0.

TheoremV.A (see Corollary 5.5.7). Let p ě 1. LetH be a finitely generated amenable group
whose ℓp´isoperimetric profile jp,H satisfies Assumption p‹q. Then the ℓp´isoperimetric profile
jp,ShufflerpHq of ShufflerpHq satisfies

jp,H

ˆ

lnpxq

lnplnpxqq

˙

ď jp,ShufflerpHqpxq ď j1,Hplnpxqq.

Assumption p‹q already appeared several times in the literature, see e.g. [Ers03; Cor25]
for the case p “ 1, and does not seem to be restrictive. In fact, to our knowledge, there is
no known example of a finitely generated amenable group whose isoperimetric profiles do
not satisfy Assumption p‹q. For instance, it is easy to check that Brieussel-Zheng’s groups
satisfy this assumption (see [Cor25, after Corollary 4.1]), as well as all the examples of
isoperimetric profiles we mentioned above.

An immediate consequence of Theorem V.A is the next statement.

Corollary V.B. Let p ě 1. Let H be a finitely generated amenable group whose ℓp-
isoperimetric profile jp,H satisfies Assumption p‹q. Assume moreover that

jp,H

ˆ

lnpxq

lnplnpxqq

˙

» jp,Hplnpxqq and jp,Hpxq » j1,Hpxq.

Then one has
jp,ShufflerpHqpxq » jp,Hplnpxqq.

In practice, this result applies for many groups having slow enough profiles, for instance
solvable Baumslag-Solitar groups BSp1, nq, lamplighters over Zd, or polycyclic groups with
exponential growth. In particular, for the latter class, we recover [SZ21, Corollary 6.9].

Remark 5.1.4. Corollary V.B implies that, if the ℓp´isoperimetric profiles ofH all have the
same asymptotic behaviour, then the same holds for ShufflerpHq, under mild assumptions
on H .

One class of groups for which estimates from [EZ21] and from [SZ21] are not opti-
mal is the one of iterated lampshufflers, defined inductively by Shuffler˝0

pHq ¨̈“ H and
Shuffler˝n

pHq ¨̈“ ShufflerpShuffler˝n´1
pHqq if n ě 1. It turns out that iterations of Theo-

rem V.A yield finer estimates, that we record in the two following statements.

– 193 –



Chapter 5

Proposition V.C (see Proposition 5.5.12). LetH be a finitely generated group of polynomial
growth of degree d ě 1. Then one has

jp,Shuffler˝npHqpxq »

ˆ

ln˝n
pxq

ln˝pn`1q
pxq

˙
1
d

for any integer n ě 1 and any real number p ě 1.

Proposition V.D (see Proposition 5.5.11). Let p ě 1. LetH be a finitely generated amenable
group whose ℓp´isoperimetric profile jp,H satisfies Assumption p‹q. Suppose that

jp,H

ˆ

lnpxq

lnplnpxqq

˙

» jp,Hplnpxqq and jp,Hpxq » j1,Hpxq.

Then, we have
jp,Shuffler˝npHqpxq » jp,Hpln˝n

pxqq

for all n ě 0.

Halo products. In [GT24a], Genevois and Tessera introduced a general class of groups,
called halo products, as a natural generalization of wreath products. This class encompasses
lampshufflers, lampjugglers and lampcloners, and constitutes the suitable framework for
our main result Theorem V.E.

Definition 5.1.5. Let X be a set. A halo of groups L over X is the data, for any subset
S Ă X , of a group LpSq such that:

• for all R,S Ă X , if R Ă S then LpRq ď LpSq;

• LpHq “ t1u and LpXq “ xLpSq : S Ă X finitey;

• for all R,S Ă X , LpR X Sq “ LpRq X LpSq.

Given an action H ñ X and a morphism α : H ÝÑ AutpLpXqq satisfying
αphqpLpSqq “ LphSq for any S Ă X and h P H , the permutational halo product LX,αH is
the semi-direct product

LX,αH ¨̈“ LpXq ¸α H.

In this paper, we focus on the case X “ H . As mentioned, examples of halo products
include

• wreath products F ≀H “ p
À

H F q ¸ H , for which LpSq “
À

S F ;

• lampshufflers ShufflerpHq “ FSympHq ¸ H , for which LpSq “ FSympSq,

and many other examples are introduced and studied in [GT24a], such as

• lampjugglers ShufflerspHq “ FSympH ˆ t1, . . . , suq ¸ H , with an integer s ě 1, for
which LpSq “ FSympS ˆ t1, . . . , suq;

• lampcloners ClonerfpHq “ FGLpHq ¸ H , with a field f, for which LpSq “ FGLpSq;

– 194 –



Isoperimetric profiles of lamplighter-like groups

• lampdesignersDesignerF pHq “ pF ≀H FSympHqq¸H , with a non-trivial finite group
F , for which LpSq “ F ≀S FSympSq,

where S denotes any subset of H . Here, FGLpHq denotes the group of linear automor-
phisms of the abstract f´vector space VH admitting H as a basis, fixing all but finitely
many basis vectors. We refer the reader to Section 5.3 for more details.

The motivation in [GT24a] to introduce such a general framework is that the semi-
direct product structure provides a foliation of these spaces that must be, if H satisfies
additional mild assumptions, “quasi-preserved” by quasi-isometries, allowing the authors
to show strong rigidity phenomena for quasi-isometries between such spaces, and thus
extending the classification already obtained in [GT24b].

Isoperimetric profiles of halo products. In this paper, our aim is to show that the halo
structure is also particularly well-suited for tracking isoperimetric profiles of these groups.
Namely, we prove the following two estimates on their Følner functions. The terminologies
and notations are explained just after the statement.

Theorem V.E (see Proposition 5.4.1 and Theorem 5.4.2). Let p ě 1. Let H be a finitely
generated amenable group and let SH be a finite generating set of H . Let LH be a naturally
generated halo product over H .

(i) If LH is large-scale commutative and has finitely generated blocks, then for any s0 P

SH , there exists a constant C ą 0 such that

`

FølLpt1H ,s0uqpxq
˘C¨FølHpxq

ď Følp,LHpxq.

(ii) If LH has consistent blocks, then there exists a constant C ą 0 such that

Følp,LHpxq ď Følp,Hpxq ¨ ΛLHpC ¨ Følp,Hpxqq.

A halo product LH has finite (resp. finitely generated) blocks if LpSq is finite (resp.
finitely generated) for any finite subset S Ă H , and LH has consistent blocks if its blocks
are finite and moreover the cardinality of LpSq only depends on |S|. This assumption
allows to define, as in [GT24a], a function ΛLH : N Ñ N sending any n P N to |LpSq|

where |S| “ n, called the lamp growth sequence of LH .
Moreover, LH is large-scale commutative if there is D ě 0 such that for any subsets

R, S Ă H that are at least D far apart in H , LpRq and LpSq commute in LpHq. Such a
notion has been introduced in [GT24a] as a key assumption to understand the general form
of quasi-isometries between halo groups. Lastly, LH is naturally generated if it admits the
natural and simplest generating set that we can imagine for a halo product, in view of the
classical finite generating sets for lamplighters and lampshufflers.

For instance, a lamplighter F ≀ H and a lampshuffler ShufflerpHq are large-scale com-
mutative (withD “ 0 for F ≀H ,D “ 1 for ShufflerpHq), are naturally generated, and have
consistent blocks, with lamp growth sequences given by

ΛF ≀Hpnq “ |F |
n and ΛShufflerpHqpnq “ n!.
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Towards the proof of Theorem V.E. The lower bound is a direct computation, pre-
sented in Section 5.4.1, and inspired from the computations in the proof of [SZ21, Theo-
rem 6.8] in the case of lampshufflers. We exhibit an explicit sequence of almost invariant
functions LH Ñ R from one such sequence of H . Namely, a sequence pfnqnPN of func-
tions H Ñ R, realizing the ℓp´isoperimetric profile of H (or equivalently its ℓp´Følner
function), gives rise to a sequence pgnqnPN for LH , defined by

gn : LH ÝÑ R
pσ, hq ÞÝÑ fnphq ¨ 1σPLpVnq

with Vn ¨̈“
Ť

sPSH
psupp fnqs. This naturally provides a lower bound for the

ℓp´isoperimetric profile of LH .
The technical part is on the upper bound, and Section 5.4.2 provides such a bound in

a general situation. In the particular case of lampshufflers, a strategy, well-known to the
experts, consists in finding a “good” lamplighter subgroup of ShufflerpHq, in the sense that
this lamplighter should be based on a subgroup K of H which is quasi-isometric to H ,
or at least has the same isoperimetric profile. For this, [Sil24, Proposition 2.4] is helpful.
We may refer the reader to Appendix 5.7 where the aforementioned method is presented
and is instructive for the sequel. The upper bound then follows from the monotonicity of
the ℓp´isoperimetric profile when passing to finitely generated subgroups. Finding such
lamplighter subgroups requires some algebraic assumptions on the base group, such as
being non perfect or non-co-Hopfian. Such classes of groups provide, at first glance, a nice
framework (see Remark 5.7.7 and Proposition 5.7.8) and encompass already many classical
examples (e.g. all solvable groups).

The goal is to find another strategy for the lampshufflers or other halo products which do
not contain a “good” lamplighter as a subgroup. For these specific cases, the idea of finding
substructures still remains fruitful. In Section 5.4.2, we therefore make use of the more
general notion of lamplighter graphs, that turn out to appear naturally in halo products as
subgraphs. Large-scale commutativitywill be a key ingredient sincewe need configurations
of lamps to commute. In the particular case of lampshufflers, this novelty has the advantage,
compared to Appendix 5.7, of requiring no assumptions on the base group H . We then
conclude by establishing the monotonicity of the Følner function when passing to such
subgraphs, in a similar manner as in [Ers03, Lemma 4].

Consequences of TheoremV.E. Wefirst deduce fromTheoremV.E that, ifLH is large-
scale commutative, is naturally generated and has consistent blocks, then for every p ě 1,
its ℓp´Følner function satisfies

KFølHpxq ď Følp,LHpxq ď Følp,Hpxq ¨ ΛLHpC ¨ Følp,Hpxqq

for some positive constants C,K ą 0.
Now, in terms of isoperimetric profiles, the main result is the following.

Corollary V.F (see Corollaries 5.5.5 and 5.5.6). Let p ě 1. Let H be a finitely generated
amenable group whose ℓp´isoperimetric profile jp,H satisfies Assumption p‹q. Let LH be a
naturally generated halo product over H having finite blocks.

(i) If LH is large-scale commutative, then we have

jp,LHpxq ď j1,Hplnpxqq.
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(ii) If LH has consistent blocks, then we have

jp,LHpxq ě jp,Hpφ´1
pxqq

where φpxq “ x ¨ ΛLHpxq and where ΛLH is the lamp growth sequence of LH .

We then deduce Theorem V.A from this corollary. This result also implies that the
isoperimetric profiles of lampjugglers and lampdesigners behave as the isoperimetric pro-
files of lampshufflers.

Corollary V.G (see Corollaries 5.5.7 and 5.5.15). Theorem V.A also holds for lampjugglers
and lampdesigners. Moreover, if H has polynomial growth of degree d ě 1, we have

jp,ShufflerspHqpxq » jp,DesignerF pHqpxq »

ˆ

lnpxq

lnplnpxqq

˙
1
d

,

for any s ě 1, any real number p ě 1 and any non-trivial finite group F , similarly to
lampshufflers.

Finally, let us also illustrate Corollary V.F with lampcloners.

Corollary V.H (see Corollary 5.5.16). Let p ě 1. Let H be a finitely generated amenable
group, whose ℓp´isoperimetric profile jp,H satisfies Assumption p‹q. Let f be a finite field.
Then one has

jp,H

´

a

lnpxq

¯

ď jp,ClonerfpHqpxq ď j1,Hplnpxqq.

Hence, in the setting of the above corollary, we have

jp,ClonerfpHqpxq » j1,Hplnpxqq

when jp,H
´

a

lnpxq

¯

» j1,Hplnpxqq, and

lnpxq
1
2d ď jp,ClonerfpHqpxq ď lnpxq

1
d (5.1.1)

when H has polynomial growth of degree d ě 1.
In the case of a polynomial growth group H , we have in fact the following slight im-

provement of (5.1.1) for the upper bound:

jp,ClonerfpHqpxq ď

ˆ

lnpxq

lnplnpxqq

˙
1
d

,

since ShufflerpHq is a subgroup of ClonerfpHq (consider permutation matrices in FGLpHq).

Applications to regular maps. We now turn to the problem of the existence of quasi-
isometries and regular maps between commonly studied spaces, which has been widely
investigated in the literature, see e.g. [BST12; Tes25; HMT20; HMT22; HMT25; Ben26]
among others. In these articles, the main guideline is, mostly, to associate to spaces new
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quantities that are monotonous under regular maps, and that are finer than the most ob-
vious ones, such as volume growth or asymptotic dimension. As a concrete example, the
volume growth does not say anything about the existence of a regular map

Hm1
R ˆ Rd1 ÝÑ Hm2

R ˆ Rd2

whereas Poincaré profiles, introduced and studied in [HMT20], impose a monotonic be-
haviour for the dimension of hyperbolic spaces and the growth exponent of the second
factors [HMT22, Corollary 1.14].

On the amenable side, isoperimetric profiles remain powerful invariants to distinguish
groups of exponential growth up to quasi-isometry. As an illustration:

Theorem V.I (see Corollary 5.6.3). Let n,m ě 0. Let A and B be infinite virtually abelian
finitely generated groups, with growth degrees a and b respectively. Then the following are
equivalent:

(i) Shuffler˝n
pAq and Shuffler˝m

pBq are quasi-isometric.

(ii) n “ m and a “ b.

(iii) Shuffler˝n
pAq and Shuffler˝m

pBq are biLipschitz equivalent.

Two comments are in order here. Firstly, the fact that Shuffler˝n
pAq and Shuffler˝m

pBq

are quasi-isometric implies that a “ b can also be detected with the asymptotic dimension.
Indeed, ShufflerpAq (more generally Shuffler˝n

pAq) andA have same asymptotic dimension.
On the other hand, the asymptotic dimension does not detect numbers of iterations we
make, whereas isoperimetric profiles do. These invariants are therefore more powerful
in this respect. Additionally, regarding other monotonous quantities under regular maps,
volume growth is unhelpful, as it is exponential for both groups when n,m ě 1.

Secondly, it is worth noticing that, for (iterated) lampshufflers over virtually abelian
groups or groups with slow profiles (see Corollary 5.6.1), being quasi-isometric is the same
as being biLipschitz equivalent. This rigidity is in sharp contrast with lamplighters over
Z [Dym10] or over one-ended groups [GT24b], classes in which there are pairs of quasi-
isometric groups that are not biLipschitz equivalent.

We refer the reader to Corollary 5.6.5 and Remark 5.6.6 for asymmetric versions of The-
orem V.I, about the existence of a regular map

Shuffler˝n
pAq ÝÑ Shuffler˝m

pBq

for polynomial growth groups A and B (not necessarily virtually abelian). A nice conse-
quence of these studies is the following.

Corollary V.J (see Corollary 5.6.7). Let n,m ě 0. Let A and B be infinite virtually abelian
finitely generated groups, with growth degrees a and b respectively. Then the following are
equivalent:

(i) the three equivalent assertions of Theorem V.I hold;

(ii) Shuffler˝n
pAq regularly embeds Shuffler˝m

pBq, and Shuffler˝m
pBq regularly embeds

into Shuffler˝n
pAq.

– 198 –



Isoperimetric profiles of lamplighter-like groups

Another interesting consequence of our computations of isoperimetric profiles is the
following statement, which cannot be reached with methods from [GT24a], even for quasi-
isometric or coarse embeddings. Indeed, in the latter is introduced a key property, called
the thick bigon property (cf. Definition 2.3.4), which is a crucial assumption for the study
of quasi-isometries between halo products. Unfortunately, this property is not stable under
iterations of lampshufflers, and cannot be used for Shuffler˝n

pZdq for instance.

Proposition V.K (see Corollary 5.6.11). Let d, k, n ě 1 be three integers. If there exists a
regular map

Shuffler˝n
pZd

q ÝÑ Z{2Z ≀
`

Z{2Z ≀ p. . . pZ{2Z ≀ Zk
qq
˘

where the wreath product is iterated n times, then d ă k.

In relation with the results from [GT24a], we expect in fact that there is no regular map
from Shuffler˝n

pZdq to Z{2Z ≀
`

Z{2Z ≀ p. . . pZ{2Z ≀ Zkqq
˘

, even when d ă k.
Finally, we emphasize here that similar results can be obtained for other halo products,

such as lampjugglers, lampdesigners, and lampcloners (except when the base group has
polynomial growth since we do not have a precise estimate of j1,ClonerfpHq in this case).

Plan of the chapter. After a few preliminaries in Section 5.2, we introduce halo prod-
ucts in Section 5.3, with the main assumptions we will need to study them. Section 5.4 is
devoted to the computation of Følner functions for halo products, and we deduce estimates
for isoperimetric profiles in Section 5.5. This finally implies existence and non-existence
results of regular maps and quasi-isometries between such groups, see Section 5.6. Lastly,
Appendix 5.7 presents various minimal algebraic assumptions under which lamplighters
appear as subgroups of lampshufflers.

5.2 Notations and terminologies

5.2.1 Notations

Given non-decreasing functions f, g : Rą0 Ñ Rą0, we write fpxq “ Opgpxqq if there exists
C ą 0 such that fpxq ď Cgpxq for all x large enough, and fpxq “ opgpxqq if fpxq

gpxq
goes to 0

as x goes to `8. We write f „ g, and we say that f and g are equivalent, if fpxq

gpxq
goes to 1

as x goes to `8.
Recall that a map f : pX, dXq ÝÑ pY, dY q between two metric spaces is called regular

if it is C´Lipschitz for some C ą 0 and pre-images of points have uniformly bounded
cardinality: there ism ě 1 such that |f´1ptyuq| ď m for any y P Y .

Note that any quasi-isometry is a quasi-isometric embedding, which is itself a coarse
embedding, which is itself a regular map, but none of the reverse implications hold. For
instance, the inclusion of a closed compactly generated subgroup in a locally compact com-
pactly generated group is always a coarse embedding, while it is a quasi-isometry only if
the subgroup is undistorted, and the map Z Ñ Z, n ÞÝÑ |n|, is a regular map, while it is
not a coarse embedding.
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5.2.2 Isoperimetric profiles

Isoperimetric profile for groups. For a finitely generated group G and a finite gener-
ating set SG, its ℓp´isoperimetric profile, for p ě 1, is the function jp,G : N Ñ R` given
by

jp,Gpnq ¨̈“ sup
f : GÑR`

|supp f |ďn

}f}p

}∇f}p

where the support of f : G Ñ R` is supp f ¨̈“ tg P G : fpgq ­“ 0u and the ℓp´norm of its
gradient is defined by

}∇f}
p
p

¨̈“
ÿ

gPG, sPSG

|fpgq ´ fpgsq|
p.

For p “ 1, the ℓ1´isoperimetric profile is simply called isoperimetric profile and one has

j1,Gpnq » sup
|A|ďn

|A|

|BGA|

where BGA ¨̈“ ASGzA “ tg P GzA : Ds P SG, Dh P A, g “ hsu is the boundary of A in G.
Recall also that the isoperimetric profile of a groupG is the generalized inverse of its Føl-

ner function FølG : N Ñ R`, defined as

FølGpnq ¨̈“ inf

"

|A| :
|BGA|

|A|
ď

1

n

*

.

We more generally define the ℓp´Følner function Følp,G : N Ñ R` for every p ě 1, as

Følp,Gpnq ¨̈“ inf

"

|supp f | :
}∇f}p

}f}p
ď

1

n

*

.

For every p ě 1, Følp,G and jp,G are generalized inverses of each other, and we have
Føl1,Gpxq » FølGpxq. Thus, in the sequel, we will always write FølG instead of Føl1,G.

Remark 5.2.1. Notice that, given the asymptotic behaviour of the ℓp´Følner function, we
can deduce the asymptotic behaviour of the ℓp´isoperimetric profile, even though they
are not real inverses of each other, but only generalized inverses a priori. Indeed, a non-
decreasing function R` Ñ R` is always asymptotically equivalent to an increasing func-
tion R` Ñ R` (cf. [Cor25, Remark 1.2]) and it is not hard to check that » is preserved
when passing to generalized inverses. Thus, in the sequel, we can and will assume that the
ℓp´Følner function and the ℓp´isoperimetric profile are injective and then real inverses of
each other. Hence, studying the asymptotic behaviour of jp,G is the same as studying the
asymptotic behaviour of Følp,G.

Note that a group is amenable if and only if its isoperimetric profile is unbounded.
The idea to keep in mind is that the isoperimetric profile is a measurement of how much
amenable a group is. The faster the isoperimetric profile tends to infinity, the more the
group is amenable. In particular, the isoperimetric profile is a particularly well suited in-
variant to distinguish amenable groups with exponential growth up to quasi-isometries or
regular maps, and it has now been computed for many classes of groups, among which:
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• jp,Gpnq » n
1
d if G has polynomial growth of degree d ě 1;

• jp,Gpnq » lnpnq for solvable Baumslag-Solitar groups and lamplighters F ≀ Z, where
F is a non-trivial finite group;

• jp,Gpnq » lnpnq for any polycyclic group with exponential growth [Pit95; Pit00], or
more generally any exponential growth group within the class GES of Tessera [Tes13,
Corollary 5];

• jp,F ≀Npnq » lnpnq
1
d for F a non-trivial finite group, andN having polynomial growth

of degree d ě 1 [Ers03].

More generally, [Ers03, Theorem 1] provides an explicit formula for computing Følner
functions of wreath products, so for instance the last example can be extended to iterated
wreath products. Let us explain with more details Erschler’s result, since it will play an
important role in the sequel.

Let G andH be finitely generated groups and assume that for every C ą 0, there exists
k ą 0 such that FølHpknq ą C ¨ Følpnq for any large enough integer n. Then we have

FølG≀Hpxq » FølGpxq
FølHpxq.

This assumption on FølH , introduced in [Ers03], can also be stated in terms of isoperimetric
profile in the following way: for every C ą 0, j1,HpCxq “ O pj1,Hpxqq. This assumption
also appeared in [Cor25] and we do not have any example of a finitely generated group
for which it does not hold. In Section 5.5, we will make use of this mild assumption, and
we will refer to it as Assumption (‹). In [Ers03], this assumption is used to get rid of some
constant appearing in the lower bound: there exists C ą 0 such that

FølG≀Hpxq ě pFølGpxqq
CFølHpxq ; (5.2.1)

whereas the upper bound is exactly FølG≀Hpxq ď FølGpxqFølHpxq. In the particular case of a
non-trivial finite group G, we have

j1,G≀Hpxq » j1,Hplnpxqq

if j1,H satisfies Assumption (‹q. The lower bound (5.2.1) also holds in the context of lamp-
lighter graphs, see Section 5.4.2. To relate the work of Erschler on the ℓ1´Følner function
with the ℓp´Følner function (for p ě 1) that we want to compute for halo products, we
will first have to reduce the proof to the case p “ 1, thanks to the well-known fact that if
p ě 1, then the ℓp´Følner function dominates the ℓ1´Følner function (see Lemma 5.4.3). In
fact, it is conjectured that the ℓp´Følner functions, for p ě 1, all have the same asymptotic
behaviour.

A fundamental result in geometric group theory is the one of Coulhon and Saloff-Coste,
who proved in [CSC93] that for a finitely generated groupG and a finite symmetric gener-
ating set S of G, one has

|BGF |

|F |
ě

1

4|S|
¨

1

ΦGp2|F |q
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for any finite set F Ă G, where ΦG : Rą0 Ñ N, ΦG,Sptq ¨̈“ mintn ě 0 : βG,Spnq ą tu is
the inverse growth function of G. Since then, it has constantly been improved to finer in-
equalities, see for instance [PS22]. Inverting this inequality and taking the sup, one directly
gets the upper bound

j1,Gpnq ď ΦG,Spnq

on the ℓ1´isoperimetric profile of G. This upper bound is optimal when G has poly-
nomial growth, while if it has exponential growth, one only gets j1,Gpnq ď lnpnq. In
fact, [BZ21, Theorem 1.1] describes a large class of possible asymptotic behaviours for
isoperimetric profiles of finitely generated groups with exponential growth, namely for any
non-decreasing function f such that x ÞÝÑ x

fpxq
is non-decreasing, there exists a finitely

generated group of exponential growth whose ℓp´isoperimetric profile is »
lnpxq

fplnpxqq
for

every p ě 1.
Isoperimetric profiles are also particularly studied for their relations with return proba-

bilities of random walks on groups, see for instance [SZ15; SZ16; SZ18; BZ21].

Isoperimetric profile for graphs. Isoperimetric profiles can be defined, more generally,
in the framework of bounded degree graphs, without any underlying algebraic structure.
In this paper, we only focus on the case p “ 1, but similar definitions can be made for p ą 1.

Since there will be no ambiguity, we will abusively use the same notation for a graph
and the set of its vertices. Given a graph Y , the presence of an edge between two vertices
v and w will be denoted by v „Y w.

Given a graph Y , its isoperimetric profile is the function j1,Y : N Ñ R` defined by

j1,Y pnq ¨̈“ sup
|A|ďn

|A|

|BYA|

where, given a finite set A Ă Y of vertices, BYA ¨̈“ tv P Y zA : Da P A, v „Y au is
the boundary of A in the graph Y .

In the case of Cayley graphs of finitely generated groups, we recover the correspond-
ing notion of isoperimetric profile of groups, defined above. Moreover, the invariance of
isoperimetric profile under quasi-isometry is still valid in this more general setup. Finally,
we analogously define the Følner function of a graph.

This setup of graphs will be crucial in our paper. Indeed, in Section 5.4.2, we will define
lamplighter graphs and will require a lower bound of their Følner functions.

5.3 Halo products

In this section, we define halo products and the main classes we are interested in.

5.3.1 Halo products: definition and main examples

Definition 5.3.1. Let X be a set. A halo of groups L over X is the data, for any subset
S Ă X , of a group LpSq such that:

• for all R,S Ă X , if R Ă S then LpRq ď LpSq;
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• LpHq “ t1u and LpXq “ xLpSq : S Ă X finitey;

• for all R,S Ă X , LpR X Sq “ LpRq X LpSq.

Given an action H ñ X and a morphism α : H ÝÑ AutpLpXqq satisfying
αphqpLpSqq “ LphSq for any S Ă X and h P H , the permutational halo product LX,αH is
the semi-direct product

LX,αH ¨̈“ LpXq ¸α H.

The definition is motivated by permutational wreath products, which are basic examples
of permutational halo products. Indeed, given groups F,H and an action H ñ X , set
LpSq ¨̈“

À

S F for any S Ă X . Then LX,αH coincides with F ≀X H , where α is the action
of H on

À

X F obtained by permuting the coordinates through the initial action H ñ X .
In particular, for X “ H and the left-multiplication action of H on itself, we recover a
description of the wreath product F ≀H as a halo product.

Let us now describe other examples of halo products. From now on, we only focus on
halo products with X “ H , that we simply denote by LH , for the natural action of H on
itself by left-multiplication.

Lampshufflers. Let H be a group, and let FSympHq be the group of finitely supported
permutations of H , that is the group of bijections H Ñ H that are the identity outside a
finite subset of H . The group H acts naturally on FSympHq, via

ph ¨ σqpxq ¨̈“ hσph´1xq, x P H

for any h P H and σ P FSympHq. Indeed, if σ : H Ñ H is a finitely supported bijection
and h P H , then so is h ¨ σ and supp ph ¨ σq “ h ¨ supp pσq, where supp pσq ¨̈“ tx P H :
σpxq ‰ xu.

The lampshuffler group over H , denoted ShufflerpHq, is then defined as the semidirect
product

ShufflerpHq ¨̈“ FSympHq ¸ H.

It coincides with the halo product LH where LpSq ¨̈“ FSympSq for any S Ă H . Addi-
tionally, if H is finitely generated and SH denotes a finite generating set, then ShufflerpHq

is generated by the finite set

ΣH ¨̈“ tpτ1H ,s, 1Hq : s P SHu Y tpid, sq : s P SHu

where, given any x, y P H , τx,y P FSympHq is the transposition that swaps x and y, that is
τx,ypxq “ y, τx,ypyq “ x and τx,yphq “ h for any h R tx, yu.

An element pσ, hq P ShufflerpHq can be seen as a labelling of the vertices of the Cayley
graph CaypH,SHq (a vertex p P H carries the label σppq) together with an arrow pointing
at some vertex h P H , and there are two types of moves in CaypShufflerpHq,ΣHq to go
from pσ, hq to a neighbouring vertex:

• either the arrow goes from h to a neighbouring vertex in H ;

• or the arrow stands on the vertex h P H , and swaps its label with the label of one of
its neighbours in H .
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Lampjugglers. Lampshufflers are in fact particular instances of a broader family of
groups, called lampjugglers. Given a groupH and an integer r ě 1, the lampjuggler overH
is the semi-direct product

ShufflerrpHq ¨̈“ FSympH ˆ t1, . . . , ruq ¸ H

where H acts on FSympH ˆ t1, . . . , ruq through its initial action on H ˆ t1, . . . , ru given
by h ¨ px, iq ¨̈“ phx, iq. It can be described as the halo group LH where

LpSq ¨̈“ FSympS ˆ t1, . . . , ruq, S Ă H.

As for lampshufflers, lampjugglers over finitely generated groups are finitely generated,
and one can check that if SH is a finite generating set for H , then the finite set

tpτp1H ,iq,ps,jq, 1Hq : s P SH , 1 ď i, j ď ru Y tpid, sq : s P SHu

generates ShufflerrpHq. Here, an element pσ, hq P ShufflerrpHq can be seen as a labelling
of the vertices of CaypH,SHq ˆ t1, . . . , ru together with an arrow pointing at some vertex
h P H . Right-multiplying pσ, hq by a generator from the above set amounts either to move
the arrow from h to a neighbouring vertex hs in H , or to keep the arrow on h P H and
switching the labels of two vertices in hˆt1, . . . , ru and hsˆt1, . . . , ru for some neighbour
hs of h.

Lampdesigners. Let F andH be two groups. The lampdesigner overH is the semi-direct
product

DesignerF pHq ¨̈“ pF ≀H FSympHqq ¸ H

where H acts on
À

H F by permuting the coordinates through its action on itself by left-
multiplication and acts on FSympHq as described above. It is the halo product LH for the
collection LpSq ¨̈“ F ≀S FSympSq, S Ă H .

Lampdesigners are close from lampjuggler groups, and in fact ifF is finite,DesignerF pHq

is a subgroup of Shuffler|F |pHq, via the map

DesignerF pHq ÝÑ Shuffler|F |pHq

ppf, σq, hq ÞÝÑ pσ1, hq

where, given a pair pf, σq P F ≀H FSympHq, σ1 is the permutation of H ˆ F given by
σ1ph, iq “ pσphq, fphqiq. Note also that DesignerF pHq contains ShufflerpHq as a subgroup.

Lampcloners. Let H be a group and let f be a field. Denote VH the f-vector space ad-
mitting H as a basis, and denote teu : u P Hu a formal basis. Let FGLpHq be the group of
linear automorphisms VH Ñ VH that fix all but finitely many basis elements. This group
can also be seen as the group of finitely supported invertible matrices with coefficients in f
whose entries are indexed byH ˆH . Once again, the action ofH on itself naturally yields
an action of H on FGLpHq. The lampcloner over H is the semi-direct product

ClonerfpHq ¨̈“ FGLpHq ¸ H.

It is a halo product, for the collection LpSq ¨̈“ FGLpSq, for every S Ă H , where FGLpSq

is thought of as the subgroup of FGLpHq of linear automorphisms VH Ñ VH that fix HzS
and that stabilise the subspace xSy Ă VH .
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In addition, if f is finite and if H “ xSHy is finitely generated, then the finite set

tpδ1H pλq, 1Hq : λ P fzt0uu Y tpτ1H ,spλq, 1Hq : s P SH , λ P fzt0uu Y tpidVH , sq : s P SHu

generates ClonerfpHq, where, given p, q P H and λ P fzt0u, δppλq is the diagonal matrix

δppλq :
VH ÝÑ VH

ÿ

hPH

µheh ÞÝÑ
ÿ

h‰p

µheh ` λµpep

and τpqpλq is the transvection

τpqpλq :
VH ÝÑ VH

ÿ

hPH

µheh ÞÝÑ
ÿ

h‰p

µheh ` pµp ` λµqqep .

Thus, thinking of an element pφ, pq P ClonerfpHq as a labelling of CaypH,SHq (the vertex
h P H has the label φpehq P VH ), together with an arrow pointing at p P H , right mul-
tiplying pφ, pq by a generator from the above set amounts either to move the arrow to an
adjacent vertex q of p in H ; or to keep the arrow where it stands and multiply φpepq by a
non-trivial element of f; or to keep the arrow where it stands and to clone the label φpepq
and add it to the label of a neighbour of p after multiplication by an element of fzt0u.

We refer the reader to [GT24a, Section 2] for many other possible constructions, such
as lampbraiders and verbal halo products, that encompass for instance nilpotent and
metabelian wreath products.

5.3.2 Important assumptions
Our main results deal with halo products satisfying various important assumptions that we
introduce in this section.

Large-scale commutativity. The first one has been introduced in [GT24a], under the
terminology large-scale commutativity.

Definition 5.3.2. Let LH be a halo product over a finitely generated groupH , and let SH
be a finite generating set of H . We say that LH is large-scale commutative if there exists
a constant D ě 0 such that, for any R, S Ă H with dSH

pR, Sq ě D, the subgroups LpRq

and LpSq commute in LpHq.

This notion plays a key role in the quasi-isometry classification of halo groups estab-
lished in [GT24a], see e.g. [GT24a, Theorem 6.3 and Theorem 6.6]. Examples of large-scale
commutative halo products include lamplighters (D “ 0), lampshufflers (D “ 1), lamp-
cloners (D “ 1).

Finite generating sets. Let us now turn to terminologies more specific to halo groups
over finitely generated groups. Inspired by lampshufflers, when we are looking for a gen-
erating set of a general halo product, there is a natural candidate. The natural generation
property, that we now introduce, is by definition satisfied by a halo product having this
natural candidate as generating set.
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Definition 5.3.3. Let H be a finitely generated group, with a finite generating subset SH .
We say that a halo product LH over H is naturally generated if it is generated by the set

tp1LpHq, sq : s P SHu Y
ď

sPSH

␣

pσ, 1Hq P LH : σ P Lpt1H , suq
(

.

We already know from the previous section that our running examples are naturally
generated.

Let us now introduce a terminology relative to the generation for blocks of a halo prod-
uct.

Definition 5.3.4. We say that a halo productLH has finite (resp. finitely generated) blocks
if, for any finite subset S Ă H , LpSq is finite (resp. finitely generated).

For instance, a wreath productF ≀H , whereF is finitely generated, has finitely generated
blocks. Moreover, lampjugglers, lampdesigners and lampcloners have finite blocks, so they
have finitely generated blocks.

If a naturally generated halo product has finitely generated blocks, then it has a natural
finite generating set:

Fact 5.3.5. LetH be a finitely generated group and let SH be a finite symmetric generating
set of H . Let LH be a halo product over H . Suppose that LH is naturally generated and
has finitely generated blocks. Then the finite set

SLH ¨̈“ tp1LpHq, sq : s P SHu Y
ď

sPSH

tpσ, 1Hq P LH : σ P Spsqu

generates LH , where Spsq is any finite generating subset of Lpt1H , suq.

Growth of lamps. Recall from Definitions 2.3.23 and 2.3.24 that if a halo product LH
is consistent, then we may define its lamp growth sequence as

ΛLH : n ÞÝÑ |LpSq|, where |S| “ n.

It has been computed in [GT24a, Facts 7.12-7.16] for many halo products, such as lamp-
lighters, lampshufflers, lampdesigners and lampcloners. For instance, for any groupH and
finite group F , one has ΛF ≀Hpnq “ |F |n, ΛShufflerrpHqpnq “ prnq! and ΛDesignerF pHqpnq “

|F |nn!. Moreover, given a finite field f, we have

ΛClonerfpHqpnq “

n´1
ź

i“0

p|f|n ´ |f|iq.

In fact, it turns out that the asymptotic behaviour of this sequence is invariant under a
special class of quasi-isometries (and more generally coarse embeddings), referred to as ap-
tolic quasi-isometries in [GT24a, Section 6]. As proved in [GT24a, Corollary 6.11], under
additional assumptions, any quasi-isometry between two halo products is aptolic (up to fi-
nite distance). Thus, for these halo products, the asymptotic behaviour of the lamp growth
sequence is an invariant of quasi-isometry.
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5.4 Estimates of Følner functions of halo products

5.4.1 A general upper bound on the Følner functions: finding al-
most invariant functions

In this section, we provide an upper bound on the ℓp´Følner function of many halo prod-
ucts. The ℓp´Følner function of a finitely generated groupG being an infimum over finitely
supported functionsG Ñ R, the strategy is to exhibit “good” such functions, namely almost
invariant functions. This constitutes the first step towards proving Theorem V.E.

Observe that, if H is an amenable group, then LH is amenable if and only if LpHq is
amenable, and the latter is often true regardless ofH . For instance, if blocks are finite, then
LpHq is locally finite and thus amenable (cf. Corollary 1.3.25). This is the case whenLH is
a lamplighter F ≀H (i.e. F is finite), a lampshuffler ShufflerpHq, or a lampcloner ClonerfpHq

over a finite field f.
Therefore, we know that almost invariant functions exist when our halo product has

finite blocks. Here our goal is, in particular, to construct a suitable sequence of almost
invariant functions for our halo product from such a sequence for the base group H . The
estimates we can derive enable us to prove the following.

Proposition 5.4.1. Let H be a finitely generated amenable group, and let LH be a halo
product overH . Suppose that LH is naturally generated and has consistent blocks. Then, for
any p ě 1, there exists a constant C ą 0 such that

Følp,LHpxq ď Følp,Hpxq ¨ ΛLHpC ¨ Følp,Hpxqq,

where ΛLH is the lamp growth sequence of LH .

Proof. As usual, denote SH a finite generating set for H . By assumption, the subset

SLH “
␣

p1LpHq, sq : s P SH
(

Y
ď

sPSH

␣

pσs, 1Hq : σs P Lpt1H , suq
(

generates LH . Let pfnqně0 be a sequence of functions H Ñ R that realizes Følp,H , i.e.
Følp,Hpnq “ |supp fn| and }∇SH

fn}p

}fn}p
ď 1

n
for any n ě 0. Given n ě 0, set

Un ¨̈“ supp fn, Vn ¨̈“
ď

sPSH

Uns

and
gn : LH ÝÑ R

pσ, hq ÞÝÑ fnphq1σPLpVnq

.

Let pσ, hq P LH , s P SH and σs P Lpt1, suq. The composition law of LH directly implies
that pσ, hqp1LpHq, sq “ pσ, hsq and pσ, hqpσs, 1Hq “ pσph ¨ σsq, hq. This implies that

gn
`

pσ, hqp1LpHq, sq
˘

´ gnpσ, hq “ pfnphsq ´ fnphqq1σPLpVnq

as well as
gn
`

pσ, hqpσs, 1Hq
˘

´ gnpσ, hq “ 0
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using that σ P LpVnq if and only if σph ¨ σsq P LpVnq when h P Un. We thus have

}∇SLH
gn}

p
p “

ÿ

pσ,hqPLH

ÿ

sPSH

ˇ

ˇgn
`

pσ, hqp1LpHq, sq
˘

´ gnpσ, hq
ˇ

ˇ

p

“
ÿ

pσ,hqPLH

ÿ

sPSH

|pfnphsq ´ fnphqq1σPLpVnq|
p

“ |LpVnq| ¨ }∇SH
fn}

p
p.

We also have
}gn}

p
p “ |LpVnq| ¨ }fn}

p
p.

We finally get
}∇SLH

gn}p

}gn}p
“

}∇SH
fn}p

}fn}p
ď

1

n

so, by the definition of the ℓp´Følner function, it follows that

Følp,LHpnq ď |supp gn| “ |LpVnq| ¨ |Un|

“ |Un| ¨ ΛLHp|Vn|q

ď Følp,Hpnq ¨ ΛLH p|SH | ¨ Følp,Hpnqq .

This concludes the proof.

5.4.2 A general lower bound on the Følner functions: finding lamp-
lighter subgraphs

The goal of this section is to find a lower bound of the ℓp´Følner function of a halo product.
In Section 5.5, we deduce, for specific cases, an upper bound of the ℓp´isoperimetric profile
which will often be optimal.

Here is then the general statement.

Theorem 5.4.2. Let H be a finitely generated amenable group and let SH be a finite gener-
ating set. Let LH be a naturally generated and large-scale commutative halo product having
finitely generated blocks. Then, for any p ě 1 and any s0 P SH , there exists a constant C ą 0

such that
Følp,LHpxq ě

`

FølLpt1H ,s0uqpxq
˘C¨FølHpxq

.

In the particular case of a halo product with finite blocks, we thus get

Følp,LHpxq ě KFølHpxq

for some positive constant K ą 0 and any p ě 1.
The following lemma will allow us to reduce to the case p “ 1. This is a well-known

result on isoperimetric profiles, mentioned in [Cou00], stating that for every finitely gener-
ated group G, jp,G is monotonous in the variable p ě 1 for the order given by ď. Here we
state it in terms of Følner functions and we provide a proof for the sake of completeness.
Recall that it is conjectured that the asymptotic behaviour of jp,G does not depend on p.
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Lemma 5.4.3. Let G be a finitely generated group and let p, q be real numbers such that
p ą q ě 1. Then we have

Følp,Gpxq ě Følq,Gpxq.

For Theorem 5.4.2, we will apply this lemma to q “ 1.

Proof. Let f : G Ñ R be a finitely supported function, and consider the function h ¨̈“ |f |v

where v ¨̈“
p
q

ą 1. Using the inequality |av ´ bv| ď vmax pa, bqv´1
|a ´ b| that holds for

every positive real numbers a, b ě 0, we get

}∇SG
h}

q
q “

ÿ

gPG, sPSG

|hpgq ´ hpgsq|
q

ď vq ¨
ÿ

gPG, sPSG

|fpgq|
qpv´1q

ˇ

ˇ|fpgq| ´ |fpgsq|
ˇ

ˇ

q
` vq ¨

ÿ

gPG, sPSG

|fpgsq|
qpv´1q

ˇ

ˇ|fpgq| ´ |fpgsq|
ˇ

ˇ

q

ď vq
ÿ

gPG, sPSG

|fpgq|
qpv´1q

|fpgq ´ fpgsq|
q

` vq
ÿ

gPG, sPSG

|fpgsq|
qpv´1q

|fpgq ´ fpgsq|
q.

Setting P “
p
q
and Q “

p
p´q

, we have 1
P

` 1
Q

“ 1, and Hölder’s inequality provides

ÿ

gPG, sPSG

|fpgq|
qpv´1q

|fpgq ´ fpgsq|
q

ď

˜

ÿ

gPG, sPSG

|fpgq|
Qqpv´1q

¸
1
Q
˜

ÿ

gPG, sPSG

|fpgq ´ fpgsq|
Pq

¸
1
P

“

˜

ÿ

gPG, sPSG

|fpgq|
p

¸
p´q
p
˜

ÿ

gPG, sPSG

|fpgq ´ fpgsq|
p

¸
q
p

“ |SG|
p´q
p ¨ }f}

p´q
p ¨ }∇SG

f}
q
p

and similarly for
ř

gPG, sPSG
|fpgsq|qpv´1q|fpgq ´ fpgsq|q, so that we get

}∇SG
h}q ď 2

1
q ¨ |SG|

p´q
pq ¨ v ¨ }f}

p´q
q

p ¨ }∇SG
f}p

which in turn implies

}∇SG
h}q

}h}q
ď 2

1
q ¨ |SG|

p´q
pq ¨ v ¨

}∇SG
f}p

}f}p

since }h}qq “ }f}pp. This inequality holds for every finitely supported function f : G Ñ

R, namely we proved that for every such f , this inequality holds for some h : G Ñ R
having the same support, so the statement follows directly from the definition of Følner
functions.

We now move on to the proof of Theorem 5.4.2. At first reading, the reader may look
at Appendix 5.7, where the strategy is to find “good” lamplighters as subgroups of a lamp-
shuffler ShufflerpHq, namely a lamplighter group based on a finitely generated subgroup
K of H having the same isoperimetric profile as H . This is achieved with some algebraic
assumptions on the finitely generated groupH , covering a large class of groups. We finally
conclude using the result analogous to Lemma 1.3.30 for the Følner function. Moreover,
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this first strategy provides an interesting framework since the algebraic assumptions on
the base group H are stable in many cases when taking iterations of lampshufflers; see
Remark 5.7.7 and Proposition 5.7.8.

In this section, we focus on a less restrictive substructure than subgroups, namely sub-
graphs. The strategy is to find some subgraph X0 of H , quasi-isometric to it, playing the
role of a subgroupK as described in the above first strategy, and a lamplighter graph onX0

as a subgraph of LH , in such a manner that we can prove the monotonicity of the Følner
function in this context, as in Lemma 1.3.30. We conclude thanks to the lower bounds for
the Følner functions of lamplighter graphs obtained in [Ers06].

Lamplighter graphs. Let A and B be two graphs, with a base vertex b0 in B. Given a
map f : A Ñ B, we define its support by supp f ¨̈“ ta P A : fpaq ‰ b0u. The lamplighter
graph of B and A, denoted by B ≀ A, is the graph

• whose vertices are pairs pf, aq, where a is a vertex of A and f : A Ñ B has finite
support;

• whose edges connect pf, aq and pf 1, a1q if either a “ a1, fpaq „B f 1paq and fpvq “

f 1pvq for every v P Aztau, or if f “ f 1 and a „A a
1.

In the case where the graphs A and B are Cayley graphs of finitely generated groups G
and H respectively, we recover a Cayley graph of the wreath product H ≀G.

Let us now prove Theorem 5.4.2 within this framework, using the following lower bound
proved by Erschler [Ers06, Theorem 4.3]: there exists C ą 0 such that

FølB≀Apxq ě pFølBpxqq
CFølApxq .

Proof of Theorem 5.4.2. By Lemma 5.4.3, we have

Følp,LHpxq ě FølLHpxq

so it is enough to prove the theorem for p “ 1.
Given a connected graph Y , we denote by dY p¨, ¨q its path metric. When considering a
finitely generated group H “ xSy, we write dH,Sp¨, ¨q for the path metric on its Cayley
graph CaypH,Sq (identifiedwithH itself), to specify the choice of a finite generating subset
S.
Now, let us fix a finite generating set S ofH , a constantD ě 0 of large-scale commutativity
forLH , and let us consider S2D`5 ¨̈“

␣

s1s2 . . . s2D`5 : si P SYt1Hu
(

. Note that, for every
x, y P H , we have

dH,Spx, yq ď 2D ` 5 ðñ dH,S2D`5
px, yq ď 1.

LetX0 be a maximal pD` 2q´separated subset ofH , for the metric dH,S , and let us endow
X0 with the graph structure induced by dH,S2D`5

, namely x, y P X0 are adjacent if and
only if dH,S2D`5

px, yq “ 1. It is straightforward to see that pX0, dX0,S2D`5
q is a subgraph of

pH, dH,S2D`5
q. In addition, we also have the following.

Claim 5.4.4. The graphs pX0, dX0,S2D`5
q and pH, dH,S2D`5

q are quasi-isometric.
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Proof of Claim 5.4.4. Let us prove that the natural inclusion X0 ãÑ H is a quasi-isometry.
First of all, by maximality, X0 is pD ` 2q´dense in pH, dSq, and this directly implies
dH,S2D`5

ph,X0q ď 1 for every h P H .
Let x, y P X0. It is straightforward to show that dX0,S2D`5

px, yq ě dH,S2D`5
px, yq. The other

way around, let n ¨̈“ dH,S2D`5
px, yq. By definition, there exist points

x0 “ x, x1, . . . , xn´1, xn “ y P H

such that dH,S2D`5
pxi, xi`1q “ 1 for every i P t0, 1, . . . , n ´ 1u. Given such an index i, the

definition of S2D`5 implies that there exist points

xi,0 “ xi, xi,1, . . . , xi,2D`4, xi,2D`5 “ xi`1 P H

such that dH,Spxi,j, xi,j`1q ď 1 for every j P t0, 1, . . . , 2D ` 4u. Since we have xi,2D`5 “

xi`1,0 for every i P t0, 1, . . . , n ´ 1u, we have found a path of length ď p2D ` 5qn in
pH, dSq that connects x to y. Approximating every vertex of this path by an element ofX0

within dH,S´distance less thanD` 2 (x and y being approximated by themselves), we get
a sequence

w0 “ x,w1, . . . , wp2D`5qn´1, wp2D`5qn “ y

of elements in X0 satisfying dH,Spwi, wi`1q ď 2pD ` 2q ` 1 “ 2D ` 5, whence
dH,S2D`5

pwi, wi`1q ď 1. This way, we get a path from x to y, of length ď p2D ` 5qn,
in pX0, dS2D`5

q. Thus

dX0,S2D`5
px, yq ď p2D ` 5q ¨ dH,S2D`5

px, yq

and the proof of the claim is complete. ■

Let us fix some distinguished generator s0 P Szt1Hu. By pD ` 2q´separation, for every
x P X0, xs0 does not lie in X0, and large-scale commutativity thus implies that the groups
Lptx, xs0uq, for x P X0, commute. Let us now introduce the subgroup T of LpHq defined
by

T ¨̈“

#

ź

xPI

σx : I Ă X0 is finite, σx P Lptx, xs0uq

+

“
à

xPX0

Lptx, xs0uq

“
à

xPX0

αpxqLpt1H , s0uq.

Since LH has finitely generated blocks, we can fix a finite generating subset Sps0q of
Lpt1H , s0uq. Let us now consider the set Y‹ ¨̈“ T ˆ X0 equipped with a graph structure
where two vertices pρ, xq and pρ1, x1q of Y‹ are adjacent if

• either x “ x1 and ρ´1ρ1 “ αpxqpσq for some σ P Sps0q;

• or ρ “ ρ1 and dX0,S2D`5
px, x1q “ 1,
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which can be reformulated as

• either pρ, xqpσ, 1Hq “ pρ1, x1q, for some σ P Sps0q;

• or pρ, xqpidH , hq “ pρ1, x1q, where h lies in S2D`5.

Note that the graph Y‹ is isomorphic to the lamplighter graph Lpt1H , s0uq ≀X0. Thus, we
endow LH with the finite generating set SLH given by

SLH ¨̈“ tpσ, 1Hq : σ P Sps0qu Y tp1LpHq, hq : h P S2D`5u.

Now, let us consider the partition of LpHq in T ´cosets:

LpHq “
ğ

cPC

κcT

with κc0 “ 1LpHq for the index c0 P C of the coset T . For every c P C , let us consider the
subset

Yc ¨̈“ pκcT q ˆ H,

equipped with a graph structure where two vertices pκcρ, xq and pκcρ
1, x1q are adjacent if

• either x “ x1, x lies in X0 and ρ´1ρ1 “ αpxqpσq for some σ P Sps0q, namely
pκcρ, xqpσ, 1Hq “ pκcρ

1, x1q;

• or ρ “ ρ1 and dH,S2D`5
px, x1q “ 1, namely pκcρ, xqp1LpHq, hq “ pκcρ

1, x1q where h lies
in S2D`5.

By definition of SLH , pYcqcPC is a family of subgraphs of pLH, dSLH
q partitioning the set

of its vertices. Moreover the graph Yc is the left translation by pκc, 1Hq of the graph Yc0 .
These observations imply

FølLHpnq ě FølYc0 pnq,

as an immediate adaptation of [Ers03, Lemma 4]. The next claim is the final step required
for the proof.

Claim 5.4.5. The graph Yc0 is quasi-isometric to Y‹.

Proof of Claim 5.4.5. The proof relies on the same technique as in the proof of Claim 5.4.4.
We prove that Y‹ ãÑ Yc0 is a quasi-isometry. The 1´density of its image is straightforward,
as well as the inequality

dY‹

`

pρ, xq, pρ1, x1
q
˘

ě dYc0
`

pρ, xq, pρ1, x1
q
˘

for every pρ, xq, pρ1, x1q P Y‹.
The other way around, notice that edges of a path of length n ¨̈“ dYc0

`

pρ, xq, pρ1, x1q
˘

in Yc0
consists in either modifying the permutation on the first coordinate, or moving the arrow
pointing at some element of H in the second coordinate. Thus, with the same ideas as in
the proof of Claim 5.4.4, it suffices to approximate elements in the second coordinate by
elements ofX0, so that we get a new path in Y‹ of length ď p2D` 5qn. This concludes the
proof. ■
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Combining the above claims, we finally get that

FølLHpnq ě FølYc0 pnq » FølY‹
pnq » FølLpt1H ,s0uq≀X0pnq

and the latter dominates
`

FølLpt1H ,s0uqpnq
˘C1FølX0

pnq, for some constantC 1 ą 0, using [Ers06,
Theorem 4.3]. From Claim 5.4.4, FølX0 is asymptotically equivalent to FølH , and thus

FølLHpnq ě
`

FølLpt1H ,s0uqpnq
˘CFølHpnq

for some constant C ą 0. l

5.5 Estimates of isoperimetric profiles for some exam-
ples of halo products

The goal of this section is to establish our estimates of ℓp´isoperimetric profiles of many
halo products and their iterated versions, from our estimates on Følner functions. Here we
use the fact that the ℓp´Følner function and the ℓp´isoperimetric profile are inverses of
each other, using Remark 5.2.1.

Recall that we proved in the previous section:

Theorem 5.5.1 (see Proposition 5.4.1 and Theorem 5.4.2). Let p ě 1. Let H be a finitely
generated amenable group and let SH be a finite generating set. Let LH be a naturally
generated halo product over H .

(i) If LH is large-scale commutative and has finitely generated blocks, then for any s0 P

SH , there exists a constant C ą 0 such that

`

FølLpt1H ,s0uqpxq
˘CFølHpxq

ď Følp,LHpxq.

(ii) If LH has consistent blocks, then there exists a constant C ą 0 such that

Følp,LHpxq ď Følp,Hpxq ¨ ΛLHpC ¨ Følp,Hpxqq.

As an easy consequence, ifLH is large-scale commutative, naturally generated and has
consistent blocks, then its ℓp´Følner function satisfies

KFølHpxq ď Følp,LHpxq ď Følp,Hpxq ¨ ΛLHpC ¨ Følp,Hpxqq

for some positive constants C,K ą 0.
Let us first discuss a terminology that will be useful for our main results.
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5.5.1 Assumption p‹q

Definition 5.5.2. We say that a non-decreasing map h : R` Ñ R` satisfies Assumption p‹q

if one has
@C ą 0, hpCxq “ Ophpxqq.

Assumption p‹q already appeared in the literature [Ers03; Cor25] in the case where h “

jp,H is the ℓp´isoperimetric profile of a finitely generated group H , and it seems that jp,H
satisfies this assumption for many choices of groups H . In fact, to our knowledge, there is
currently no known example of a finitely generated group whose ℓp´isoperimetric profiles
do not satisfy Assumption p‹q.

First, let us record in a statement an easy implication of Assumption p‹q.

Lemma 5.5.3. Let h : R` Ñ R` be a non-decreasing map satisfying Assumption p‹q. Let
f, g : R` Ñ R` be unbounded non-decreasing maps such that fpxq ď gpxq. Then one has

hpfpxqq ď hpgpxqq.

Proof. By assumption, fpxq ď gpxq, so there is a constant C ą 0 such that

fpxq ď CgpCxq

for all x large enough. As h is non-decreasing, we thus get

hpfpxqq ď h
`

CgpCxq
˘

.

Now, we use hpCyq “ Ophpyqq to deduce that there is a constant K ą 0 such that

hpfpxqq ď h
`

CgpCxq
˘

ď KhpgpCxqq

for all x large enough. Thus hpfpxqq ď hpgpxqq and we are done.

Another useful claim is the following.

Lemma 5.5.4. Let f, g, φ : r1,`8r ÝÑ r1,`8r be three non-decreasing maps, with φ in-
jective and satisfying φpxq Ñ

xÑ`8
`8. Assume that there exists a positive constant D ą 0

such that
gpxq ď fpDφpxqq.

Then we have
gpKφ´1

pxqq ď fpxq

for some positive constant K ą 0. If furthermore g satisfies Assumption p‹q, then we have

gpφ´1
pxqq ď fpxq.

Proof. By assumption, there exists a positive constant C ą 0 such that

gpxq ď Cf
`

DφpCxq
˘
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for all x large enough. Let x be a real number greater than DφpCq, and let n ě 1 be an
integer such that DφpCnq ď x ď DφpCpn ` 1qq. Then we have

Cfpxq ě Cf
`

DφpCnq
˘

ě gpnq ě g

ˆ

n ` 1

2

˙

ě g

ˆ

φ´1p x
D

q

2C

˙

,

which can be reformulated as

g
`

Kφ´1
pyq

˘

“ O pfpDyqq ,

taking y “ x
D
and K “ 1

2C
. This shows the first part of the statement. Additionally, if g

satisfies Assumption p‹q, then we have

g
`

φ´1
pyq

˘

“ g

ˆ

1

K
¨ Kφ´1

pyq

˙

“ O
`

g
`

Kφ´1
pyq

˘˘

“ O pfpDyqq ,

which concludes the proof.

With Assumption p‹q, we can deduce two applications for the computation of isoperi-
metric profiles. The first one reformulates the inequality

`

FølLpt1H ,s0uqpxq
˘CFølHpxq

ď Følp,LHpxq

from Theorem 5.4.2, in the easier case where the block Lpt1H , s0uq is finite.

Corollary 5.5.5. Let H be a finitely generated amenable group. Let LH be a naturally
generated and large-scale commutative halo product having finite blocks. Given p ě 1, if j1,H
satisfies Assumption p‹q, then the ℓp´isoperimetric profile of LH satisfies

jp,LHpxq ď j1,Hplnpxqq.

Proof. By Theorem 5.4.2 and the fact that Lpt1H , s0uq is finite for every generator s0 P SH ,
we have

KFølHpyq ď Følp,LHpyq

for some positive constant K ą 0. The logarithm satisfies Assumption p‹q, as well as j1,H ,
so applying twice Lemma 5.5.3 yields

y ď j1,H
`

ln
`

Følp,LHpyq
˘˘

,

meaning that there exists some positive constant C ą 0 such that

y ď C ¨ j1,H
`

ln
`

Følp,LHpCyq
˘˘

for all y large enough. If now x is large enough, it suffices to take y “
jp,LHpxq

C
in the above

inequality to deduce the corollary.

As a second application, we record in a statement the formulation of the inequality

Følp,LHpxq ď Følp,Hpxq ¨ ΛLHpC ¨ Følp,Hpxqq

from Proposition 5.4.1 in terms of isoperimetric profiles.
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Corollary 5.5.6. LetH be a finitely generated amenable group, and letLH be a halo product
over H . Suppose that LH is naturally generated and has consistent blocks. Given p ě 1, if
jp,H satisfies Assumption p‹q, then one has

jp,LHpxq ě jp,Hpφ´1
pxqq

where φpxq “ x ¨ ΛLHpxq and where ΛLH is the lamp growth sequence of LH .

Proof. Let p ě 1. From Proposition 5.4.1, we know that there is a constantD ą 0 such that

Følp,LHpxq ď D ¨ φ
`

D ¨ Følp,HpDxq
˘

for all x large enough. Putting x “
jp,Hpyq

D
in this inequality for y large enough, and applying

jp,LH which is increasing, one gets

jp,Hpyq

D
ď jp,LH

`

D ¨ φpDyq
˘

for all y large enough, i.e. jp,Hpyq ď jp,LH

`

Dφpyq
˘

. Since jp,H satisfies Assumption p‹q,
we may apply Lemma 5.5.4, and we get

jp,Hpφ´1
pxqq ď jp,LHpxq

as claimed.

5.5.2 Proof of Theorem V.A for lampjugglers

We now apply our estimates on isoperimetric profiles to concrete examples, using [GT24a,
Facts 7.12-7.16] that compute the lamp growth sequences of most examples of halo products
we are interested in. In this section, we address the case of lampshufflers, lampjugglers and
their iterated versions.

Let us recall that ℓp´isoperimetric profiles of lampshufflers over polynomial growth
groups are known:

jp,ShufflerpHqpxq »

ˆ

lnpxq

lnplnpxqq

˙
1
d

for any p ě 1, whenH has growth degree d ě 1. This can be directly deduced from [SZ21]
and [EZ21].

From our work, we can deduce the following bounds on profiles of lampjugglers.

Corollary 5.5.7. Let p ě 1. Let H be a finitely generated amenable group, whose ℓp´
and ℓ1´isoperimetric profiles satisfy Assumption p‹q. Let s ě 1 be an integer. Then the
ℓp´isoperimetric profile of ShufflerspHq satisfies

jp,H

ˆ

lnpxq

lnplnpxqq

˙

ď jp,ShufflerspHqpxq ď j1,Hplnpxqq.

– 216 –



Isoperimetric profiles of lamplighter-like groups

Proof. For the upper bound, it suffices to apply Corollary 5.5.5, since ShufflerspHq is natu-
rally generated and has finite blocks.
Let us focus on the lower bound. From Corollary 5.5.6, we know that

jp,Hpφ´1
pxqq ď jp,ShufflerspHqpxq (5.5.1)

where φpxq “ x ¨ ΛShufflerspHqpxq “ x ¨ psxq!. It remains to find the asymptotics of φ´1pxq.
We have by definition φ´1pxqpsφ´1pxqq! “ x, and from Stirling’s formula we know that

φ´1
pxqpsφ´1

pxqq! „ φ´1
pxq

ˆ

sφ´1pxq

e

˙sφ´1pxq
a

2π ¨ sφ´1pxq.

Taking the logarithm yields lnpxq “ ln pφ´1pxqpsφ´1pxqq!q „ sφ´1pxq lnpsφ´1pxqq and
taking the logarithm once more, it follows that

lnplnpxqq „ lnpsφ´1
pxqq.

Combining these two equivalences, this gives

sφ´1
pxq „

lnpxq

lnplnpxqq
.

Using Lemma 5.5.3 and inequality (5.5.1), we deduce

jp,H

ˆ

lnpxq

lnplnpxqq

˙

ď jp,ShufflerspHqpxq

as claimed. The proof is complete.

Remark 5.5.8. In the particular case where s “ 1 and whereH is amenable with j1,Hpxq »

lnpxq, the upper bound on j1,ShufflerpHq provided by this result is » lnplnpxqq, which is the
same that one can get by inverting the lower bound

FølShufflerpHqpxq ě VHpxq
VHpxq

» pexq
ex

obtained in [EZ21, Corollary 1.4] in the case of an exponential growth group H . However,
as we will see below, this result is not optimal anymore when taking iteration of lampshuf-
flers, since the growth function of such iterations stays exponential, while the isoperimetric
profile gets slower at each iteration (see Proposition 5.5.11).

In particular, one deduces that, ifH has polynomial growth of degree d ě 1, the estimate
on jp,ShufflerpHq coming from [EZ21, Corollary 1.4] is valid for any lampjuggler ShufflerspHq,
s ě 2. Indeed, such a lampjuggler contains a lampshuffler as a subgroup, so that

jp,ShufflerspHqpxq ď jp,ShufflerpHqpxq »

ˆ

lnpxq

lnplnpxqq

˙
1
d

,

by Lemma 1.3.30, and the lower bound follows from Corollary 5.5.7. In fact, we have more
generally the next consequence.

– 217 –



Chapter 5

Corollary 5.5.9. Let p ě 1. LetH be a finitely generated amenable group such that jp,Hpxq »

j1,Hpxq. Assume that

• either H has polynomial growth;

• or its ℓp´isoperimetric profile jp,H satisfies Assumption p‹q and jp,H
´

lnpxq

lnplnpxqq

¯

»

jp,Hplnpxqq.

Then one has
jp,ShufflerspHqpxq » jp,ShufflerpHqpxq

for all s ě 1.

Thus, lampjuggler groups often have the same ℓp´isoperimetric profile as lampshufflers,
even if the two are not quasi-isometric. For instance, if H “ Zd ≀ BSp1, nq, d ě 1, n ě 2,
then ShufflerpHq and ShufflerspHq are not quasi-isometric (by Theorems 2.3.35 and IV.D)
but both have ℓp´isoperimetric profile » jp,Hplnpxqq » lnplnplnpxqqq.

From Corollary 5.5.7, we can deduce the ℓp´isoperimetric profile of lampshufflers over
groups H having isoperimetric profiles that satisfy

jp,H

ˆ

lnpxq

lnplnpxqq

˙

» j1,Hplnpxqq

for instance:

• Solvable Baumslag-Solitar groups BSp1, nq, n ě 2, have ℓp´isoperimetric profile »

lnpxq. Thus ShufflerpBSp1, nqq has ℓp´isoperimetric profile » lnplnpxqq. The same
applies for lamplighters F ≀ Z, where F is a non-trivial finite group;

• more generally, lamplighters F ≀Zd, where d ě 1 and F is non-trivial and finite, have
ℓp´isoperimetric profile » lnpxq

1
d . In this case, we get that

jp,ShufflerpF ≀Zdqpxq » lnplnpxqq
1
d .

• for d ě 1, the group H “ Z ≀ Zd has ℓp´isoperimetric profile »

´

lnpxq

lnplnpxqq

¯
1
d , so that

jp,ShufflerpZ≀Zdqpxq »

ˆ

lnplnpxqq

lnplnplnpxqqq

˙
1
d

.

Example 5.5.10. For any non-decreasing function f : R` Ñ R` such that x ÞÝÑ x
fpxq

is
non-decreasing, Brieussel and Zheng constructed in [BZ21, Theorem 1.1] a finitely gener-
ated group H with exponential volume growth having ℓp´isoperimetric profile

jp,Hpxq »
lnpxq

fplnpxqq
.

It is proved in [Cor25] that jp,H satisfies Assumption p‹q (see the discussion right after
Corollary 4.1 in [Cor25]). Lastly, H also satisfies

jp,H

ˆ

lnpxq

lnplnpxqq

˙

» j1,Hplnpxqq.
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This follows from the fact that f preserves equivalents: if g, h : R` Ñ R` are equivalent,
then p1 ´ εqhpxq ď gpxq ď p1 ` εqhpxq for some ε ą 0 and for large enough x, so that

f pp1 ´ εqhpxqq ď fpgpxqq ď f pp1 ` εqhpxqq

since f is non-decreasing. Since p1 ´ εqhpxq ď hpxq ď p1 ` εqhpxq, one has also

p1 ´ εqhpxq

fpp1 ´ εqhpxqq
ď

hpxq

fphpxqq
ď

p1 ` εqhpxq

fpp1 ` εqhpxqq
.

since x ÞÝÑ x
fpxq

is non-decreasing, and thus

p1 ´ εqfphpxqq ď f
`

p1 ´ εqhpxq
˘

ď fpgpxqq ď f
`

p1 ` εqhpxq
˘

ď p1 ` εqfphpxqq

for all large enough x, whence fpgpxqq „ fphpxqq. Thus, we may apply Theorem 5.5.7, and
we obtain that

jp,ShufflerpHqpxq »
lnplnpxqq

fplnplnpxqqq
.

Iterated lampshufflers. For a group H and an integer n ě 0, let Shuffler˝n
pHq denote

the n´th iterated lampshuffler over H , defined as

Shuffler˝n
pHq ¨̈“ ShufflerpShuffler˝n´1

pHqq.

if n ě 1, and Shuffler˝0
pHq ¨̈“ H .

For such groups, we show the following estimates.

Proposition 5.5.11. Let p ě 1. Let H be a finitely generated amenable group whose
ℓp´isoperimetric profile jp,H satisfies Assumption p‹q. Suppose that

jp,H

ˆ

lnpxq

lnplnpxqq

˙

» jp,Hplnpxqq and jp,Hpxq » j1,Hpxq.

Then, we have
jp,Shuffler˝npHqpxq » jp,Hpln˝n

pxqq

for all n ě 0.

Here, recall that ln˝k
pxq ¨̈“ lnplnplnp. . . lnpxqqqq denotes the k´th iteration of the loga-

rithm with itself, with the convention that ln˝0 is the identity.

Proof. Let p ě 1. We prove the statement by induction over n. For n “ 0, it clearly
holds, and the case n “ 1 is settled by Corollary 5.5.7. Now, assume that it holds for
some n ě 0, so that jp,Shuffler˝npHqpxq » jp,Hpln˝n

pxqq for anyH satisfying the assumptions
of the statement. Then, note that ShufflerpHq is finitely generated, amenable, and since its
ℓp´isoperimetric profile is » jp,Hplnpxqq and that jp,H satisfies Assumption p‹q, jp,ShufflerpHq

satisfies Assumption p‹q and jp,ShufflerpHq » j1,ShufflerpHq as well. Additionally, note that

jp,ShufflerpHq

ˆ

lnpxq

lnplnpxqq

˙

» jp,H
`

ln˝2
pxq ´ ln˝3

pxq
˘

» jp,Hpln˝2
pxqq » jp,ShufflerpHqplnpxqq
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where the second asymptotic equivalence follows from the combination of ln˝2
pxq ´

ln˝3
pxq » ln˝2

pxq and Lemma 5.5.3. Thus, applying the inductive assumption and Corol-
lary 5.5.7, we obtain

jp,Shuffler˝pn`1qpHqpxq “ jp,Shuffler˝npShufflerpHqqpxq

» jp,ShufflerpHqpln
˝n

pxqq

» jp,H
`

lnpln˝n
pxqq

˘

“ jp,Hpln˝pn`1q
pxqq

and the induction is complete.

However, note that the assumption that jp,H
´

lnpxq

lnplnpxqq

¯

» jp,Hplnpxqq in Proposi-
tion 5.5.11 does not hold for polynomial growth groups. Thus, for this class, we compute
isoperimetric profiles of iterated lampshufflers separately.

Proposition 5.5.12. Let H be a finitely generated group of polynomial growth of degree
d ě 1. Then one has

jp,Shuffler˝npHqpxq »

ˆ

ln˝n
pxq

ln˝pn`1q
pxq

˙
1
d

for any n ě 1 and any real number p ě 1.

Proof. The case n “ 1 is settled by [EZ21, Corollary 1.4]. For n ě 2, it suffices to note that
ShufflerpHq satisfies the assumptions of Proposition 5.5.11, and the latter provides

jp,Shuffler˝npHqpxq “ jp,Shuffler˝n´1pShufflerpHqqpxq » jp,ShufflerpHq

`

ln˝pn´1q
pxq

˘

»

ˆ

ln˝n
pxq

ln˝pn`1q
pxq

˙
1
d

as claimed.

The assumption jp,H
´

lnpxq

lnplnpxqq

¯

» jp,Hplnpxqq from Proposition 5.5.11 is satisfied for
many known behaviours of profiles, and thus motivates the next question.

Question 5.5.13. Is it true that all finitely generated amenable groups which do not have
polynomial growth satisfy jp,H

´

lnpxq

lnplnpxqq

¯

» jp,Hplnpxqq?

Remark 5.5.14. The same strategy shows that ifH is a finitely generated amenable group
whose isoperimetric profiles satisfy Assumption p‹q and

jp,H

ˆ

lnpxq

lnplnpxqq

˙

» jp,Hplnpxqq and jp,Hpxq » j1,Hpxq,

then one has
jp,Shufflers1 pShufflers2 p...Shufflersn pHqqqpxq » jp,Hpln˝n

pxqq

for any integers n ě 1 and s1, . . . , sn ě 1, and any real number p ě 1.
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5.5.3 Proof of Corollary V.G for lampdesigners

Lampdesigners are close to lampjuggler groups, and in fact if F is finite, DesignerF pHq is a
subgroup of Shuffler|F |pHq, via the map

DesignerF pHq ÝÑ Shuffler|F |pHq

ppf, σq, hq ÞÝÑ pσ1, hq

where, given a pair pf, σq P F ≀H FSympHq, σ1 is the permutation of H ˆ F given by
σ1ph, iq “ pσphq, fphqiq. Hence, from Lemma 1.3.30 and Proposition 5.4.1, we get directly
a lower bound on ℓp´isoperimetric profiles of lampdesigners, namely

jp,Shuffler|F |pHqpxq ď jp,DesignerF pHqpxq.

Additionally, note that DesignerF pHq contains ShufflerpHq as a subgroup (and also as a
quotient), hence

jp,DesignerF pHqpxq ď jp,ShufflerpHqpxq.

Moreover, recall that, when H satisfies jp,Hpxq » j1,Hpxq and one of the two hypotheses:

• H has polynomial growth;

• jp,H satisfies Assumption p‹q,

jp,H

ˆ

lnpxq

lnplnpxqq

˙

» jp,Hplnpxqq,

then Corollary 5.5.9 ensures that Shuffler|F |pHq and ShufflerpHq have same
ℓp´isoperimetric profile, and thus:

Corollary 5.5.15. Let F be a non-trivial finite group. Let p ě 1. LetH be a finitely generated
amenable group such that jp,Hpxq » j1,Hpxq. Assume that one of the following holds:

• H has polynomial growth;

• jp,H has Assumption p‹q and satisfies

jp,H

ˆ

lnpxq

lnplnpxqq

˙

» jp,Hplnpxqq.

Then one has

jp,DesignerF pHqpxq » jp,ShufflerpHqpxq.

Furthermore, we can also deduce ℓp´isoperimetric profiles of iterated lampdesigners.
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5.5.4 Proof of Corollary V.H for lampcloners

Let us now turn to lampcloners and lampupcloners over finite fields.

Corollary 5.5.16. Let p ě 1. Let H be a finitely generated amenable group whose
ℓp´isoperimetric profile jp,H satisfies Assumption p‹q. Let f be a finite field. Then one has

jp,H

´

a

lnpxq

¯

ď jp,ClonerfpHqpxq ď j1,Hplnpxqq.

Proof. The upper bound directly follows from Corollary 5.5.5, so we focus on the lower
bound.
We know from Corollary 5.5.6 that we must determine the asymptotic behaviour of φ´1,
whereφpxq “ x¨ΛClonerfpHqpxq. By definition, we have thatφ´1pxq¨ΛClonerfpHqpφ

´1pxqq “ x,
and thus

lnpφ´1
pxqq ` ln

`

ΛClonerfpHqpφ
´1

pxqq
˘

“ lnpxq.

From [GT24a, Fact 7.16], lnpΛClonerfpHqpyqq „ C ¨ y2 for some C ą 0, so the above equation
tells us that

φ´1
pxq

2
» lnpxq

whence φ´1pxq »
a

lnpxq. From Lemma 5.5.4, it follows that

jp,Hpφ´1
pxqq » jp,H

´

a

lnpxq

¯

and we are done.

From here, we then directly deduce the following consequence.

Corollary 5.5.17. Let p ě 1. Let H be a finitely generated amenable group whose
ℓp´isoperimetric profile jp,H satisfies Assumption p‹q. Let f be a finite field. If

jp,H

´

a

lnpxq

¯

» j1,Hplnpxqq and jp,Hpxq » j1,Hpxq, then

jp,ClonerfpHqpxq » jp,Hplnpxqq.

This corollary applies to many groups that have slow profiles, for instance:

• Baumslag-Solitar groups BSp1, nq, n ě 2, whose ℓp´isoperimetric profile is » lnpxq.
Thus ClonerfpBSp1, nqq has ℓp´isoperimetric profile » lnplnpxqq for any n ě 2 and
finite field f;

• The lamplighter F ≀ Σ, where Σ has polynomial growth of degree d ě 1, has
ℓp´isoperimetric profile » lnpxq

1
d , whence

jp,ClonerfpF ≀Σqpxq » lnplnpxqq
1
d .

In the polynomial growth case, we get the following bounds.
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Corollary 5.5.18. LetH be a finitely generated group of polynomial growth of degree d ě 1.
Let f be a finite field. Then we have

lnpxq
1
2d ď jp,ClonerfpHqpxq ď lnpxq

1
d

for any real number p ě 1.

Inspired by the case of lampshufflers, we would expect that, when H has polynomial
growth of degree d ě 1, the ℓp´isoperimetric profile of ClonerfpHq is the lower bound that
we found in the above statement, namely lnpxq

1
2d . Recall that for lampshufflers, we applied

the upper bound from [EZ21, Corollary 1.4] which is still optimal in the polynomial growth
case, but its proof seems difficult to generalize for lampcloners.

Remark 5.5.19. We can slightly improve the upper bound in Corollary 5.5.18, since for any
group H , ShufflerpHq is a subgroup of ClonerfpHq, considering the linear automorphisms
permuting the vectors of the canonical basis provided by H . Hence, if H has polynomial
growth of degree d ě 1, we have

jp,ClonerfpHqpxq ď

ˆ

lnpxq

lnplnpxqq

˙
1
d

.

Iterated lampcloners. For a group H and an integer n ě 0, let Cloner˝n
f pHq denote the

n-th iterated lampcloner over H , defined as

Cloner˝n
f pHq ¨̈“ ClonerfpCloner

˝n´1
f pHqq.

if n ě 1, and Cloner˝0
f pHq ¨̈“ H .

A similar strategy as the one above for iterated lampshufflers allows one to prove the
next statement.

Corollary 5.5.20. Let p ě 1. Let H be a finitely generated amenable group whose
ℓp´isoperimetric profile jp,H satisfies Assumption p‹q. Suppose that

jp,H

´

a

lnpxq

¯

» jp,Hplnpxqq and jp,Hpxq » j1,Hpxq.

Then, we have

jp,Cloner˝n
f pHqpxq » jp,Hpln˝n

pxqq

for all n ě 1.

Finally, Corollary 5.5.17 motivates a similar question as Question 5.5.13.

Question 5.5.21. Is it true that all finitely generated amenable groups which do not have
polynomial growth satisfy jp,H

´

a

lnpxq

¯

» jp,Hplnpxqq?
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5.6 Applications to quasi-isometric classifications and
regular maps

This section is dedicated to our applications about the existence of regular maps between
halo products and their iterated versions. It relies on computations realized in Section 5.5.
In fact, for simplicity and conciseness, we will be focusing mainly on lampshufflers, but
analogous statements can be derived for lampjugglers, lampdesigners and lampcloners.

Let us first distinguish iterated lampshufflers over amenable groups.

Corollary 5.6.1. Let n,m ě 1. Let H be a finitely generated amenable group. Assume that
one of the following holds:

(i) H has polynomial growth of degree d ě 1;

(ii) j1,H satisfies Assumption p‹q, j1,H
´

lnpxq

lnplnpxqq

¯

» j1,Hplnpxqq and the following property
for any integers k, ℓ ě 0:

j1,Hpln˝k
pxqq » j1,Hpln˝ℓ

pxqq ùñ k “ ℓ.

Then Shuffler˝n
pHq and Shuffler˝m

pHq are quasi-isometric if and only if n “ m.

Proof. Suppose that Shuffler˝n
pHq and Shuffler˝m

pHq are quasi-isometric. In particular,
their isoperimetric profiles are asymptotically equivalent, and ifH has polynomial growth,
we get

ˆ

ln˝n
pxq

ln˝pn`1q
pxq

˙
1
d

»

ˆ

ln˝m
pxq

ln˝pm`1q
pxq

˙
1
d

by Proposition 5.5.12, which in turn implies n “ m. If we are in case (ii), then by Proposi-
tion 5.5.11, Shuffler˝n

pHq has ℓ1´profile » j1,Hpln˝n
pxqq and Shuffler˝m

pHq has ℓ1´profile
» j1,Hpln˝m

pxqq. Thus n “ m using our assumption, and we are done.

In practice, assumptions of (ii) are easy to check. It holds for instance for any amenable
group whose profile is of the form j1,Hpxq »

`

ln˝k
pxq

˘α for α ą 0 and k ě 0, such as
solvable Baumslag-Solitar groups or lamplighters over polynomial growth groups.

In fact, the isoperimetric profile being monotonous under regular maps between finitely
generated amenable groups (cf. Theorem 1.4.13), we get more generally:

Corollary 5.6.2. Let n,m ě 1. LetH be a finitely generated amenable group whose isoperi-
metric profile j1,H satisfies Assumption p‹q. Suppose that j1,H

´

lnpxq

lnplnpxqq

¯

» j1,Hplnpxqq and
the following property holds for any integers k, ℓ ě 0:

j1,Hpln˝ℓ
pxqq ď j1,Hpln˝k

pxqq ùñ k ď ℓ.

Then there exists a regular map from Shuffler˝n
pHq to Shuffler˝m

pHq if and only if n ď

m.
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5.6.1 Proofs of Theorem V.I and Corollary V.J
We have similar consequences at the other side of the spectrum:

Corollary 5.6.3. Let n,m ě 0. Let A and B be infinite virtually abelian finitely generated
groups, with growth degrees a and b respectively. Then the following are equivalent:

(i) Shuffler˝n
pAq and Shuffler˝m

pBq are quasi-isometric.

(ii) n “ m and a “ b.

(iii) Shuffler˝n
pAq and Shuffler˝m

pBq are biLipschitz equivalent.

Proof. The implication (iii) ùñ (i) is obvious.
We prove (i) ùñ (ii). Assume that Shuffler˝n

pAq and Shuffler˝m
pBq are quasi-isometric, so

that they have asymptotically equivalent isoperimetric profiles. By Proposition 5.5.12, we
then have

ˆ

ln˝n
pxq

ln˝pn`1q
pxq

˙
1
a

»

ˆ

ln˝m
pxq

ln˝pm`1q
pxq

˙
1
b

(5.6.1)

and taking the logarithm, it follows that

ln

ˆ

ln˝n
pxq

ln˝pn`1q
pxq

˙

» ln

ˆ

ln˝m
pxq

ln˝pm`1q
pxq

˙

.

The left-hand side is equivalent to ln˝pn`1q
pxq and the right-hand side is equivalent to

ln˝pm`1q
pxq, so that n ` 1 “ m ` 1, i.e. n “ m. Re-injecting this information in (5.6.1)

now implies that a “ b.
If n “ m and a “ b, then A and B are both biLipschitz equivalent to Za by Claim 4.5.3,
and thus A and B are biLipschitz equivalent. Thus, by [GT24a, Lemma 8.8], there is a
biLipschitz equivalence from ShufflerpAq to ShufflerpBq. Iterating this, we get a biLipschitz
equivalence

Shuffler˝n
pAq ÝÑ Shuffler˝n

pBq

as claimed. This shows (ii) ùñ (iii) and concludes the proof.

Remark 5.6.4. For the broader class of virtually nilpotent groups, some implications still
hold and some may fail. For instance, (i) ùñ (ii) remains true, but the converse is false.
For instance, Z4 and the Heisenberg group H over Z both have growth degree 4, but
ShufflerpZ4q and ShufflerpHq are not quasi-isometric by Corollary 2.3.36, since Z4 and H
are not biLipschitz equivalent (e.g. they have different asymptotic dimensions).

For more general maps (e.g. regular maps), the isoperimetric profile is not sufficient to
detect a constraint on polynomial growth degrees. However, asymptotic dimension does
provide an inequality since, if A has finite asymptotic dimension, then

asdimpShufflerpAqq “ asdimpAq.

Indeed, since A is a subgroup of ShufflerpAq, one has asdimpAq ď asdimpShufflerpAqq,
and on the other hand, since ShufflerpAq fits into a short exact sequence with kernel
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FSympAq, whose asymptotic dimension is 0 as it is locally finite, and quotient A, one also
has asdimpShufflerpAqq ď asdimpAq (we refer the reader to the nice survey [BD08] for all
these facts on asymptotic dimension). Iterating, we get

asdimpShuffler˝n
pAqq “ asdimpAq

for all n ě 0.
Note also that, if A is virtually abelian, then its asymptotic dimension coincides with its

growth degree.

Corollary 5.6.5. Let n and m be two natural integers. Let A and B be infinite virtually
abelian finitely generated groups, with growth degrees a and b respectively. If there exists a
regular map

Shuffler˝n
pAq ÝÑ Shuffler˝m

pBq

then n ď m and a ď b.

Proof. Assume that such a map exists. If n “ 0 there is nothing to prove, so we assume
that n ě 1. In this case, we cannot have m “ 0, because a group of exponential growth
cannot regularly embed into a polynomial growth group. Hence m ě 1 as well. Now, by
Theorem 1.4.13 and Proposition 5.5.12, one has

ˆ

ln˝m
pxq

ln˝pm`1q
pxq

˙
1
b

ď

ˆ

ln˝n
pxq

ln˝pn`1q
pxq

˙
1
a

(5.6.2)

and taking the logarithm implies

ln

ˆ

ln˝m
pxq

ln˝pm`1q
pxq

˙

ď ln

ˆ

ln˝n
pxq

ln˝pn`1q
pxq

˙

.

The left-hand side is » ln˝pm`1q
pxq, and the right-hand side is » ln˝pn`1q

pxq, so it follows
that n ` 1 ď m ` 1, i.e. n ď m. Additionally, since asymptotic dimension is monotonous
under regular maps one gets

a “ asdimpAq “ asdimpShuffler˝n
pAqq ď asdimpShuffler˝m

pBqq “ asdimpBq “ b

as claimed.

Remark 5.6.6. On the other hand, for more general polynomial growth groups A and B,
we can only conclude that the existence of a quasi-isometry between Shuffler˝n

pAq and
Shuffler˝m

pBq imposes n “ m, a “ b and asdimpAq “ asdimpBq, and the existence of a
regular map

Shuffler˝n
pAq ÝÑ Shuffler˝m

pBq

implies n ď m and asdimpAq ď asdimpBq.

As an immediate consequence of Corollary 5.6.5, we have the following.

Corollary 5.6.7. Let n,m ě 0. Let A and B be infinite virtually abelian finitely generated
groups, with growth degrees a and b respectively. Then the following are equivalent:
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(i) the three equivalent assertions of Corollary 5.6.3 are satisfied;

(ii) there exist a regular map from Shuffler˝n
pAq to Shuffler˝m

pBq, and a regular map from
Shuffler˝m

pBq to Shuffler˝n
pAq.

Thus, asymptotic dimension is an obstruction to the existence of a regular map
ShufflerpZdq ÝÑ ShufflerpZkq when d ą k. Hence, in the spirit of [BST12, Question 5.4],
a natural question arises: can we also rule out the existence of such maps if we increase
the asymptotic dimension of the target space, for instance with a polynomial growth fac-
tor? It turns out that the answer is positive, and that the isoperimetric profile still gives an
obstruction, whereas asymptotic dimension becomes inefficient.

Indeed, thanks to the following lemma, under the assumption that j1,H ě j1,G, we have
general estimates on the isoperimetric profile of G ˆ H in terms of j1,G and j1,H .

Lemma 5.6.8. Let G and H be finitely generated amenable groups. If j1,Hpnq ě j1,Gpnq,
then one has

j1,G
`?

n
˘

ď j1,GˆHpnq ď j1,Gpnq.

Proof. The estimate j1,GˆHpnq ď j1,Gpnq is a consequence of the fact that G is a subgroup
of G ˆ H and Lemma 1.3.30. Let us focus on the other inequality. Fix n P N and subsets
An Ă G, Bn Ă H that realize j1,Gpnq and j1,Hpnq respectively, i.e. |An|, |Bn| ď n and

j1,Gpnq “
|An|

|BGAn|
, j1,Hpnq “

|Bn|

|BHBn|
.

Then An ˆ Bn Ă G ˆ H has cardinality ď n2, and its boundary is given by

BGˆHpAn ˆ Bnq “ pBGAn ˆ Bnq Y pAn ˆ BHBnq

whence |BGˆHpAn ˆ Bnq| ď |BGAn| ¨ |Bn| ` |An| ¨ |BHBn|. Thus one gets

|BGˆHpAn ˆ Bnq|

|An ˆ Bn|
ď

|BGAn| ¨ |Bn| ` |An| ¨ |BHBn|

|An||Bn|
“

|BGAn|

|An|
`

|BHBn|

|Bn|

and it follows that

j1,GˆHpn2
q ě

|An ˆ Bn|

|BGˆHpAn ˆ Bnq|
ě

1
|BGAn|

|An|
`

|BHBn|

|Bn|

“
1

1
j1,Gpnq

` 1
j1,Hpnq

.

Now, using Lemma 5.5.4, there exists a positive constant K ą 0 such that

j1,GˆHpxq ě
1

1
j1,GpK

?
xq

` 1
j1,HpK

?
xq

“
1

1

j1,Gp
?
K2xq

` 1

j1,Hp
?
K2xq

ě
1

1
j1,Gp

?
xq

` 1
j1,Hp

?
xq

for all x large enough. By assumption, j1,Hpnq ě j1,Gpnq, so that

j1,GˆHp¨q ě
1
2

j1,Gp
?

¨q

» j1,G
`?

¨
˘

as claimed.
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Thus, if additionally the isoperimetric profile of G satisfies j1,G p
?

¨q » j1,Gp¨q, then

j1,GˆHpxq » j1,Gpxq.

This happens for many groups G that have slow enough profiles, for instance:

• Any polycyclic group with exponential growth, and more generally any GES group
with exponential growth [Tes13, Corollary 5];

• F ≀ Σ, or ShufflerpΣq, where F is finite and Σ has polynomial growth;

• Shuffler˝n
pHq, whereH has profile j1,Hpxq »

`

ln˝k
pxq

˘α, for some α ą 0 and integer
k ě 1.

As a concrete example, we have for instance:

Corollary 5.6.9. Let d, k, p ě 1 be three integers. There exists a regular map

ShufflerpZd
q ÝÑ Zp

ˆ ShufflerpZk
q

if and only if d ď k.

5.6.2 Proof of Proposition V.K
Finally, we want to compare lampshufflers to lamplighters. We already know from Propo-
sition 5.7.2 that a wreath product over a subgroup of H coarsely embeds into ShufflerpHq.
In [GT24a, Corollary 7.17], given two groups H and G satisfying some mild assumptions,
it is proved that ShufflerpHq does not quasi-isometrically or coarsely embed into a lamp-
lighter E ≀G. Our computations allow us to prove an iterated version of this result for free
abelian groups: there is no regular map

Shuffler˝n
pZd

q ÝÑ Z{2Z ≀ pZ{2Z ≀ p. . . pZ{2Z ≀ Zd
qqq

where the wreath product is iterated n times. In fact, we have more generally the following.

Corollary 5.6.10. Let G andH be finitely generated amenable groups. Suppose that there is
a regular map

Shuffler˝n
pHq ÝÑ Z{2Z ≀

`

Z{2Z ≀ p¨ ¨ ¨ ≀ pZ{2Z ≀Gqq
˘

where the wreath product is iterated n times, n ě 1. Then the following holds.

(i) If H has polynomial growth of degree d ě 1, then

j1,Gpxq ď
j1,Hpxq

lnpxq
1
d

;

(ii) If j1,H satisfies Assumption p‹q and j1,H
´

lnpxq

lnplnpxqq

¯

» j1,Hplnpxqq, then

j1,Gpxq ď j1,Hpxq.
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Proof. In case (i), we get

j1,Gpln˝n
pxqq ď

ˆ

ln˝n
pxq

ln˝pn`1q
pxq

˙
1
d

“
j1,Hpln˝n

pxqq
´

ln˝pn`1q
pxq

¯
1
d

.

Using Assumption p‹q for the logarithm and for j1,H , we have

j1,Gpln˝n
pxqq “ O

¨

˚

˝

j1,Hpln˝n
pxqq

´

ln˝pn`1q
pxq

¯
1
d

˛

‹

‚

and the change of variable x1 “ ln˝n
pxq gives the result. In case (ii), we get rather

j1,Gpln˝n
pxqq “ O

`

j1,Hpln˝n
pxqq

˘

and we conclude similarly.

We get the following consequence in the case of polynomial growth groups.

Corollary 5.6.11. Let d, k, n ě 1, and letG andH be finitely generated groups of polynomial
growth with growth degrees k and d respectively. If there is a regular map

Shuffler˝n
pHq ÝÑ Z{2Z ≀

`

Z{2Z ≀ p¨ ¨ ¨ ≀ pZ{2Z ≀Gqq
˘

then d ă k, where the wreath product is iterated n times.

Note that this statement cannot be reached with methods from [GT24a], even for quasi-
isometric or coarse embeddings, since the thick bigon property used in [GT24a] is not stable
under iterations of lampshufflers.

Proof. By Corollary 5.6.10, we have x 1
k ď

´

x
lnpxq

¯
1
d , which immediately implies d ă k.

Note that, if G is a proper subgroup of H , then an iteration of Proposition 5.7.2 ensures
that Shuffler˝n

pHq containsZ{2Z≀
`

Z{2Z≀p. . . pZ{2Z≀Gqq
˘

(iterated n times) as a subgroup,
and thus we get a regular map

Z{2Z ≀
`

Z{2Z ≀ p¨ ¨ ¨ ≀ pZ{2Z ≀Gqq
˘

ÝÑ Shuffler˝n
pHq.

5.7 Appendix: Lamplighter subgroups in lampshufflers

In the article, the strategy for getting optimal upper bounds on the isoperimetric profile of
halo products is to find subgraphs that are quasi-isometric to lamplighter graphs. In this
appendix, our aim is to prove that, under additional mild algebraic assumptions on the base
group, we can find lamplighter subgroups inside lampshufflers.

For other halo products, such as lampjugglers, lampdesigners and lampcloners, we al-
ready observed in Section 5.3 that they contain wreath products over the same base group
as subgroups.
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Let us recall the following definition: we say that a non-decreasing map h : R` Ñ R`

satisfies Assumption p‹q if

@C ą 0, hpCxq “ Ophpxqq.

The motivation for this strategy comes from the following result, due to Silva. In the
upcoming result (Proposition 5.7.2), we will use the main idea of its proof.

Proposition 5.7.1 ([Sil24, Proposition 2.3]). Let H be an infinite non-co-Hopfian group.
Then, for any finite group F , ShufflerpHq has a subgroup isomorphic to F ≀H .

Recall that a groupH is co-Hopfian if any injective morphismH Ñ H is also surjective.
Equivalently, a group is co-Hopfian if it has no proper subgroup isomorphic to itself.

Many amenable groups are known to be non-co-Hopfian, including:

• Zd, d ě 1, and more generally any finitely generated abelian group;

• Some torsion-free nilpotent groups, such as the Heisenberg group over the inte-
gers [Corn16];

• Solvable Baumslag-Solitar groups BSp1, nq, n ě 1 [NP11];

• Wreath productsN ≀Gwhere at least one of the two groups is not co-Hopfian [BFF24,
Proposition 6.1];

• Houghton’s groups Hn, n ě 2 [BCMR16, Theorem 7.1];

• The Grigorchuk’s group [Lys85].

In the non-amenable side, they also include for instance non-abelian free groups [Har00,
Section III.22] or right-angled Artin groups [Cas16].

Thus, using Lemma 1.3.30, it directly follows that forH an amenable and non-co-Hopfian
group, one has already

jp,ShufflerpHqpxq ď j1,Hplnpxqq

when j1,H satisfies Assumption (‹).
In fact, we can derive from Silva’s proof the following more general result.

Proposition 5.7.2. Let H be a group. If K is a proper subgroup of H , then ShufflerpHq

contains a subgroup isomorphic to FSymprH : Ksq ≀K .

Proof. Denote rH : Ks ¨̈“ m P t2, 3, . . . u Y t8u, and let S Ă H be a set of representatives
of H{K , so that |S| “ m and we have a partition

H “
ğ

kPK

kS.

Consider then

G ¨̈“ tpσ, hq P ShufflerpHq : h P K, σpk1Sq “ k1S for all k1
P Ku .
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It is not hard to check that G is a subgroup of ShufflerpHq, and given σ P FSympHq satis-
fying σpk1Sq “ k1S for all k1 P K , we can define a map

fσ :
K ÝÑ FSympmq

k ÞÝÑ pk´1 ¨ σq
ˇ

ˇ

S

.

Then, a direct computation shows that fk¨σ “ k ¨ fσ and fσ˝τ “ fσfτ for any k P K and
any σ, τ P FSympHq satisfying σpk1Sq “ k1S for all k1 P K . This implies that the map

G ÝÑ FSympmq ≀K
pσ, hq ÞÝÑ pfσ, hq

is a group isomorphism. This concludes the proof.

In particular, we can characterize immediately when lampshufflers are residually finite:

Corollary 5.7.3. Let H be a group. Then ShufflerpHq is residually finite if and only if H is
finite.

Recall here that a group G is residually finite if any non-trivial element of G stays non-
trivial in a finite quotient of G.

Proof. IfH is finite, ShufflerpHq is finite and therefore residually finite. Conversely, assume
thatH is infinite. SinceH has a proper subgroupK ď H of indexě 3, ShufflerpHq contains
a subgroup isomorphic to FSymprH : Ksq ≀ K , and the latter is not residually finite. As
residual finiteness passes to subgroups, ShufflerpHq cannot be residually finite either.

One can also recover Corollary 5.5.5 for lampshufflers:

Corollary 5.7.4. Let p ě 1. Let H be an amenable finitely generated group with a finitely
generated proper subgroup K such that jp,Hpxq » jp,Kpxq. If j1,H satisfies Assumption p‹q,
then one has

jp,ShufflerpHqpxq ď jp,Hplnpxqq.

The corollary applies, of course, to every non-co-Hopfian group, but more generally it
also applies to any finitely generated groupH having at least one finite-index subgroupK .
One algebraic criterion to ensure the latter is to be non-perfect.

Definition 5.7.5. LetH be a group. We say thatH is perfect if rH,Hs “ H , where rH,Hs

is the commutator subgroup of H .

Examples of perfect groups include finite alternating groups An for n ě 5 and linear
groups SLpn,Kq for n ě 3 and non-commutative fields K . Among the three Thompson’s
groups F Ă T Ă V , T and V are simple, thus perfect, as well as the commutator subgroup
rF, F s of F [CFP96].

As mentioned above, we are in fact interested in groups that are not perfect, due to the
next statement.

Lemma 5.7.6. LetH be a finitely generated group which is not perfect. ThenH has a proper
finite-index subgroup.
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Proof. AsH is not perfect, rH,Hs is a proper subgroup and the quotientH{rH,Hs is a non-
trivial abelian finitely generated group. It has therefore a proper finite-index subgroup, and
lifting the latter provides a proper finite-index subgroup for H , that contains rH,Hs.

On the amenable side, the class of non-perfect groups is huge. It includes for instance

• All solvable groups, in particular nilpotent and polycyclic groups;

• Lamplighters, lampshufflers and lampjugglers over amenable non-perfect groups;

• More generally, any semi-direct productN ¸Q whereN andQ are amenable andQ
is non-perfect, as well as any subgroup of N ¸ Q;

• Houghton’s groups Hn, n ě 2.

Henceforth, for an amenable non-perfect group H , Corollary 5.7.4 directly provides an
upper bound on the ℓp´isoperimetric profiles of ShufflerpHq.

We emphasize here that Corollary 5.7.4 can also cover cases that are not covered by
Proposition 5.7.1, since they are indeed examples of finitely generated torsion-free nilpotent
groups that are co-Hopfian [Bel03].

It is also worth mentioning that there do exist amenable perfect groups. Such groups
have been constructed by Juschenko and Monod in [JM13], and are even simple. Thus
Corollary 5.7.4 does not apply to them, and on the other hand it seems to be an open problem
whether they are co-Hopfian or not; see the list of open questions in [Corn14]. Note also
that we do not know the asymptotic behaviour of the isoperimetric profiles of these groups.

Remark 5.7.7. As pointed out above, lampshuffler groups over non-perfect groups are
themselves non-perfect. This simply follows from the set inclusions

rShufflerpHq, ShufflerpHqs Ă FSympHq ˆ rH,Hs Ĺ ShufflerpHq.

In fact, it is truemore generally that a lampshuffler ShufflerpHq over a non-trivial groupH is
never perfect, regardless of the perfectness ofH . Indeed, since the action ofH on FSympHq

preserves the parity of the permutations, the commutator subgroup of ShufflerpHq is con-
tained in ApHq ˆ rH,Hs, where ApHq Ă FSympHq is the set of even permutations. Since
ApHq is not equal to FSympHq if |H| ě 3, and since rH,Hs is trivial if |H| “ 2, we thus
see that ShufflerpHq is not equal to its commutator subgroup.

Lastly, regarding lampshufflers, non co-Hopficity can also be used to deduce the isoperi-
metric profile of iterated lampshufflers, since it is stable under iteration of lampshufflers:

Proposition 5.7.8. If H is not co-Hopfian, then ShufflerpHq is not co-Hopfian.

Proof. IfH is not co-Hopfian, fix an injective morphism ψ : H Ñ H which is not surjective,
and define the map

φ :
ShufflerpHq ÝÑ ShufflerpHq

pσ, gq ÞÝÑ pσ, ψpgqq
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where, for any σ P FSympHq, σ P FSympHq is defined as

σ :

H ÝÑ H

g ÞÝÑ

#

ψpσpψ´1pgqqq if g is in the image of ψ
g otherwise

.

Then one checks directly that the correspondence σ ÞÝÑ σ is well-defined and that the
following two properties hold:

(i) σ ˝ τ “ σ ˝ τ for any σ, τ P FSympHq;

(ii) p ¨ σ “ ψppq ¨ σ for any p P H and σ P FSympHq.

These two points imply that φ is a morphism, which is injective since ψ is, and which is
not surjective since ψ is not.

Going further, it is also natural to ask whether these algebraic assumptions are preserved
under iteration of other halo products. First, it is immediate that a halo product over a non-
perfect group is not perfect, since the definition of the product law of LH directly gives

rLH,LHs Ă LpHq ˆ rH,Hs Ĺ LH,

as we pointed out in Remark 5.7.7, in the special case of lampshufflers. In this remark,
we also pointed out that lampshufflers were in fact never perfect, using the parity of the
permutations, which is invariant by the action of the base group. Thus, for a general halo
group LH , it is enough to find a non-trivial morphism from LpHq to an abelian group,
which is invariant by the action of the base group. For instance, for lampcloners, we can
use the determinant of linear maps.

Regarding preservation of non-co-hopficity under iterations of halo products, we can
only find proofs in concrete examples. For lampcloners, we can adapt the above proof for
lampshufflers. Indeed, let us first note that a group morphism ψ : H Ñ H gives rise to a
linear map ψ̃ : VH Ñ VH , by permuting the vector of the canonical basis given by H , and
if ψ is injective but not bijective, then so is ψ̃. Finally, it remains to define the map

φ :
ClonerfpHq ÝÑ ClonerfpHq

pσ, gq ÞÝÑ pσ, ψpgqq

where, for any σ P FGLpHq, σ P FGLpHq is defined as

σ :

VH ÝÑ VH

v ÞÝÑ

#

ψ̃pσpψ̃´1pvqqq if v P VH is in the image of ψ̃
v otherwise

,

and to check that φ is an injective, but not bijective, group morphism.
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On quantitative orbit equivalence for
lamplighter-like groups

This chapter presents the paper [CD26], written in collaboration with Corentin Correia.

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235

6.2 Stability results for quantitative orbit equivalence . . . . . . . . . . . . . . . . . . . 239

6.3 Construction of orbit equivalence couplings using Følner tiling sequences . . . . . 248

6.4 Comments and questions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 263

6.1 Introduction

In this paper, we focus on the following class of groups, introduced in [GT24a]:

Definition 6.1.1. Let X be a set. A halo of groups L over X is the data, for any subset
S Ă X , of a group LpSq such that:

• for all R,S Ă X , if R Ă S then LpRq ď LpSq;

• LpHq “ t1u and LpXq “ xLpSq : S Ă X finitey;

• for all R,S Ă X , LpR X Sq “ LpRq X LpSq.

Given an action H ñ X and a morphism α : H ÝÑ AutpLpXqq satisfying
αphqpLpSqq “ LphSq for any S Ă X and h P H , the permutational halo product LX,αH is
the semi-direct product

LX,αH ¨̈“ LpXq ¸α H.

In the case where X “ H and H acts on itself by left-multiplication, we simply denote
LH the corresponding halo product.

Examples of halo products include for instance wreath products, but also lampshufflers,
defined as

ShufflerpHq “ FSympHq ¸ H
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and for which LpSq “ FSympSq. These groups already appeared several times in the lit-
erature, in relations with many topics of interest in group theory, see for instance [Yad09;
HO16; BZ19; EZ21; SZ21; GT24a; Sil24].

As another instance of this construction, we can also mention lampcloners, of the form

ClonerfpHq “ FGLpHq ¸ H

with a field f, for which LpSq “ FGLpSq, where S denotes any subset of H . We refer the
reader to Section 5.3 for other examples.

The motivation of [GT24a] to introduce such a general framework is that the semi-
direct product structure provides a foliation of these spaces that must be, if H satisfies
additional mild assumptions, “quasi-preserved” by quasi-isometries, allowing the authors
to show strong rigidity phenomena for quasi-isometries between such spaces, and thus
extending the classification already obtained in [GT24b].

The starting point of this article is therefore the following, rather vague question:

Question 6.1.2. In the casewhere two halo productsLH andLK are not quasi-isometric,
how much do their geometries differ?

As explained in Section 1.4, quantitative orbit equivalence turns out to be a suitable
notion to compare groups, as it captures in a non-trivial way some important geomet-
ric information, such as the volume growth or the isoperimetric profile. Moreover, it is
an important result of Shalom that, for amenable groups, L8´orbit equivalence coincides
with the notion of biLipschitz equivalence, and the weaker notion of mutual cobounded
L8´measure equivalence coincides with the corresponding weakening of biLipschitz
equivalences, namely quasi-isometries [Sha04]. Additionally, it is an important observation
contained (at least implicitly) in [GT24a] that, for many halo products L , a quasi-isometry
between LH and LK can often be upgraded to a biLipschitz equivalence. This interplay
can be summed up as:

Geometry Measure theory

BiLipschitz
equivalence

Quasi-isometry

=⇒

L∞−OE
for amenable groups
⇐⇒(Shalom 2004)

L∞−ME
mutually

cobounded

=⇒

(Furman 1999)

for amenable groups⇐⇒
(Shalom 2004)

=⇒

Lp−OE

=
⇒for many halo products

Figure 6.1: Geometric and measure-theoretic comparison of geometries of groups

In particular, if LH and LK are quasi-isometric, then they are Lp´orbit equivalent
for all p ą 0.
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This observation allows us to formulate a more precise version of the question we want
to answer in this chapter:

Question 6.1.3. In the casewhere two halo productsLH andLK are not quasi-isometric,
can they still be Lp´orbit equivalent for some values of p ą 0?

The goal of this chapter is therefore to explain how to construct optimal orbit equiva-
lence couplings between halo products.

Orbit equivalence couplings for halo products. In [DKLMT22, Corollary 7.3] is es-
tablished a stability result for the existence of a coupling between two lamplighters Λ ≀H
and Λ ≀K provided a coupling between the base groupsH andK . See Theorem 6.2.1 for a
more precise statement.

The first contributions of our article are similar stability results for other examples of
halo products, with a preservation of quantification.

Theorem VI.A (see Theorem 6.2.2). If two groups H and K are orbit equivalent, then
ShufflerpHq and ShufflerpKq are orbit equivalent. Moreover, given non-decreasing maps
φ, ψ : R` Ñ R`, if H and K are finitely generated and if there exists a pφ, ψq´integrable
orbit equivalence coupling fromH toK , then the same holds from ShufflerpHq to ShufflerpKq.

This theorem is proved by constructing an explicit and natural free p.m.p. action of
ShufflerpHq on a standard probability space, provided such an action for H . In fact, we
explain in Section 6.2.1 a general method to construct a free p.m.p. action of a halo LH
on a standard probability space given such an action ofH . We therefore get similar results
for lampjugglers, lampcloners and lampdesigners.

As a consequence of Theorem VI.A, given k ą d, there exists an Lp orbit equivalence
between ShufflerpZdq and ShufflerpZkq for every p ă d

k
. By induction, the same holds for

Shuffler˝n
pZdq and Shuffler˝n

pZkq, where Shuffler˝n
pHq denotes an iterated lampshuffler,

defined inductively by

Shuffler˝0
pHq ¨̈“ H, Shuffler˝n

pHq ¨̈“ ShufflerpShuffler˝pn´1q
pHqq.

In [DKLMT22] is also introduced another technique, that relies on Følner tiling sequences,
to construct couplings between iterated wreath products but with different numbers of
iterations. We therefore also prove a stability property for the existence of Følner tiling
sequences of lampshufflers.

Theorem VI.B. Let H be a finitely generated amenable group. If H has a Følner tiling
sequence, then so has ShufflerpHq.

See Theorem 6.3.8 for a detailed statement and the additional properties satisfied by this
tiling. Here also we shall notice that the technique is not specific to lampshufflers, and can
be applied in a similar fashion to other instances of halo products.

As an application, we construct and quantify precisely couplings between iterated lamp-
shufflers, with different numbers of iterations:
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Theorem VI.C (see Corollary 6.3.14). Let n,m ě 0 be natural integers such that m ą

n. Let d, k ě 1. Then there exists an orbit equivalence coupling from Shuffler˝m
pZkq to

Shuffler˝n
pZdq, which is pLă8, φm´n,k,εq´integrable for every ε ą 0, where

φi,k,εpxq ¨̈“

`

ln˝i
pxq

˘
1
k

´

ln˝pi`1q
pxq

¯1` 1
k

`ε
.

For an integer i ě 0, ln˝i denotes the i´th iteration of the logarithm, with the convention
that ln˝0 is the identity.

Observe that Theorem 1.4.6(i) imposes an asymptotic upper bound on the integrability
of cocycles of an orbit equivalence between two finitely generated groups. Therefore, to
determine if our previous couplings are optimal, we need to know isoperimetric profiles of
lampshuffler groups.

Optimality of orbit equivalence couplings. We now go back to the optimality of the
couplings provided by Theorem VI.A and Theorem VI.C. As a first application, using the
profile of ShufflerpZnq which was already known by [SZ21] and [EZ21], we obtain that, for
integers k ą d, ShufflerpZkq and ShufflerpZdq are Lp orbit equivalent if and only if p ă d

k
.

Our new computations of isoperimetric profiles enable us to get even more:

Theorem VI.D (see Theorem 6.2.6). Let k, d ě 1 be positive integers such that k ą d. Let
n ě 0 be an integer. Then Shuffler˝n

pZkq and Shuffler˝n
pZdq are Lp orbit equivalent if and

only if p ă d
k
.

Theorem VI.E (see Corollary 6.3.16). Let n,m ě 1 be two integers such thatm ą n. There
exists a

´´

ln˝pm´nq

ln˝pm´n`1q

¯p

,L0
¯

´integrable orbit equivalence coupling from Shuffler˝m
pZkq to

Shuffler˝n
pZdq if and only if p ă 1

k
.

We emphasize here that optimality of many other couplings can be deduced from the
computations of isoperimetric profiles. We refer to the end of Section 6.3.3 for more details,
more precisely Corollary 6.3.17 and Remark 6.3.18.

On the other hand, we do not have precise estimates on the isoperimetric profile of
a lampcloner over a polynomial growth group, so we do not know if our couplings are
quantitatively optimal. The following statement on lampcloners is thus weaker than our
results on lampshufflers.

Theorem VI.F (see Theorem 6.2.8). Let f be a finite field and let k, d ě 1 be integers such
that k ą d. Then for every integer n ě 0, for every p ă d

k
, Cloner˝n

f pZkq and Cloner˝n
f pZdq are

Lp orbit equivalent. Moreover, if ClonerfpZdq and ClonerfpZkq are Lp orbit equivalent, then
p ď 2d

k
.

Theorem VI.G (see Corollary 6.3.21). Let f be a finite field. Let n,m ě 0 be natural in-
tegers such that m ą n. Let d, k ě 1. Then there exists an orbit equivalence coupling
from Cloner˝m

f pZkq to Cloner˝n
f pZdq, which is pLă8, φm´n,k,εpxqq´integrable for every ε ą 0,

where

φi,k,εpxq ¨̈“
ln˝i

pxq
1
2k

´

ln˝pi`1q
pxq

¯1`ε .
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Plan of the chapter. Section 6.2 is devoted to the construction of orbit equivalence cou-
plings between lampjugglers and lampcloners, by building a natural action of the halo prod-
uct provided an action of the base group. For lampjugglers, we deduce that they are quanti-
tatively optimal, using precise estimates on the isoperimetric profile. In Section 6.3, we will
use Følner tiling sequences to get other orbit equivalence couplings, for instance between
Zd and ShufflerrpZkq. Finally, Section 6.4 records various questions related to the article.

6.2 Stability results for quantitative orbit equivalence

6.2.1 General method

Orbit equivalence coupling between lamplighters, by [DKLMT22]. Let us start by
explaining a construction of orbit equivalence between the first examples of halo products:
lamplighter groups. Delabie, Koivisto, Le Maître and Tessera proved the following:

Theorem 6.2.1 ([DKLMT22, Corollary 7.3]). Let Λ be a finite group. Let H and K be
finitely generated groups and φ, ψ : R` Ñ R` be increasing maps. Assume that there
exists a pφ, ψq´integrable orbit equivalence coupling from H to K . Then there exists a
pφ, ψq´integrable orbit equivalence coupling from Λ ≀H to Λ ≀K .

Their statement is even stronger. In fact, they show that Λ1 ≀ H and Λ2 ≀ K are
pφ, ψq´integrably orbit equivalent if there exists such a coupling from a finitely gener-
ated group Λ1 to another finitely generated group Λ2, and such a coupling from H to K .
Here we only focus on the case where Λ ¨̈“ Λ1 “ Λ2 is a finite group, and we directly ex-
plain the construction they use within the appropriate formalism for our purposes. We refer
the reader to [DKLMT22, Section 7.1] where the more general notion of wreath product of
equivalence relations is introduced to prove Theorem 6.2.1.

Given a p.m.p. action H ñ pX,µq, we can define a p.m.p. action of the group Λ ≀H on
pΛH ˆ X,mΛ

bH b µq, where mΛ is the uniform distribution on Λ, in the following way.
Let us denote by 1 : H Ñ Λ the constant map equal to 1Λ. Then, for every h P H , every
finitely supported f : H Ñ Λ and every ppℓgqgPH , xq P ΛH ˆ X , we set

p1, hq ¨ ppℓgqgPH , xq “ ppℓh´1gqgPH , h ¨ xq

and
pf, 1Hq ¨ ppℓgqgPH , xq “

`

pfpg´1
qℓgqgPH , x

˘

.

A direct computation shows that this provides a p.m.p. actionΛ≀H ñ pΛHˆX,mΛ
bHbµq.

Now, given pX,µq a pφ, ψq´integrable orbit equivalence fromH toK , if cH,K and cK,H
are the associated cocycles, then the standard probability spaces pΛH ˆX,mΛ

bH bµq and
pΛK ˆX,mΛ

bK b µq provide an orbit equivalence coupling between Λ ≀H and Λ ≀K , via
the identification

ΛH ˆ X ÝÑ ΛK ˆ X
ppℓhqhPH , xq ÞÝÑ ppℓcK,Hpk,xqqkPK , xq.

One can check directly that the latter is a measured isomorphism.
Additionally, we can describe the associated cocycle cΛ≀H,Λ≀K : pΛ ≀Hq ˆ pΛH ˆXq ÝÑ

Λ ≀K (and similarly cΛ≀K,Λ≀H : pΛ ≀Kq ˆ pΛK ˆ Xq ÝÑ Λ ≀H) on the generating set

SΛ≀H ¨̈“ tpδHλ , 1Hq : λ P Λu Y tp1, hq : h P Hu
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of Λ ≀ H , where δHλ : H Ñ Λ is the map which maps 1H to λ and any h ‰ 1H to 1Λ. For
every λ P Λ, we have

cΛ≀H,Λ≀K
`

pδHλ , 1Hq, ppℓhqhPH , xq
˘

“ pδKλ , 1Kq,

and, for every h P H ,

cΛ≀H,Λ≀K pp1, hq, ppℓhqhPH , xqq “ p1, cH,Kph, xqq.

Inspired by this construction of orbit equivalence couplings between lamplighters, we
can build such couplings between some examples of halo products. Before presenting the
applications for lampjugglers and lampcloners, let us explain informally the two main steps
of the strategy.

1. First, given a free p.m.p. actionH ñ pX,µq, we want to build a standard probability
space pXH , µHq and a free p.m.p. action LH ñ pXH , µHq;

2. If now pX,µq is an orbit equivalence coupling between H andK , we want a natural
identification between pXH , µHq and pXK , µKq in order to get an orbit equivalence
coupling between LH and LK .

For step (1), to build a free p.m.p. action LH ñ pXH , µHq from a free p.m.p. action
H ñ pX,µq, we first need to find a free p.m.p. action△ of LpHq on some probability space
ZH . Informally, H must “appear” in this set ZH . Let us be more explicit on this point:

• We want the action of H on itself to induce a free p.m.p. LpHq´action on ZH . For
instance, we will choose ZH “ ΛH for LH “ Λ ≀ H ; we will choose ZH “ r0, 1sH

for LH “ ShufflerpHq; ZH “ r0, 1sVH for LH “ ClonerfpHq where the action ofH
on r0, 1sVH is induced by the action ofH on VH , which is itself induced by the actions
ofH on itself by left-multiplication. Combined with an action ‹ ofH on ZH , we thus
have a H´ and a LpHq´action on XH ¨̈“ ZH ˆ X , which motivates the following
formula to deduce an action ˝ of LH on XH :

pσ, hq ˝ pz, xq “ pσ△ph ‹ zq, h ¨ xq

for every pσ, hq P LH and every pz, xq P XH . For this formula to provide a well-
defined LH´action, the H´ and LpHq´actions on ZH must be compatible in a
certain way, namely they must satisfy

h ‹ pσ△zq “ ph ¨α σq△ph ‹ zq (6.2.1)

for every h P H , σ P LpHq and z P ZH , where ¨α denotes the actionH ñ LpHq used
to define the halo product LH . Indeed, if this relation holds, then we have

pσ1, h1q ˝
`

pσ2, h2q ˝ pz, xq
˘

“ pσ1, h1q ˝ pσ2△ph2 ‹ zq, h2 ¨ xq

“
`

σ1△ph1 ‹ pσ2△ph2 ‹ zqqq, h1 ¨ ph2 ¨ xq
˘

“
`

σ1△rph1 ¨α σ2q△ph1 ‹ ph2 ‹ zqqs, h1h2 ¨ x
˘

“
`

pσ1 ˝ h1 ¨α σ2q△ph1h2 ‹ zq, h1h2 ¨ x
˘

“ rpσ1, h1qpσ2, h2qs ˝ pz, xq

for all pσ1, h1q, pσ2, h2q P LH , pz, xq P XH , using (6.2.1) in the fourth equality.
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• The second reason forH to “appear” inZH is for step (2). To define ameasured spaces
isomorphism between ZH ˆ X and ZK ˆ X , we use the fact that for every x P X ,
the cocycle cK,Hp¨, xq : K Ñ H is a bijection and, in some sense, it allows us to go
from ZH to ZK , with x being the second coordinate of an element of ZH ˆ X . For
instance, for the lamplighters Λ ≀H and Λ ≀K , we define

ΛH ˆ X ÝÑ ΛK ˆ X
ppℓhqhPH , xq ÞÝÑ

`

pℓcK,Hpk,xqqkPK , x
˘ .

For lampshufflers, where ZH “ r0, 1sH , we will rather use the bijection
cK,Hpp¨q´1, xq´1 : K Ñ H and define

r0, 1sH ˆ X ÝÑ r0, 1sK ˆ X
ppεhqhPH , xq ÞÝÑ

`

pεcK,Hpk´1,xq´1qkPK , x
˘

.

More subtle will be the case of lampcloners, where ZH “ r0, 1sVH . In this case, we
will set

r0, 1sVH ˆ X ÝÑ r0, 1sVK ˆ X
ppεvqvPVH , xq ÞÝÑ

`

pεφK,Hpw,xqqwPVK , x
˘

where φK,H : VK Ñ VH is a bijection mapping
ř

kPK µkek P VK to
ř

hPH µcH,Kph´1,xq´1eh (again we use the bijection H Ñ K provided by the cocycle
cH,K).

Finally, steps (1) and (2) being achieved, it will remain to check, case by case, that we
indeed get an orbit equivalence coupling between LH and LK , and to quantify the co-
cycles. This strategy will then provide similar statements as the one of Theorem 6.2.1 for
lampjugglers and lampcloners.

6.2.2 Proof of Theorem VI.A
Similarly to Theorem 6.2.1, let us prove the following.

Theorem 6.2.2. Let H and K be groups and let r ě 1 be an integer. If H and K are or-
bit equivalent, then ShufflerrpHq and ShufflerrpKq are orbit equivalent. Furthermore, given
non-decreasing maps φ, ψ : R` Ñ R`, if H and K are finitely generated and if there ex-
ists a pφ, ψq´integrable orbit equivalence coupling from H to K , then the same holds from
ShufflerrpHq to ShufflerrpKq.

For the proof of the second part of this theorem, we will need the following intermediate
observation on word lengths of elements of ShufflerrpHq. Recall from Section 5.3.1 that

SShufflerrpHq
¨̈“

␣

pτp1H ,iq,ps,jq, 1Hq : s P SH , 1 ď i, j ď r
(

Y
␣

pidHˆt1,...,ru, hq : h P SH
(

is a finite generating set for ShufflerrpHq, constructed from a finite generating set SH ofH .

Lemma 6.2.3. Let H be a finitely generated group and let SH be a finite generating set. For
every g P H and all integers 1 ď i, j ď r, we have

|pτp1H ,iq,pg,jq, 1Hq|SShufflerrpHq
ď 4|g|SH

.

– 241 –



Chapter 6

Proof. Let us write g “ h1 . . . hn with n “ |g|SH
and h1, . . . , hn P SH Y pSHq´1. Let us also

set τ pℓq ¨̈“ τp1H ,iq,phℓ...hn,jq and σpℓq ¨̈“ τp1H ,iq,ph
´1
ℓ ,iq, for any 1 ď ℓ ď n. Then we have

h´1
ℓ ¨ τ pℓq

“ τph´1
ℓ ,iq,phℓ`1...hn,jq

and
σpℓq

ph´1
i ¨ τ pℓq

qσpℓq
“ τ pℓ`1q,

which implies

pσpℓq, 1HqpidHˆt1,...,ru, h
´1
ℓ qpτ pℓq, 1HqpidHˆt1,...,ru, hℓqpσpℓq, 1Hq “ pτ pℓ`1q, 1Hq.

Thus it follows that |pτ pℓq, 1Hq|SShufflerrpHq
ď 4 ` |pτ pℓ`1q, 1Hq|SShufflerrpHq

, so by induction we
get

|pτp1H ,iq,pg,jq, 1Hq|SShufflerrpHq
“ |pτ p1q, 1Hq|SShufflerrpHq

ď 4 ¨ n “ 4 ¨ |g|SH

and we are done.

Proof of Theorem 6.2.2. First, we must define free and p.m.p. ShufflerrpHq´ and
ShufflerrpKq´actions, provided such H´ and K´actions. Following the techniques we
explained just above, we first define free p.m.p. H´ and FSympHˆ t1, . . . , ruq´actions on
´

r0, 1sHˆt1,...,ru,LebbpHˆt1,...,ruq
¯

by

h ¨ pεg,iqpg,iqPHˆt1,...,ru
¨̈“ pεh´1g,iqpg,iqPHˆt1,...,ru

and
σ ¨ pεg,iqpg,iqPHˆt1,...,ru

¨̈“ pεσ´1pg,iqqpg,iqPHˆt1,...,ru

for every h P H , σ P FSympH ˆ t1, . . . , ruq and pεg,iqpg,iqPHˆt1,...,ru P r0, 1sHˆt1,...,ru. The
compatibility condition (6.2.1) is satisfied, so the formula

pσ, hq ¨
`

pεg,iqpg,iqPHˆt1,...,ru, x
˘

¨̈“
`

pεh´1σ´1pg,iqqpg,iqPHˆt1,...,ru, h ¨ x
˘

,

where h´1σ´1pg, iq “ ph´1g1, i1q if σ´1pg, iq “ pg1, i1q (action of H on H ˆ t1, . . . , ru), de-
fines a ShufflerrpHq´action onXH ¨̈“ r0, 1sH ˆX , endowed with the probability measure
µH ¨̈“ LebbpHˆt1,...,ruq

b µ. It is not difficult to prove that this action is p.m.p. and free. We
similarly define a free p.m.p. ShufflerrpKq´action on

pXK , µKq ¨̈“ pr0, 1s
Kˆt1,...,ru

ˆ X,LebbpKˆt1,...,ruq
b µq.

If now pX,µq is an orbit equivalence coupling betweenH andK , let us prove that pXH , µHq

and pXK , µKq are orbit equivalent couplings between ShufflerrpHq and ShufflerrpKq, via
the identification

θ :
r0, 1sHˆt1,...,ru ˆ X ÝÑ r0, 1sKˆt1,...,ru ˆ X

`

pεh,iqph,iqPHˆt1,...,ru, x
˘

ÞÝÑ
`

pεcK,Hpk´1,xq´1,iqpk,iqPKˆt1,...,ru, x
˘ .

We first have to check that θ is a measured isomorphism between these probability spaces,
this can be done by fixing the second coordinate x so that we fix the bijectionK Ñ H given
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by the cocycle cK,Hp¨, xq. Secondly, let us prove that we have an orbit equivalence. Given
generating sets SH and SK ofH andK , we get generating sets SShufflerrpHq and SShufflerrpKq

of ShufflerrpHq and ShufflerrpKq respectively, as described before Lemma 6.2.3 (note that
these sets are not necessarily finite for now). We prove that we have an orbit equivalence
using Lemma 1.4.1. Let

`

pεh,iqph,iqPHˆt1,...,ru, x
˘

P XH . Given s P SH , we have

θ
`

pid, sq ¨
`

pεh,iqph,iqPHˆt1,...,ru, x
˘˘

“ θ
`

pεs´1h,iqph,iqPHˆt1,...,ru, s ¨ x
˘

“
`

pεs´1cK,Hpk´1,s¨xq´1,iqpk,iqPKˆt1,...,ru, s ¨ x
˘

“
`

pεpcK,Hpk´1,s¨xqsq´1,iqpk,iqPKˆt1,...,ru, s ¨ x
˘

“
`

pεcK,Hpk´1cH,Kps,xq,xq´1,iqpk,iqPKˆt1,...,ru, cH,Kps, xq ¨ x
˘

“
`

pεcK,HppcH,Kps,xq´1kq´1,xq´1,iqpk,iqPKˆt1,...,ru, cH,Kps, xq ¨ x
˘

“ pid, cH,Kps, xqq ¨
`

pεcK,Hpk´1,xq´1,iqpk,iqPKˆt1,...,ru, x
˘

“ pid, cH,Kps, xqq ¨ θ
`

pεh,iqph,iqPHˆt1,...,ru, x
˘

where the equality cK,Hpk´1, s ¨ xqs “ cK,Hpk´1cH,Kps, xq, xq holds since we have

cK,Hpk´1, s ¨ xqs ¨ x “ k´1
¨ ps ¨ xq “ k´1cH,Kps, xq ¨ x “ cK,Hpk´1cH,Kps, xq, xq ¨ x

for every x P X . For the sequel, we set the following notations: cK,Hppk, iq, xq ¨̈“

pcK,Hpk, xq, iq and pk, iq´1 ¨̈“ pk´1, iq. Then, for every s P SH and j, ℓ P t1, . . . , ru, we
have

θ
`

pτp1H ,jq,ps,ℓq, 1Hq ¨
`

pεh,iqph,iqPHˆt1,...,ru, x
˘˘

“ θ
´

pετp1H,jq,ps,ℓqph,iqqph,iqPHˆt1,...,ru, x
¯

“

´

pετp1H,jq,ps,ℓqpcK,Hpk´1,xq´1,iqqpk,iqPKˆt1,...,ru, x
¯

“

´

pεcK,Hprτ
p1K,jq,pcH,K ps´1,xq´1,ℓq

pk,iqs´1,xq´1qpk,iqPKˆt1,...,ru, x
¯

“
`

τp1K ,jq,pcH,Kps´1,xq´1,ℓq, 1K
˘

¨
`

pεcK,Hpk´1,xq´1,iqpk,iqPKˆt1,...,ru, x
˘

“
`

τp1K ,jq,pcH,Kps´1,xq´1,ℓq, 1K
˘

¨ θ
`

pεh,iqph,iqPHˆt1,...,ru, xq
˘

where we prove the equality

τp1H ,jq,ps,ℓq

`

cK,Hpk´1, xq
´1, i

˘

“ cK,H
`

rτp1K ,jq,pcH,Kps´1,xq´1,ℓqpk, iqs
´1, x

˘´1

depending on whether or not pk, iq lies in tp1K , jq, pcH,Kps´1, xq´1, ℓqu.
Thus, we have proved

θpSShufflerrpHq ¨ zq Ă ShufflerrpKq ¨ θpzq

for every z P XH andwe similarly getSShufflerrpKq¨θpzq Ă θpShufflerrpHq¨zq, so Lemma 1.4.1
implies that we have built an orbit equivalence.
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Let us finally assume that H and K are finitely generated (i.e. SH and SK are finite) and
that pX,µq is a pφ, ψq´integrable orbit equivalence from H to K . The last computations
in fact provide the cocycles on the generators: for every s P SH , one has

cShufflerrpHq,ShufflerrpKq ppid, sq, ppεhqhPH , xqq “ pid, cH,Kps, xqq

and

cShufflerrpHq,ShufflerrpKq

``

τp1H ,jq,ps,ℓq, 1H
˘

, ppεhqhPH , xq
˘

“
`

τp1K ,jq,pcH,Kps´1,xq´1,ℓq, 1K
˘

and similarly for the cocycle cShufflerrpKq,ShufflerrpHq. Hence, using Lemma 6.2.3, we easily get
ˇ

ˇcShufflerrpHq,ShufflerrpKq ppid, sq, ppεhqhPH , xqq
ˇ

ˇ

SShufflerrpKq
“ |cH,Kps, xq|SK

for every s P SH , and
ˇ

ˇcShufflerrpHq,ShufflerrpKq

``

τp1H ,jq,ps,ℓq, 1H
˘

, ppεhqhPH , xq
˘
ˇ

ˇ

SShufflerrpKq
ď 4|cH,Kps´1, xq|SK

,

and similarly for cShufflerrpKq,ShufflerrpHq. Thus the φ´ and ψ´integrabilities of cH,K and
cK,H directly imply the same properties for cShufflerrpHq,ShufflerrpKq and cShufflerrpKq,ShufflerrpHq

on generators, and thus on all elements of the groups by Remark 1.4.4, so we get a
pφ, ψq´integrable orbit equivalence coupling from ShufflerrpHq to ShufflerrpKq.

Lampcloners. Similarly to Theorems 6.2.1 and 6.2.2, let us prove the following.

Theorem 6.2.4. Let H and K be groups and let f be a finite field. If H and K are or-
bit equivalent, then ClonerfpHq and ClonerfpKq are orbit equivalent. Furthermore, given
non-decreasing maps φ, ψ : R` Ñ R`, if H and K are finitely generated and if there ex-
ists a pφ, ψq´integrable orbit equivalence coupling from H to K , then the same holds from
ClonerfpHq to ClonerfpKq.

For the proof, we will need the following intermediate observation on word lengths of
elements of ClonerfpHq. Recall from Section 5.3.1 that

SClonerfpHq
¨̈“ tpδ1H pλq, 1Hq : λ P fzt0uu Y tpτ1H ,spλq, 1Hq : s P SHu Y tpid, sq : s P SHu

is a finite generating set for ClonerfpHq, constructed from a finite generating set SH of H .

Lemma 6.2.5. LetH be a finitely generated group. For every g P H and every λ P f, we have

|pτ1H ,gpλq, 1Hq|SClonerfpHq
ď 14|g|SH

.

Proof. Let us write g “ h1 . . . hn with n “ |g|SH
and h1, . . . , hn P SH Y pSHq´1. Let us also

set, for any 1 ď i ď n, τ piq ¨̈“ τ1H ,hi...hnpλq and σpiq the linear automorphism which acts
on the canonical basis of VH in the following way: it swaps e1H and eh´1

i
, and it fixes eh for

any other h P Hzt1H , h
´1
i u. Then we have

h´1
i ¨ τ piq

“ τh´1
i ,hi`1...hn

pλq
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and
σpiq

ph´1
i ¨ τ piq

qσpiq
“ τ pi´1q

which implies

pσpiq, 1HqpidH , h
´1
i qpτ piq, 1HqpidH , hiqpσpiq, 1Hq “ pτ pi´1q, 1Hq.

Moreover, hi¨σpiq can bewritten as a product of four dilatations and transvections supported
in t1H , hiu, so we have |pσpiq, 1Hq|ClonerfpHq ď 6. Thus it follows that |pτ piq, 1Hq|SClonerfpHq

ď

14 ` |pτ pi´1q, 1Hq|SClonerfpHq
, and by induction we get

|pτ1H ,gpλq, 1Hq|SClonerfpHq
“ |pτ pnq, 1Hq|SClonerfpHq

ď 14n “ 14|g|SH

as claimed. The proof is complete.

Proof of Theorem 6.2.4. Given generating sets SH and SK (not necessarily finite) of H and
K , we get generating subsets SClonerfpHq and SClonerfpKq of ClonerfpHq and ClonerfpKq, as
described before Lemma 6.2.5.
We must first define free and p.m.p. ClonerfpHq´ and ClonerfpKq´actions provided such
H´ and K´actions on pX,µq. Let us set

pXH , µHq ¨̈“
`

r0, 1s
VH ˆ X,LebbVH b µ

˘

.

Then H and FGLpHq act on r0, 1sVH in the following way:

σ ¨ pεvqvPVH
¨̈“ pεσ´1pvqqvPVH

and
h ¨ pεvqvPVH

¨̈“ pεh¨vqvPVH

for every σ P FGLpHq, h P H and pεvqvPVH P r0, 1sVH , using the action of H on VH given
by

h ¨

˜

ÿ

gPH

µgeg

¸

¨̈“
ÿ

gPH

µgeh´1g.

These H´ and FGLpHq´actions are compatible in the sense of (6.2.1), and we get a free
p.m.p. ClonerfpHq´action on pXH , µHq defined by

pσ, hq ¨ ppεvqvPVH , xq ¨̈“
`

pεh¨σ´1pvqqvPVH , h ¨ x
˘

.

We similarly define a free p.m.p. ClonerfpKq´action on

pXK , µKq ¨̈“
`

r0, 1s
VK ˆ X,LebbVK b µ

˘

.

Now the map

θ :
r0, 1sVH ˆ X ÝÑ r0, 1sVK ˆ X

ppεvqvPVH , xq ÞÝÑ
`

pεφK,Hpw,xqqwPVK , x
˘
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is ameasured isomorphism, whereφK,H : VK Ñ VH is a bijectionmapping
ř

kPK µkek P VK
to

ř

hPH µcH,Kph´1,xq´1eh. Moreover, for every s P SH , one has

θ ppid, sq ¨ ppεvqvPVH , xqq “ pid, cH,Kps, xqq ¨ θ ppεvqvPVH , xq

as well as

θ ppτ1H ,spλq, 1Hq ¨ ppεvqvPVH , xqq “ pτ1K ,cH,Kps´1,xq´1 , 1Kq ¨ θ ppεvqvPVH , xq

and
θ ppδ1H pλq, 1Hq ¨ ppεvqvPVH , xqq “ pδ1K pλq, 1Kq ¨ θ ppεvqvPVH , xq .

We thus have proved θpSClonerfpHq ¨zq Ă ClonerfpKq¨θpzq for every z P XH and we similarly
get

SClonerfpKq ¨ θpzq Ă θ pClonerfpHq ¨ zq

so Lemma 1.4.1 implies that we have built an orbit equivalence. Finally, in the case of
finitely generated groupsH andK , sincewe have identified the cocycles cClonerfpHq,ClonerfpKq,
cClonerfpKq,ClonerfpHq on the generators, we conclude, similarly to the proof of Theorem 6.2.2
(using this time Lemma 6.2.5), that a pφ, ψq´integrable orbit equivalence coupling from
H to K provides a pφ, ψq´integrable orbit equivalence coupling from ClonerfpHq to
ClonerfpKq.

6.2.3 Proofs of Theorems VI.D and VI.F
We now establish that the couplings constructed in the previous section are optimal in
many cases. As a first application:

Theorem 6.2.6. Let k, d, r ě 1 be integers such that k ą d. Let n ě 0 be an integer.
Let p ą 0. If H and K are polynomial growth groups of degrees k and d respectively, then
Shuffler˝n

r pHq and Shuffler˝n
r pKq are Lp orbit equivalent if and only if p ă d

k
.

Proof. Suppose first that p ă d
k
. From [DLIT25, Theorem 1.6], we know that H and K are

Lp orbit equivalent, so the conclusion follows from Theorem 6.2.2.
Conversely, assume that Shuffler˝n

r pHq and Shuffler˝n
r pKq are Lp orbit equivalent. Then

Theorem 1.4.6(i) implies that
`

j1,Shuffler˝n
r pKqpxq

˘p
ď j1,Shuffler˝n

r pHqpxq

and thus, from Proposition V.C, we get

ˆ

ln˝n
pxq

ln˝pn`1q
pxq

˙

p
d

ď

ˆ

ln˝n
pxq

ln˝pn`1q
pxq

˙
1
k

.

This domination forces p
d

ď 1
k
, i.e. p ď d

k
. Lastly, from Theorem 1.4.8 we deduce that there

is no L
d
k orbit equivalence coupling between Shuffler˝n

r pHq and Shuffler˝n
r pKq.
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Other examples of quantitatively optimal orbit equivalence couplings have been found
in [DKLMT22], for instance between Z and F ≀ Z, where F is a non-trivial finite group.
Combined with our stability result, we get the following.

Theorem 6.2.7. Let F be a non-trivial finite group. Let n, r ě 1 be integers. Let p ą

0. Then there is an pexp, lnpq´integrable orbit equivalence coupling from Shuffler˝n
r pZq to

Shuffler˝n
r pF ≀ Zq if and only if p ă 1.

Proof. Given ε ą 0, let ψε : R` Ñ R` be the map defined by

ψεpxq “
lnpxq

lnplnpxqq1`ε
.

From [DKLMT22, Proposition 6.20], we know that, for any ε ą 0, there exists an
pexp, ψεq´integrable orbit equivalence coupling from Z to F ≀ Z. In particular, this
coupling is pexp, lnpq´integrable for every p ă 1. Hence Theorem 6.2.2 provides an
pexp, lnpq´integrable orbit equivalence coupling from Shuffler˝n

r pZq to Shuffler˝n
r pF ≀ Zq

for every p ă 1.
Now let us assume the existence of an pexp, lnpq´integrable orbit equivalence coupling
from Shuffler˝n

r pZq to Shuffler˝n
r pF ≀Zq and let us prove that p ă 1. By Theorem 1.4.6(i), we

get
`

lnpj1,Shuffler˝n
r pZqpxqq

˘p
ď j1,Shuffler˝n

r pF ≀Zqpxq

namely
´

ln˝pn`1q
pxq

¯p

ď ln˝pn`1q
pxq using Propositions V.C and V.D, which forces p ď 1.

Lastly, an orbit equivalence in the case p “ 1 is excluded by Theorem 1.4.8.

For lampcloners, we get similar results, except that we lose the “if and only if” in the
analogue of Theorem 6.2.6 since we do not have precise estimates for the isoperimetric
profile of iterated lampcloners over polynomial growth groups.

Theorem 6.2.8. Let f be a finite field and let k, d ě 1 be integers such that k ą d. Then, for
every integer n ě 0, for every p ă d

k
, Cloner˝n

f pZkq and Cloner˝n
f pZdq are Lp orbit equivalent.

Conversely, if ClonerfpZdq and ClonerfpZkq are Lp orbit equivalent, then p ď 2d
k
.

Proof. From [DKLMT22, Theorem 6.12], we know that Zk and Zd are Lp orbit equiva-
lent when p ă d

k
, so Theorem 6.2.4 provides such a coupling between Cloner˝n

f pZkq and
Cloner˝n

f pZdq. Conversely, if ClonerfpZkq and ClonerfpZdq are Lp orbit equivalent, then The-
orem 1.4.6(i) implies

`

j1,ClonerfpZdqpxq
˘p

ď j1,ClonerfpZkqpxq. (6.2.2)

We know from Corollary V.H that

j1,ClonerfpZkqpxq ď lnpxq
1
k

and
j1,ClonerfpZdqpxq ě lnpxq

1
2d

and thus (6.2.2) forces p
2d

ď 1
k
, namely p ď 2d

k
.
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6.3 Construction of orbit equivalence couplings using
Følner tiling sequences

In this section, given a halo product L (for instance a lampshuffler or a lampjuggler), we
construct orbit equivalence couplings between Zd and L Zk. A powerful tool to construct
such equivalences is provided by Følner tiling sequences, introduced first in [DKLMT22] and
that we present now. Combined with a composition result of couplings from [DKLMT22]
and our stability results (Theorems 6.2.2 and 6.2.4), we also construct couplings between
iterated halo products. These applications are presented in the subsequent subsections.

6.3.1 Preliminaries

Given an amenable group G, a (right) Følner tiling sequence pFnqně0 is a (right) Følner
sequence ofG satisfying the tiling condition: for every n ě 0, there exists a finite subset Σn

of G such that

• the translates gFn, for g P Σn, are pairwise disjoint;

• Fn`1 “ ΣnFn.

The set Fn is a tile, Σn is a set of shifts, and the sequence pΣnqně0 is the Følner tiling shift
associated to the Følner tiling sequence pFnqně0. We can define analogously left Følner
tiling sequences, but we will only work with right Følner tiling sequences in this paper.
For convenience, we also assume F0 “ t1Gu, so that any element of Fn`1 can be uniquely
written as xnxn´1 . . . x0 with xi P Σi.

Example 6.3.1. Given integerm ě 2 and d ě 1, the sequence pFnqně0 defined by

Fn ¨̈“ t0, 1, . . . ,mn
´ 1u

d

is a Følner tiling sequence of Zd, with Følner tiling shifts pΣnqně0 given by

Σn ¨̈“ t0,mn, 2mn, . . . , pm ´ 1qmn
u
d.

A Følner tiling sequence gives rise to a probability measure-preservingG´action on the
Cantor set

XF ¨̈“
ź

ně0

Σn

endowed with the product measure of uniform distributions on each Σn. It is defined in
the following way: the Følner condition implies that, for almost every pxnqně0, for every
g P G, we have

xNxN´1 . . . x0g P FN`1 (6.3.1)
for a large enough integer N , so it can uniquely be written as x1

N . . . x
1
0 with x1

i P Σi, and
we define

g ¨ pxnqně0 ¨̈“ px1
nqně0

with x1
i

¨̈“ xi for every i ě N ` 1. This definition does not depend on the integer N for
which Equation (6.3.1) occurs.
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The main interest of this action is that the equivalence relation it generates is (up to a
null set) the cofinite equivalence relation: for almost every x “ pxnqně0 P XF , for every
g P G, we have xn “ pgxqn for large enough integers n. Moreover, if pF 1

nqně0 is a Følner
tiling sequence of another finitely generated group H satisfying |Fn| “ |F 1

n| for every
n ě 0, then using a bijection Σn Ñ Σ1

n for each n ě 0 , we get a measure isomorphism
betweenXF andXF 1 . This is actually an orbit equivalence between the underlying actions
since they generate the cofinite equivalence relation. We now present a criterion, proved
in [DKLMT22], to quantify this orbit equivalence.

Definition 6.3.2. LetG be a finitely generated group with a finite generating set SG. Given
sequencesR “ pRnqně0 and ε “ pεnqně0 of positive real numbers, we say that the sequence
pFnqně0 is an pR, εq´Følner tiling sequence of G if

• pFnqně0 is a Følner tiling sequence of G;

• for every n ě 0, diam Fn ď Rn;

• for every n ě 0 and every s P SG, |FnszFn|

|Fn|
ď εn,

where diam F denotes the diameter of a finite subset F of G, defined as

diam F ¨̈“ sup
f,gPF

|f´1g|SG
.

Here is then a sufficient condition to check on the tilings to ensure that the couplings
constructed above have the desired level of integrability.

Theorem 6.3.3 ([DKLMT22, Proposition 6.9]). Let G and H be two finitely generated
groups, and φ, ψ : R` Ñ R` be non-decreasing maps. Assume that there exist sequences
R “ pRnqně0, R1 “ pR1

nqně0, ε “ pεnqně0 and ε1 “ pε1
nqně0 of positive real numbers, an

pR, εq´Følner tiling sequence pFnqnPN ofG and an pR1, ε1q´Følner tiling sequence pF 1
nqnPN of

H such that |Fn| “ |F 1
n| for any n P N, and assume that the series

ÿ

ně0

φpR1
n`1qεn and

ÿ

ně0

ψpRn`1qε
1
n

converge. Then the orbit equivalence coupling built above from G to H is pφ, ψq´integrable.

Note that, when one wants to get quantitative orbit equivalences between two groupsG
andH , Følner tiling sequences are particularly useful if one of the two groups is Z. Indeed,
if we find a Følner tiling sequence of G, then a natural Følner tiling sequence pF 1

nqně0 for
H “ Z, satisfying |Fn| “ |F 1

n|, is

F 1
n

¨̈“ t0, 1, . . . , |Fn| ´ 1u.

However the tiling condition and the condition on the cardinalities make the problem
harder when H is bigger than Z, even for H “ Z2. A clever choice of Følner tiling se-
quence of free abelian groups yields the following.
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Theorem 6.3.4 ([DKLMT22, Theorem 6.12]). Let k ą d be two positive integers. Then there
exists an orbit equivalence coupling from Zk to Zd which is pφε, ψεq´integrable for every
ε ą 0, where

φεpxq “
x

d
k

ln pxq
1`ε and ψεpxq “

x
k
d

ln pxq
1`ε .

Note that, if k ą d and p ě d
k
, Theorems 1.4.6 and 1.4.8 imply that we cannot have an

pLp,L0q orbit equivalence coupling fromZk toZd. Therefore the orbit equivalence coupling
built in the last statement is optimal.

It is also possible to find a nice Følner tiling sequence for the lamplighter group Z{2Z ≀Z,
producing a quantitatively optimal coupling with Z (see [DKLMT22, Proposition 6.20]).
Using these techniques, Escalier also built in [Esc24] optimal couplings between Z and
Brieussel-Zheng’s groups defined in [BZ21], which have prescribed isoperimetric profiles.

6.3.2 Følner tiling sequences of halo products

A general observation. By [DKLMT22, Proposition 6.19], we know a Følner tiling
pLnqně1 of the lamplighter F ≀ Z, where F is a finite group. It is defined by

Ln ¨̈“ tpf, hq P F ≀ Z : supp f Ă t0, 1, . . . , n ´ 1u, h P t0, 1, . . . , n ´ 1uu . (6.3.2)

In this section, we describe a general phenomenon that will be useful to construct Følner
tiling sequences for our favorite halo products.

Proposition 6.3.5. LetH be an amenable group and LH be a halo product overH . Assume
that pFnqnPN is a Følner tiling sequence of H , with an associated shift sequence pΣnqnPN, and
that LpFnq is finite for any n P N. Assume furthermore that for every h P Σn, there exists a
finite subset Σh,n of LpFn`1q such that we have

LpFn`1q “
ğ

σPΣh,n

σLphFnq.

Then pLpFnqˆFnqnPN satisfies the tiling condition (as defined in the beginning of Section 6.3.1),
with shift sequence

`
Ť

hPΣn
pΣh,n ˆ thuq

˘

nPN
.

For instance, for the Følner tiling sequence described in (6.3.2), we start from the Følner
tiling sequence pt0, 1, . . . , 2n ´ 1uqně0 of Z, with shift sequence pt0, 2nuqně1, and we get
Ln “ Lpt0, 1, . . . , 2n ´ 1uq. Given h P t0, 2nu, Lpth, h ` 1, . . . , h ` 2n ´ 1uq is the set of
functionsZ Ñ F of support in th, h`1, . . . , h`2n´1u. Thus, to getLpt0, 1, . . . , 2n`1´1uq

from Lpth, h ` 1, . . . , h ` 2n ´ 1uq, we have to translate it by all functions supported in
t0, 1, . . . , 2n`1uzth, h ` 1, . . . , h ` 2n ´ 1u, this is exactly Σh,n.
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Proof. Using the composition law, we see that
ď

hPΣn

ď

σPΣh,n

pσ, hqpLpFnq ˆ Fnq “
ď

hPΣn

ď

σPΣh,n

pσLphFnq ˆ hFnq

“
ď

hPΣn

¨

˝

¨

˝

ď

σPΣh,n

σLphFnq

˛

‚ˆ hFn

˛

‚

“
ď

hPΣn

pLpFn`1q ˆ hFnq

“ LpFn`1q ˆ Fn`1,

and it is straightforward to prove that the unions are disjoint.

For the sequel, we will need to check that the sequence pLpFnqˆFnqnPN provided by this
proposition is in fact a Følner sequence, and, in view of Theorem 6.3.3, we will actually need
to quantify this Følner sequence, namely finding sequences R “ pRnqně0 and ε “ pεnqně0

such that pLpFnq ˆ Fnqně0 is an pR, εq´Følner tiling sequence. The following result goes
in this direction.

Proposition 6.3.6. LetH be a finitely generated amenable group and LH be a halo product
over H with finite blocks. Let pFnqnPN be a sequence of non empty subsets of H and SH be a
finite generating set of H . For any n ě 0, let

Ln ¨̈“ tpσ, hq P LH : σ P LpFnq, h P Fnu.

Then, for any s P SH , one has

|Ln ¨ p1LpHq, sqzLn|

|Ln|
“

|FnszFn|

|Fn|

as well as
|Ln ¨ pσs, 1HqzLn|

|Ln|
ď

|FnszFn|

|Fn|

for any σs P Lpt1H , suq.

Proof. Let pσ, hq P Ln and let s P SH . The composition law of LH directly implies that
pσ, hqp1LpHq, sq “ pσ, hsq and pσ, hqpσs, 1Hq “ pσph ¨ σsq, hq. Therefore pσ, hqp1LpHq, sq

lies in Ln if and only if hs lies in Fn, and since h ¨ σs lies in Lpth, hsuq, we know that
pσ, hqpσs, 1Hq lies in Ln if hs lies in Fn. It thus follows that

|Ln ¨ p1LpHq, sqzLn|

|Ln|
“

|Ln| ¨ |FnszFn|

|Ln| ¨ |Fn|
“

|FnszFn|

|Fn|

and that
|Ln ¨ pσs, 1HqzLn|

|Ln|
ď

|Ln| ¨ |FnszFn|

|Ln| ¨ |Fn|
“

|FnszFn|

|Fn|

and we are done.
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Corollary 6.3.7. Let H be a finitely generated amenable group and LH be a halo product
overH . Suppose thatLH is naturally generated and has finite blocks. Let pFnqnPN be a Følner
sequence of H and SH be a finite generating set of H . For any n ě 0, let Ln ¨̈“ LpFnq ˆ Fn.
Then the set

SLH ¨̈“ tp1LpHq, sq : s P SHu Y
ď

sPSH

tpσ, 1Hq P LH : σ P Lpt1H , suqu

generates LH . Furthermore, for any n ě 1, one has

sup
φPSLH

|LnφzLn|

|Ln|
ď sup

sPSH

|FnszFn|

|Fn|
.

This applies for instance to lamplighters, as was done in [DKLMT22, Proposition 6.19],
and also to lampjugglers and lampcloners, as we will see in the next subsection. Thus,
we find εn from the quantitative information of the Følner tiling sequence pFnqně0 of H ,
and we compute the diameter Rn with the generating set SLH provided by this last result.
Furthermore, if the halo has consistent blocks, then the sets of the Følner tiling sequence
have cardinality ΛLHp|Fn|q ¨ |Fn|, where ΛLH is the lamp growth sequence of LH .

In the sequel, we illustrate these results for lampjugglers and lampcloners. Note that,
for simplicity, we will only consider Følner tiling sequences pFnqnPN for the base group H
satisfying 1H P Fn for every n P N. This will be the case in our applications, when picking
H “ Zd.

Følner tiling sequences of lampshufflers and lampjugglers. Let us recall that if SH
is a finite generating subset of H , then a finite generating set of ShufflerrpHq is

SLH “
␣

pτp1H ,iq,ps,jq, 1Hq : s P SH , 1 ď i, j ď r
(

Y tpid, sq : s P SHu

where τpg,iq,ph,jq : H ˆ t1, . . . , ru ÝÑ H ˆ t1, . . . , ru denotes the transposition that swaps
pg, iq and ph, jq.

Let us now apply Proposition 6.3.5 and Corollary 6.3.7 to get a Følner tiling sequence of
ShufflerrpHq from a tiling sequence of H , with the associated quantitative informations.

Theorem 6.3.8. Let H be a finitely generated amenable group. If pFnqnPN is a right Følner
tiling sequence of H satisfying

|FnszFn|

|Fn|
ď εn

for all s P SH and some sequence pεnqnPN tending to 0, then there exists a right Følner tiling
sequence pLnqnPN of ShufflerrpHq with the following properties:

(i) for any n P N, |Ln| “ pr|Fn|q! ¨ |Fn|;

(ii) for any n P N, diam Ln ď 5 ¨ |Fn| ¨ diam Fn;

(iii) for all φ P SShufflerrpHq,
|LnφzLn|

|Ln|
ď εn.

To prove the upper bound on the diameter, we will need the following claim.
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Lemma 6.3.9. Let F be a finite subset of H . Then, for every φ P SympF ˆ t1, . . . , ruq, we
have

|pφ, 1Hq|ShufflerrpHq
ď 2K ` p5|F | ´ 6qdiam F,

where K ¨̈“ max
hPF

|h|SH
.

Proof. Let us decompose φ as a product of cycles φ “ c1c2 . . . ck on F ˆ t1, . . . , ru with
disjoint supports. For 1 ď i ď k, ci is an ℓi´cycle

pxi,1, . . . , xi,ℓiq “ pphi,1, ji,1q, . . . , phi,ℓi , ji,ℓiqq

which can itself be written as a product of transpositions

ci “ τxi,1,xi,2τxi,2,xi,3 . . . τxi,ℓi´1,xi,ℓi
.

For any 1 ď m ď ℓi ´ 1, the transposition τxi,m,xi,m`1
can be written as

τxi,m,xi,m`1
“ hi,m ¨ τp1H ,ji,mq,ph´1

i,mhi,m`1,ji,m`1q

with the convention that hi,ℓi`1 ¨̈“ hi,1 and ji,ℓi`1 ¨̈“ ji,1, so that we have

pτxi,m,xi,m`1
, 1Hq “ pid, hi,mqpτp1H ,ji,mq,ph´1

i,mhi,m`1,ji,m`1q, 1Hqpid, h´1
i,mq.

Setting yi,m ¨̈“ p1H , ji,mq and zi,m ¨̈“ ph´1
i,mhi,m`1, ji,m`1q, the element pci, 1Hq is thus equal

to

pid, hi,1qpτyi,1,zi,1 , 1Hqpid, h´1
i,1hi,2qpτyi,2,zi,2 , 1Hq . . . pid, h´1

i,ℓi´2hi,ℓi´1qpτyi,ℓi´1,zi,ℓi´1
, 1Hqpid, h´1

i,ℓi´1q,

namely pci, 1Hq “ pid, hi,1qκipid, h
´1
i,ℓi´1q, where

|κi|ShufflerrpHq
ď p4pℓi ´ 1q ` pℓi ´ 2qq diam F “ p5ℓi ´ 6qdiam F

using Lemma 6.2.3. Since we have

pφ, 1Hq “ pid, h1,1qκ1pid, h
´1
1,ℓ1´1h2,1qκ2pid, h´1

2,ℓ2´1h3,1q . . . pid, h´1
k´1,ℓk´1´1hk,1qκkpid, h´1

k,ℓk´1q,

we finally get

|pφ, 1Hq|ShufflerrpHq
ď 2K ` pk ´ 1q ¨ diam F `

k
ÿ

i“1

p5ℓi ´ 6q ¨ diam F

ď 2K ` pk ´ 1 ` p5|F | ´ 6kqq ¨ diam F

ď 2K ` p5|F | ´ 6q ¨ diam F

which concludes the proof.
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Proof of Theorem 6.3.8. For n P N, let us set

Ln ¨̈“ tpσ, hq P ShufflerrpHq : σ P SympFn ˆ t1, . . . , ruq, h P Fnu

where SympF ˆ t1, . . . , ruq denotes the set of permutations supported in a finite subset
F ˆ t1, . . . , ru of H . Clearly, (i) holds, as well as (iii) by Corollary 6.3.7.
Given pσ, hq and pσ1, h1q in Ln, let us find an upper bound for |pσ, hq´1pσ1, h1q|SShufflerrpHq

. We
first have

pσ, hq
´1

pσ1, h1
q “ ph´1

¨ σ´1, h´1
qpσ1, h1

q

“
`

rh´1
¨ σ´1

s ˝ rh´1
¨ σ1

s, h´1h1
˘

“
`

rh´1
¨ σ´1

s ˝ rh´1
¨ σ1

s, 1H
˘ `

id, h´1h1
˘

so that
ˇ

ˇpσ, hq
´1

pσ1, h1
q
ˇ

ˇ

SShufflerrpHq
ď
ˇ

ˇprh´1
¨ σ´1

s ˝ rh´1
¨ σ1

s, 1Hq
ˇ

ˇ

SShufflerrpHq
`
ˇ

ˇpid, h´1h1
q
ˇ

ˇ

SShufflerrpHq

ď
ˇ

ˇprh´1
¨ σ´1

s ˝ rh´1
¨ σ1

s, 1Hq
ˇ

ˇ

SShufflerrpHq
` diam Fn

and it remains to find an upper bound for |prh´1 ¨ σ´1s ˝ rh´1 ¨ σ1s, 1Hq|SShufflerrpHq
. But the

permutation rh´1 ¨σ´1s˝ rh´1 ¨σ1s lies in Sympph´1Fnqˆt1, . . . , ruq, so using Lemma 6.3.9,
it follows that

ˇ

ˇprh´1
¨ σ´1

s ˝ rh´1
¨ σ1

s, 1Hq
ˇ

ˇ

SShufflerrpHq
ď 2K ` p5|h´1Fn| ´ 6q ¨ diam h´1Fn,

with K ¨̈“ max
kPFn

|h´1k|SH
ď diam Fn, so that we have

ˇ

ˇprh´1
¨ σ´1

s ˝ rh´1
¨ σ1

s, 1Hq
ˇ

ˇ

SShufflerrpHq
ď p5|Fn| ´ 4q ¨ diam Fn.

Hence, we have
ˇ

ˇpσ, hq
´1

pσ1, h1
q
ˇ

ˇ

SShufflerrpHq
ď 5|Fn| ¨ diam Fn

and we are done for the proof of (ii).
Lastly, we show the tiling condition, using Proposition 6.3.5. Let pΣnqnPN be a sequence of
Følner shifts for pFnqnPN, satisfying Fn`1 “ ΣnFn. Let us fix h P Σn and let us find a finite
subset Σh,n of LpFn`1q such that we have the following disjoint union:

SympFn`1q “
ğ

σPΣh,n

σ SymphFnq. (6.3.3)

For every A Ă Fn`1 ˆ t1, . . . , ru of cardinality r|Fn| and every family x “

pxg,iqpg,iqPpFn`1zhFnqˆt1,...,ru satisfying

A \ txg,i : pg, iq P pFn`1zhFnq ˆ t1, . . . , ruu “ Fn`1 ˆ t1, . . . , ru, (6.3.4)

let us choose one permutation τA,x P SympFn`1q satisfying

τA,x pphFnq ˆ t1, . . . , ruq “ A and @pg, iq P pFn`1zhFnq ˆ t1, . . . , ru, τA,xpg, iq “ xg,i,
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then the set
␣

τA,x ˝ σ : σ P SymphFn ˆ t1, . . . , ruq
(

describes all permutations ρ P SympFn`1 ˆ t1, . . . , ruq satisfying

ρphFn ˆ t1, . . . , ruq “ A and @pg, iq P pFn`1zhFnq ˆ t1, . . . , ru, ρpg, iq “ xg,i.

It remains to define Σh,n as the set of all chosen permutations τA,x for every subset A Ă

Fn`1 ˆ t1, . . . , ru of cardinality r|Fn| and every family x “ pxgqgPpFn`1zhFnqˆt1,...ru such
that (6.3.4) holds, and we get (6.3.3). So the Følner sequence pLnqnPN satisfies the tiling
condition by Proposition 6.3.5.

Følner tiling sequences of lampcloners. Let us recall that if SH is a finite generating
subset of H , then a finite generating set of ClonerfpHq is

SClonerfpHq
¨̈“ tpδ1H pλq, 1Hq : λ P fzt0uu Y tpτ1H ,spλq, 1Hq : s P SHu Y tpid, sq : s P SHu

where the elements δppλq are diagonal matrices and elements τpqpλq are transvections.
Let us now apply Propositions 6.3.5 and Corollary 6.3.7 to get a Følner tiling sequence

of ClonerfpHq from a tiling sequence ofH , with the associated quantitative information on
it.

Theorem 6.3.10. Let H be a finitely generated amenable group. If pFnqnPN is a right Følner
tiling sequence of H satisfying

|FnszFn|

|Fn|
ď εn

for all s P SH and some sequence pεnqnPN tending to 0, then there exists a right Følner tiling
sequence pLnqnPN of ClonerfpHq with the following properties:

(i) for any n P N, |Ln| “ ΛClonerfpHqp|Fn|q ¨ |Fn|;

(ii) there exists a constant C ą 0 such that for any n P N, diam Ln ď C|Fn|3diam Fn;

(iii) for all φ P SClonerfpHq,
|LnφzLn|

|Ln|
ď εn.

To prove the upper bound on the diameter, we will need the following claim.

Lemma 6.3.11. Let F be a finite subset of H . Then there exists a constant C ą 0 such that,
for every φ P FGLpFq, we have

|pφ, 1Hq|SClonerfpHq
ď 2K ` C|F |

3
¨ diam F

with K ¨̈“ max
hPF

|h|SH
.

Proof. By Gaussian elimination, we need N basic operations to get φ from the identity
in FGLpFq, with N “ Op|F |3q. By operations, we mean transvections and dilatations of
support in F . Let us notice that we have

τg,hpλq “ g ¨ τ1H ,g´1hpλq

– 255 –



Chapter 6

for transvections, so that we get

pτg,hpλq, 1Hq “ pid, gqpτ1H ,g´1hpλq, 1Hqpid, g´1
q

in ClonerfpHq. Also, for dilatations, we have

δgpλq “ g ¨ δ1H pλq

and this can be written in ClonerfpHq as

pδgpλq, 1Hq “ pid, gqpδ1H pλq, 1Hqpid, g´1
q.

We thus get pφ, 1Hq as a product of the following form

pφ, 1Hq “ pid, h1qpφ1, 1Hqpid, h´1
1 h2qpφ2, 1Hqpid, h´1

2 h3q . . . pid, h
´1
N´1hNqpφN , 1Hqpid, h´1

N q

with basic operations φi of support in t1H , F
´1F u and elements hi P F . Now using

Lemma 6.2.5, we get

|pφ, 1Hq|SClonerfpHq
ď 2K ` N ¨ diam F ` 14N ¨ diam F

and we are done.

Proof of Theorem 6.3.10. For n P N, let us set

Ln ¨̈“ tpσ, hq P ClonerfpHq : σ P FGLpFnq, h P Fnu .

Clearly, (i) holds by definition of the lamp growth sequence ΛClonerfpHq, as well as (iii) by
Corollary 6.3.7.
Given pσ, hq and pσ1, h1q in Ln, let us find an upper bound for |pσ, hq´1pσ1, h1q|SClonerfpHq

. We
first have

pσ, hq
´1

pσ1, h1
q “ ph´1

¨ σ´1, h´1
qpσ1, h1

q

“
`

rh´1
¨ σ´1

s ˝ rh´1
¨ σ1

s, h´1h1
˘

“
`

rh´1
¨ σ´1

s ˝ rh´1
¨ σ1

s, 1H
˘ `

id, h´1h1
˘

so that
ˇ

ˇpσ, hq
´1

pσ1, h1
q
ˇ

ˇ

SClonerfpHq
ď
ˇ

ˇprh´1
¨ σ´1

s ˝ rh´1
¨ σ1

s, 1Hq
ˇ

ˇ

SClonerfpHq
`
ˇ

ˇpid, h´1h1
q
ˇ

ˇ

SClonerfpHq

ď
ˇ

ˇprh´1
¨ σ´1

s ˝ rh´1
¨ σ1

s, 1Hq
ˇ

ˇ

SClonerfpHq
` diam Fn

and it remains to find an upper bound for |prh´1 ¨ σ´1s ˝ rh´1 ¨ σ1s, 1Hq|SClonerfpHq
. But the

linear automorphism rh´1 ¨ σ´1s ˝ rh´1 ¨ σ1s lies in FGLph´1Fnq, so using Lemma 6.3.11, it
follows that

ˇ

ˇprh´1
¨ σ´1

s ˝ rh´1
¨ σ1

s, 1Hq
ˇ

ˇ

SClonerfpHq
ď 2K ` C|h´1Fn|

3
¨ diam h´1Fn,
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with K ¨̈“ maxkPFn |h´1k|SH
ď diam Fn and for some constant C ą 0, so that we have

ˇ

ˇprh´1
¨ σ´1

s ˝ rh´1
¨ σ1

s, 1Hq
ˇ

ˇ

SClonerfpHq
ď pC ` 2q|Fn|

3diam Fn.

Hence, we have
ˇ

ˇpσ, hq
´1

pσ1, h1
q
ˇ

ˇ

SClonerfpHq
ď pC ` 3q|Fn|

3
¨ diam Fn

and we are done for the proof of (ii).
Lastly, we show the tiling condition, using Proposition 6.3.5. Let pΣnqnPN be a sequence of
Følner shifts for pFnqnPN, satisfying Fn`1 “ ΣnFn. Let us fix h P Σn and let us find a finite
subset Σh,n of LpFn`1q such that we have the following disjoint union:

FGLpFn`1q “
ğ

σPΣh,n

σ FGLphFnq. (6.3.5)

For every subspace A of VFn`1 , of dimension |Fn| and every family x “ pxvqvPVFn`1zhFn

satisfying
A \ txv : v P VFn`1zhFnu “ VFn`1 , (6.3.6)

let us choose, if it exists, one linear automorphism τA,x P FGLpFn`1q satisfying

τA,xpVhFnq “ A and @v P VFn`1zhFn , τ
A,x

pvq “ xv,

then the set
␣

τA,x ˝ σ : σ P FGLphFnq
(

describes all the linear automorphisms ρ P FGLpFn`1q satisfying

ρpVhFnq “ A and @v P VFn`1zhFn , ρpvq “ xv.

It remains to define Σh,n as the set of all the chosen linear automorphisms τA,x for ev-
ery subspace A of VFn`1 , of dimension |Fn| and every family x “ pxvqvPVFn`1zhFn

such
that (6.3.6) holds and such that such a τA,x exists, and we get (6.3.5). Hence the Følner
sequence pLnqnPN satisfies the tiling condition by Proposition 6.3.5.

6.3.3 Applications to quantitatively optimal orbit equivalence cou-
plings

Lampshufflers and lampjugglers. As a first application of our construction of Følner
tiling sequences, we give an explicit orbit equivalence coupling between ShufflerrpZkq and
Zd.

Theorem 6.3.12. Let d, k, r ě 1 be three integers. There exists an orbit equivalence coupling
from ShufflerrpZkq to Zd, which is pφk,ε, ψq´integrable for every ε ą 0, where

φk,εpxq ¨̈“
lnpxq

1
k

lnplnpxqq1` 1
k

`ε
and ψpxq “ xx

k
k`1

.
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Remark 6.3.13. Note that
´

lnpxq

lnplnpxqq

¯
1
k is (asymptotically) the isoperimetric profile of

ShufflerrpZkq. Theorem 6.3.12 implies in particular that, for every ε ą 0, there is a
´

j
1,ShufflerrpZkq

pxq

lnplnpxqq1`ε ,Lă8

¯

´integrable orbit equivalence coupling from ShufflerrpZkq to Zd.

Proof of Theorem 6.3.12. Endow Zk (resp. Zd) with its standard generating set SZk (resp.
SZd). Using Theorem 6.3.8, the Følner tiling sequence

pFnqnPN ¨̈“
`

t0, . . . , ddn ´ 1u
k
˘

nPN

of Zk provides a Følner tiling sequence pLnqnPN of ShufflerrpZkq satisfying

• |Ln| “ prddknq! ¨ ddkn, for all n P N;

• diam Ln ď 5ddpk`1qn`1 for all n P N;

• |LnszLn|

|Ln|
ď 1

ddn
, for all s P SShufflerrpZkq.

Given a positive integer n, let us define, for every i P t1, 2, . . . du, the integer

ℓipnq ¨̈“
ź

jPN
dj`iďn

pdj ` iq.

These quantities satisfy
ℓ1pnqℓ2pnq . . . ℓdpnq “ n!,

ℓ1pdnq ď ℓ2pdnq ď ¨ ¨ ¨ ď ℓdpdnq ď ℓ1pdpn ` 1qq

and
ℓdpdnq “ dn ¨ n! „

ˆ

dn

e

˙n ?
2πn

using Stirling’s formula. Now, we find a Følner tiling sequence pGnqnPN of Zd satisfying
|Ln| “ |Gn|, setting

Gn ¨̈“
ź

1ďiďd

t0, 1, . . . , dknℓiprd
dkn

qu.

It satisfies

• for all n P N, diam Gn ď dknpℓ1prddknq ` . . . ` ℓdprd
dknqq ď dkn`1ℓdprd

dknq;

• for all s P SZd , |ps`GnqzGn|

|Gn|
ď 1

dkn min pℓ1prddknq,...,ℓdprddknqq
ď 1

dknℓdprddkn´1q
.

Observe that we have

lnpdkn`1ℓdprd
dkn

qq „ rddkn´1 lnprddknq “ rddkn´1dkn lnpdq

and
lnplnpdkn`1ℓdprd

dkn
qqq „ dkn lnpdq,
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which in turn implies
φk,εpd

kn`1ℓdpd
dknqq

ddn
„

K

n1`ε

for some constant K ą 0. Hence the series
ÿ

ně0

φk,εpd
kn`1ℓdpd

dknqq

ddn
converges. Secondly,

we get

ψp5Cddpk`1qn`1q

dknℓdprddkn´1q
“ O

˜

ˆ

p5Cdq
p5Cdq

k
k`1

´e

r

¯
r
d2

dp5Cdq
k

k`1 dpk`1qn´ rkn
d

` r
d2

˙ddkn
¸

for every C ą 0. Taking C small enough, the quantity p5Cdq
k

k`1dpk ` 1q ´ rk
d
is negative

and the series
ř ψp5Cddpk`1qn`1q

dknℓdprddkn´1q
converges. By Theorem 6.3.3, we get a pφk,ε, ψq´integrable

orbit equivalence coupling from ShufflerrpZkq to Zd.

Next, we consider the case of iterated lampjugglers over free abelian groups. Using the
notion of composition of couplings (see Theorem 1.4.14), we deduce the following.

Corollary 6.3.14. Let n,m ě 0 be natural integers such that m ą n. Let d, k, r ě 1.
Then there exists an orbit equivalence coupling from Shuffler˝m

r pZkq to Shuffler˝n
r pZdq, which

is pφm´n,k,εpxq,Lă8q´integrable for every ε ą 0, where

φi,k,εpxq ¨̈“
ln˝i

pxq
1
k

´

ln˝pi`1q
pxq

¯1` 1
k

`ε
.

One remark is in order before the proof.

Remark 6.3.15. Note that we have

j1,Shuffler˝m
r pZkq ˝ j´1

1,Shuffler˝n
r pZdq

pxq »

˜

ln˝pm´nq
pxq

ln˝pm´n`1q
pxq

¸
1
k

(6.3.7)

for all natural integersm,n, k, d satisfyingm ą n and d, k ě 1. Indeed, if we denote by f
the inverse of the isoperimetric profile of Shuffler˝n

r pZdq, we get

ln˝pn`1q
pfpxqq „ d ln x

using the equality j1,Shuffler˝n
r pZdqpfpxqq “ x. This implies

´

j1,Shuffler˝m
r pZkq ˝ j´1

1,Shuffler˝n
r pZdq

pxq

¯k

“
ln˝m

pfpxqq

ln˝pm`1q
pfpxqq

“
ln˝pm´n´1q

pln˝pn`1q
pfpxqqq

ln˝pm´nq
pln˝pn`1q

pfpxqqq

»
ln˝pm´nq

pxq

ln˝pm´n`1q
pxq
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and (6.3.7) follows.
In particular, Corollary 6.3.14 implies that, for every ε ą 0, there is a pφ,Lă8q-integrable

orbit equivalence coupling from Shuffler˝m
r pZkq to Shuffler˝n

r pZdq, with

φpxq “
j1,Shuffler˝m

r pZkq ˝ j´1
1,Shuffler˝n

r pZdq
pxq

´

ln˝pm´n`1q
pxq

¯1`ε .

Proof of Corollary 6.3.14. From Theorem 6.3.12, there is an orbit equivalence from
ShufflerrpZdq to Zd which is pφ1,d,ε,L

qq´integrable for all q ą 0. Applying i ě 1 times
Theorem 6.2.2, it follows that there is an orbit equivalence coupling from Shuffler˝pi`1q

r pZdq

to Shuffler˝i
r pZdq, which is pφ1,d,ε,L

qq´integrable for all q ą 0. In particular, we have a
coupling from Shuffler˝pn`1q

r pZdq to Shuffler˝n
r pZdq, a coupling from Shuffler˝pn`2q

r pZdq to
Shuffler˝pn`1q

r pZdq,. . . , and a coupling from Shuffler˝pm´1q
r pZdq to Shuffler˝pm´2q

r pZdq, which
are all pφ1,d,ε,L

qq´integrable for all q ą 0. By Theorem 1.4.14, composing these suc-
cessive couplings yields a coupling from Shuffler˝pm´1q

r pZdq to Shuffler˝n
r pZdq, which is

pφ
˝pm´n´1q

1,d,ε ,Lqq´integrable for all q ą 0. Using the asymptotic equivalence

φ
˝pm´n´1q

1,d,ε pxq » φm´n´1,d,εpxq

and the second item of Remark 1.4.4, this coupling is pφm´n´1,d,ε,L
qq´integrable for all

q ą 0.
By the same techniques, there is an orbit equivalence coupling from Shuffler˝m

r pZkq to
Shuffler˝pm´1q

r pZdq, which is pφ1,k,ε,L
qq´integrable for all q ą 0, and composing this cou-

pling with the one of the previous paragraph, we get a pφm´n,k,ε,L
ă8q´integrable orbit

equivalence from Shuffler˝m
r pZkq to Shuffler˝n

r pZdq. This proves the corollary.

Hence, we can also prove that:

Corollary 6.3.16. Let n,m ě 1 be two integers such that m ą n. There ex-
ists a

´´

ln˝pm´nqpxq

ln˝pm´n`1qpxq

¯p

,L0
¯

´integrable orbit equivalence coupling from Shuffler˝m
r pZkq to

Shuffler˝n
r pZdq if and only if p ă 1

k
.

Once again, before the proof, let us recall that j1,Shuffler˝m
r pZkq ˝j´1

1,Shuffler˝n
r pZdq

pxq is asymp-

totically equivalent to
´

ln˝pm´nqpxq

ln˝pm´n`1qpxq

¯
1
k (see Remark 6.3.15).

Proof. Assume first that such an orbit equivalence exists. Then Theorem 1.4.6(i) implies
that

˜

ln˝pm´nq
pj1,Shuffler˝n

r pZdqpxqq

ln˝pm´n`1q
pj1,Shuffler˝n

r pZdqpxqq

¸p

ď j1,Shuffler˝m
r pZkqpxq. (6.3.8)

From Proposition V.C, we know that, for any integers i, j ě 1, the isoperimetric profile of

Shuffler˝j
r pZiq is »

´

ln˝jpxq

ln˝pj`1qpxq

¯
1
i , so that (6.3.8) implies

ˆ

ln˝m
pxq

ln˝pm`1q
pxq

˙p

ď

ˆ

ln˝m
pxq

ln˝pm`1q
pxq

˙
1
k

.
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This inequality now forces p ď 1
k
, and once again the fact that there is no

ˆ

´

ln˝pm´nqpxq

ln˝pm´n`1qpxq

¯
1
k
,L0

˙

´orbit equivalence coupling follows from Remark 6.3.15 and The-
orem 1.4.8.
Conversely, assume that p ă 1

k
. From Corollary 6.3.14, we have an orbit equivalence

coupling from Shuffler˝m
r pZkq to Shuffler˝n

r pZdq which is pφm´n,k,ε,L
ă8q´integrable for all

ε ą 0. Since p ă 1
k
, we have

˜

ln˝pm´nq
pxq

ln˝pm´n`1q
pxq

¸p

“ Opφm´n,k,εpxqq

and it follows that our coupling is also
´´

ln˝pm´nqpxq

ln˝pm´n`1qpxq

¯p

,L0
¯

´integrable, as claimed.

About iterated lampjugglers with different number of iterations, let us point out the
following result when the base groups are finitely generated and have slow profiles, which
does not use Følner tiling sequences but our work on isoperimetric profiles presented in
Chapter 5.

Corollary 6.3.17. Let n,m ě 1 be two integers such that m ą n. Let H be a finitely
generated amenable group with isoperimetric profile j1,Hpxq »

`

ln˝k
pxq

˘α
, for some integer

k ą 0 and α ą 0. If there exists a
´´

ln˝pm´nq
pxq

¯p

,L0
¯

´integrable orbit equivalence
coupling from Shuffler˝m

r pHq to Shuffler˝n
r pHq, then p ă α.

Proof. We immediately get p ď α by Theorem 1.4.6. With similar techniques as in Re-
mark 6.3.15, we show that j1,Shuffler˝m

r pHq ˝ j´1
1,Shuffler˝n

r pHq
is asymptotically equivalent to

´

ln˝pm´nq
pxq

¯α

, so that Theorem 1.4.8 implies p ‰ α.

Remark 6.3.18. Following our methods, we can deduce much more examples of quan-
titatively optimal couplings. For instance, we get an optimal coupling between Z and
ShufflerrpF ≀ Zq (with a non-trivial finite group F ) by composing two couplings:

• an optimal coupling between Z and ShufflerrpZq;

• an optimal coupling between ShufflerrpZq and ShufflerrpF ≀ Zq, coming from our
stability result (Theorem 6.2.2) and a coupling between Z and F ≀ Z, coming
from [DKLMT22, Proposition 6.20].

Lampcloners. Let us finally apply our construction of Følner tiling sequences for cou-
plings between ClonerfpZkq and Zd.

Theorem 6.3.19. Let d, k ě 1 be integers. There exists an orbit equivalence coupling from
ClonerfpZkq to Zd, which is pφk,ε, ψq´integrable for every ε ą 0, where

φk,εpxq ¨̈“
lnpxq

1
2k

lnplnpxqq1`ε
and ψpxq “ xx

k
3k`1

.
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Remark 6.3.20. Theorem 6.3.12 tells us that, for every ε ą 0, there is a
´

jpxq

lnplnpxqq1`ε ,L
ă8

¯

´integrable orbit equivalence coupling from ClonerfpZkq to Zd, where
jpxq ¨̈“ lnpxq

1
2k is a lower bound for j1,ClonerfpZkqpxq that we find in Corollary V.H (recall

that we do not have precise estimates of the isoperimetric profile in this case).

Proof of Theorem 6.3.19. Endow Zk (resp. Zd) with its standard generating set SZk (resp.
SZd). Using Theorem 6.3.10, the Følner tiling sequence

pFnqnPN ¨̈“
`

t0, . . . , ddn ´ 1u
k
˘

nPN

of Zk provides a Følner tiling sequence pLnqnPN of ClonerfpZkq satisfying

• |Ln| “ ΛClonerfpZkqpd
dnkq ¨ ddkn, for all n P N;

• there exists a constant C ą 0 such that diam Ln ď Cddp3k`1qn`1 for all n P N;

• |LnszLn|

|Ln|
ď 1

ddn
, for all s P SClonerfpZkq.

Let us recall that the lamp growth sequence of ClonerfpZkq is given by

@n ě 0, ΛClonerfpZkqpnq “

n
ź

i“1

pqn ´ qn´i
q

where q ¨̈“ |f|. Given a positive integer n, let us define, for every i P t1, 2, . . . du, the
integer

ℓipnq ¨̈“
ź

jPN
dj`iďn

pqn ´ qn´pdj`1q
q.

These quantities satisfy

ℓ1pnqℓ2pnq . . . ℓdpnq “ ΛClonerfpZkqpnq,

ℓ1pdnq ď ℓ2pdnq ď . . . ď ℓdpdnq ď ℓ1pdpn ` 1qq

and

ℓdpdnq “

n´1
ź

j“0

pqdn ´ qdn´dpj`1q
q “ qdn

2
n´1
ź

j“0

p1 ´ q´dpj`1q
q „ C 1qdn

2

where C 1 is the limit of the convergent product
ś8

j“0 p1 ´ q´dpj`1qq. Now, we find a Følner
tiling sequence pGnqnPN of Zd satisfying |Ln| “ |Gn|, setting

Gn ¨̈“
ź

1ďiďd

t0, 1, . . . , dknℓipd
dkn

qu.

It satisfies

• for all n P N, diam Gn ď dknpℓ1pddknq ` ¨ ¨ ¨ ` ℓdpd
dknqq ď dkn`1ℓdpd

dknq;

• for all s P SZd , |ps`GnqzGn|

|Gn|
ď 1

dkn min pℓ1pddknq,...,ℓdpddknqq
ď 1

dknℓdpddkn´1q
.
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Observe that we have
ln pdkn`1ℓdpd

dkn
qq „ d2dkn´1 ln q

and
lnplnpdkn`1ℓdprd

dkn
qqq „ 2dkn lnpdq,

which in turn implies
φk,εpd

kn`1ℓdpd
dknqq

ddn
„

K

n1`ε

for some constant K ą 0. Hence the series
ÿ

ně0

φk,εpd
kn`1ℓdpd

dknqq

ddn
converges. Secondly,

we get

ψpCddp3k`1qn`1q

dknℓdprddkn´1q
“ O

˜

ˆ

pCdq
pCdq

k
3k`1

dpCdq
k

3k`1 dp3k`1qnq´ddkn
˙ddkn

¸

so the series
ř ψpCddp3k`1qn`1q

dknℓdpddkn´1q
converges. By Theorem 6.3.3, we get a pφk,ε, ψq´integrable

orbit equivalence coupling from ClonerfpZkq to Zd.

Hence, as in Corollary 6.3.14, we can deduce the following.

Corollary 6.3.21. Let f be a finite field. Let n,m ě 0 be natural integers such that m ą

n. Let d, k, r ě 1. Then there exists an orbit equivalence coupling from Cloner˝n
f pZdq to

Cloner˝m
f pZkq, which is pLă8, φm´n,k,εpxqq´integrable for every ε ą 0, where

φi,k,εpxq ¨̈“
ln˝i

pxq
1
2k

´

ln˝pi`1q
pxq

¯1`ε .

Proof. This is the same proof as Corollary 6.3.14.

6.4 Comments and questions

In this final section, we record some questions that naturally arise fromwhat has been done
in the article.

One of our main results is the construction of an explicit orbit equivalence coupling
between the lampjugglers ShufflerrpHq and ShufflerrpKq, provided a coupling between H
and K . Additionally, our construction preserves quantification. Hence:

Question 6.4.1. Let r, s ě 1, r ‰ s. How can one construct an orbit equivalence coupling
between ShufflerspHq and ShufflerrpKq from a coupling between H and K? Moreover, if
H and K are pφ, ψq´integrably orbit equivalent, does the same hold for ShufflerspHq and
ShufflerrpKq?

Beyond the quasi-isometric classification of lampshufflers established in [GT24a], an-
other important direction of the latter is to compare geometrically different classes of halo
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products, that to rule out, or to establish, the existence of a quasi-isometry (resp. quasi-
isometric/coarse/regular embedding) between, for instance, a lampshuffler and a lamp-
lighter, or a lampdesigner and a lamplighter. Analogous questions are also relevant from
the measured point of view. For example, note that the isoperimetric profiles of ShufflerpZq

and Z{2Z ≀ Z are asymptotically equivalent up to a logarithmic factor, so we may wonder:

Question 6.4.2. Are ShufflerpZq and Z{2Z ≀ Z Lp-orbit equivalent for p P s0, 1r?

Moreover, there are pairs of amenable groups with asymptotically equivalent isoperi-
metric profiles, such as

• ShufflerpZq and Z ≀ Z;

• ShufflerpHq and Z{2Z ≀ H , with H such that Assumption p‹q holds and
j1,H

´

lnpxq

lnplnpxqq

¯

» j1,Hplnpxqq,

and thus, we may wonder whether these pairs of groups are Lp orbit equivalent for every
p ą 0.

More generally, even without quantifications, it would be interesting to have an explicit
description of actions from a wreath product and a lampshuffler on a common probability
space sharing the same orbits.

Question 6.4.3. What could be an explicit orbit equivalence coupling between a lampshuf-
fler and a wreath product?

Alternatively, another useful technique to produce orbit equivalences is the one of Følner
tiling sequences, recalled and implemented in Section 6.3 in the case of lampshufflers. More
precisely, Theorem 6.3.8 provides an explicit description of a Følner tiling sequence for
ShufflerrpHq from such a sequence for H . However, this technique remains hard to apply
for the comparison between lamplighters and lampjugglers, and we did not manage to find
Følner tiling sequences of both groups whose tiles have the same cardinalities. Also for
lampcloners, we have a explicit description of Følner tiling sequences (Theorem 6.3.10)
which does not enable us to get a coupling between a lampcloner and a lamplighter, or
between a lampcloner and a lampshuffler.
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